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PREFACE

These are notes that will serve as a text for the course in "Stochastic popula-
tion models’ at the Department of Mathematical Sciences at NTNU, Norway.
The department initiated a new bachelor program in biomathematics in 2003
and this is a course planned for students the third year choosing the direction
of 'Modelling in biology’. However, this course will also be quite useful for
students going into "Statistics in medicine’ and "Theoretical biology’ as well
as master student in biology with required mathematical background since
basic knowledge on how to do stochastic modelling of biological populations
or systems of populations is an important part of quantitative studies in life
science in general.

The mathematical and statistical background required is that obtained dur-
ing the first two years of the program. The first year these students has two
basic courses in mathematical analysis, one in probability, one in statistics
and one course in biological computations which focuses on using computer
software (R) to do statistics and stochastic simulations. The second year they
have a course in applied statistics, an introductory course in stochastic pro-
cesses as well as one in mathematical genetics. In addition to courses given
by the department these students also have courses given by the department
of biology and the medical faculty.

These lectures focus on modelling of population dynamics, mostly dealing
with one single species. Stochastic modelling of systems of two species are
rare in the literature and leads often to rather difficult mathematical prob-
lems, although there is a large literature on deterministic predator prey mod-
els an competition systems. Two species systems are therefore not dealt with
in much details. On the other hand, modelling of communities with many
species has a long scientific history and there is a growing interest in stochas-
tic models. Such models also have some analogs in population genetics. Some
interesting results for communities can be dealt with in a rather simple way
basing on results for a single species. The reason why this may be simpler

than two species systems is that the interactions between the species now
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can be summarized in stochastic terms instead of going into a detailed de-
scription of how each particular species interact with all the others, which
would tend to end up in a description with too many parameters to be of
practical interest.

This is mainly meant to cover a basic course in stochastic population models
and is not a course in statistics. The models and results presented here are,
however, important for doing correct statistical analysis of population data.
Some simple examples of statistical methods are given, but only in cases
where the population size is estimated without error. Statistical inference
based on data with sampling errors, which is the most common type of
data, can be done using methods constructed for this purpose like state-space
models, Kalman filtering, or the bayesian approach analyzed by Markov chain
Monte Carlo methods. These methods are dealt with in general courses in

statistics.

Steinar Engen
Department of Mathemtical Sciences
The Norwegian University of Science and Technology

Trondheim, Norway



Chapter 1

Populations without

density-regulation

1.1 The deterministic product model

In this chapter we shall deal with populations reproducing once a year which
is a realistic assumption for a large number of organisms. However, popula-
tions reproducing continuously in time (for example humans or species in the
tropics) may be studied by performing a sensus once a year leading to the
same kind of data. The basic unit in population dynamics is the individual.
Each individual contribute to the population density and to the change in
population size from one generation to the next. The basic vital rates de-
termining population changes are the individuals survival into the next year
and their reproduction. If nothing is mentioned about the sex of individuals
we will always deal only with the female segment of the population. For
large populations, however, we may often obtain a realistic description of the
dynamics without going into details on the individuals vital rates. In a large
populations the differences between the individuals may not be important by
the law of large numbers, only their mean values across the population.

If the vital rates are not affected by the density of individuals we say that the

population is not density-regulated. For large populations living in a stable

11



12 CHAPTER 1. POPULATIONS WITHOUT DENSITY-REGULATION

environment, a realistic description may be that the population size the next
year simply is given by a multiplication of the size the previous year by a
constant factor

Nip1 = AN,

where N; denotes the population size at time ¢t and A is the constant deter-
mining the growth of the population. The population is increasing, constant
or decreasing according to the value of A being > 1, one or < 1. Starting

with time ¢ = 0 we then find simply by recursion
Nt = )\tNo = Noe”

where » = In A is called the population growth rate. The population is
increasing, constant or decreasing for r > 0, r = 0 or r < 0, respectively. If
r < 0 the population will eventually go extinct. If we consider the population
to be extinct as the population size reaches size one, the time to extinction,
say T, is for negative growth rates determined by Nye'™? = 1 giving T =
—In(Np)/r. For example, a population of 1000 individuals with A = 0.99
and r = —0.01005... will go extinct after 687 years, while if A = 0.9 it is
extinct after 66 years.

Since effects operating on populations often are modelled by multiplications
(multiplicative effects) we often get simpler mathematical relations by work-
ing on logarithmic scale. Here we will always use natural logarithms. Writing
X; = In(N;) for the log population size, the above multiplicative model takes
the simple form X1 = X, 4+ r giving

Xt:X()‘I—Tt

so that log population size is a straight line with slope r when plotted against
time.

