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Problem 1

Let X ∼ N(µ, 2σ2) and Y ∼ N(2µ, σ2) and assume X and Y to be independent.
We want to estimate µ from observed values for X and Y .

a) The following two estimators have been proposed,

µ̂1 = 1
3

X + 1
3

Y, µ̂2 = 1
2

X + 1
4

Y.

Which of the two estimators would you prefer? Give reason for the answer!

Problem 2

Let X1, X2, ..., Xn be independent and identically distributed, Xi ∼ N(0, σ2), where
σ2 is unknown. We test the hypotheses

H0 : σ2 = 1 versus H1 : σ2 ̸= 1.

a) Use

T = 1
n

n∑
i=1

X2
i

as the test statistic, work out a decision rule for when to reject H0. Use
significance level α.
Find the power function of the test.

b) Find the generalised likelihood ratio (GLR) λ, for the hypotheses H0 and H1
given above.
Explain why the test you worked out in a) is not a generalised likelihood
ratio test (GLRT).

Problem 3

In this exercise we will consider a regression model that is somewhat modified rel-
ative to what is discussed in the textbook. Assume that we have pairs of variables

(x1, Y1), (x2, Y2), ...(xn, Yn)



Page 2 of 4 ST1201/ST6201 Statistical methods 20 December 2019

where x1, x2, ..., xn are positive and nonstochastic while Y1, Y2, ..., Yn are assumed
to be independent random variables with

Yi ∼ N(βxi, σ2
0x2

i ).

Thus, the variance of Yi is assumed to be proportional to x2
i . In this exercise we

will assume the value of σ2
0 to be known while the parameter β is estimated from

the available data.

a) Work out the maximum likelihood estimator (MLE) β̂ for β. Show that β̂ is
unbiased and find the variance of β̂.

b) What is the probability distribution of β̂? Give reason for the answer.
Work out a 100(1 − α)%-confidence interval for β.

Problem 4

Let X1 and X2 be independent and identically distributed, Xi ∼ χ2
n (n > 2).

a) Show that

E
( 1

X1 + X2

)
= 1

2(n − 1)
and E

[
1

(X1 + X2)2

]
= 1

4(n − 1)(n − 2)
.

Problem 5

The following table is an ANOVA table in which some entries are lost (stars).

Source df SS MS F
Treatment ⋆ 18.1 3.62 ⋆

Error 80 ⋆ ⋆
Total ⋆ 247.7

a) Find lost values and fill in the ANOVA table. Show how you calculate values
where there are ⋆ in the table. Do all the samples have the same size?
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b) Test the hypothesis that

H0 : µ1 = µ2 = µ3 = µ4 = µ5 = µ6

versus
H1 : not all are equal.

The significance level α = 0.05.

Problem 6

One studies the difference between the effect of an old fertilizer (denoted as X1)
and a newly developed fertilizer (denoted as X2) on the growth of plants. An
experiment was conducted where plants were grown under identical conditions,
and one randomly assigned fertilizer X1 to n1 = 7 plants and fertilizer X2 to
n2 = 8 plants. After 3 weeks the height of the plants were measured in cm. Data
from the experiment is presented below.

i 1 2 3 4 5 6 7 8
x1i 31 33 29 35 39 42 38
x2i 34 36 30 32 37 43 39 40

Descriptive measures for this dataset are

x̄1 = 1
7

7∑
i=1

x1i = 35.29, sx1 =

√√√√1
6

7∑
i=1

(x1i − x̄1)2 = 4.64,

x̄2 = 1
8

8∑
i=1

x2i = 36.38, sx2 =

√√√√1
7

8∑
i=1

(x2i − x̄2)2 = 4.31.

a) We assume that X1i and X2i are normally distributed, X1i ∼ N(µ1, σ2),
i = 1, ..., 7, and X2i ∼ N(µ2, σ2), i = 1, ..., 8.
Based on this experiment, can one conclude that the mean height of the
plants given the two different types (X1 and X2) of fertilizers are different?
Write down the null hypothesis and the alternative hypothesis. Choose a
test statistic and perform a hypothesis test. Use significance level α = 0.05.
Specify the assumptions you make.
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b) What is the difference between a non-parametric hypothesis test and the test
used in a)?
Perform a Wilcoxon rank-sum test based on the data given above. You can
assume a normal approximation to the test statistic.