Although this deterministic description is not realistic for real populations it
is a good approximation for large populations in a very stable environment,
for example growing of plankton populations in a laboratory up to the time
when the population reaches a density large enough for density regulation to

operate.
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1.2 Environmental effects on population growth

The factor A is determined by the mean survival and reproduction rates of the
individuals. In natural populations these rates will almost always be affected
by a number physical or biological factors. Which factors that are important,
and how large effect they have, varies a lot between species. For example,
snow depth and temperature during winter may have only a little effect on a
brown bear, a larger effect on small rodents, and perhaps even a larger effect
on some bird species. In other words, some species may be almost unaffected
by the environment, while others will show large changes in population size
generated by fluctuations in the environment. Clearly, temporal fluctuations
in the environment are also very different from location to location. Typically,
fluctuation in the tropics are smaller than fluctuations in areas with large
seasonal effects. Even death rates in human populations may be affected by
the environment. For example, different contagious diseases that may affect
the death rate, especially among old people, are not equally common each
year and varies geographically.

Even if we often can isolate some few factors as the major factors affecting
the vital rates of a population it is generally a difficult task. Such studies are,
however, an important part of population dynamics, for example in studies
of which effects climate changes is expected to have on natural populations.
However, we can generally write symbolically the environment affecting a
population as an environmental vector z = (21, 29, . . .) where each component
is some factor, physical or biological, that may affect the vital rates. We
may obtain large insight into the dynamics of populations without studying
each component of z separately, but rather just plug into our model that
the factor A\ in practice is some function of the environmental vector. The
environmental vector is typically stochastic, varying between years in a more
or less unpredictable way. Writing A, for the factor operating at time ¢ which
is formally some function of z, we can now forget the environmental vector
and concentrate on just modelling the sequence A; as a time series, keeping

in mind that its properties are generated by fluctuations in the environments.
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In analogy with the deterministic model we write S; = In A; giving

t—1

Xt:XO+ZSu

u=0
In many cases it may be realistic to assume that the sequence of stochastic
rates S; is a sequence of independent identically distributed random vari-
ables. In other cases, however, the sequence may be autocorrelated, either
due to autocorrelations in the underlying vector z or some properties of the

populations like age structure or migration.

1.3 The lognormal distribution

Since multiplicative effects are common in biological systems, the above mul-
tiplicative model being an example, the lognormal distribution has an im-
portant role in biology in general. As we have seen, performing a log trans-
formation leads to additive models. When stochastic variable are added we
know, through different versions of the central limit theorem, that the sums
are approximately normally distributed. Transforming back to the original
scale we then obtain the lognormal distribution.

Formally, let Y be normally distributed with mean ;. and variance o2. Shortly
we then write that Y is N(u,0?). Let Y be the log transform of a variable
V, that is Y = InV and V = exp(Y). We then say that V is lognormally
distributed with parameters p and o and write shortly , V is LN (u, 0?).
The probability density of Y is the Gaussian curve

1 _(y-w?
e 202

fr(y) =

2ro

on the real axis. Applying the transformation formula for stochastic variables
we find that the distribution of V' is the corresponding lognormal distribution

shown in Fig.1.1
1 _ (nv—p)?

fv(v) = e 2t

2mov
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62 =0.1

o5 [ |

0.0 ¢

Figure 1.1: The lognormal distribution with mean 1, that is y = —0?/2, for

three values of o2.
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for v > 0. Notice that since aY + b is N(apu + b, a’c?), it follows that
et = etVais LN(ap + b,a%0?), so that ¢V® is LN (ap + Inc,a’0?). In
particular we see by inserting a = 1 that ¢V is LN (u + Inc, 0?), that is, the
variance parameter o2 is not affected by a change of scale.

The mean and variance of the lognormal is most easily found from the mo-

ment generating function of Y which is known to be
My(t) — EeYt — e,ut+02t2/2.

Writing v and 72 for the mean and variance of the lognormal distribution we
then find
v=EV =Ee' = e“+"2/2,

where we have plugged in t = 1 in the moment generating function. In the

same way we find

EV2 _ E€2Y _ 62‘”2"2
and finally the variance

2

2 =EV?— (EV)? = 7 (7" — 1).

Hence, the squared coefficient of variation for the lognormal distribution is

2

CViP=7?/* =¢" —1.

1.4 The stochastic growth rate and environ-

mental variance

Let us first assume that the sequence A; and S; are both sequences of inde-
pendent variables with constant mean and variance. Then, conditioning on
the initial population size Ny = ng we find that the expected population size
after time ¢ is

EN, = ng\' = nge™
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where we now have generalized interpretation of A to be the the expectation
EA (we omit the subscript for A since they all have the same distribution).
The expected population size then grow exponentially with a rate r = In A =
In(EA), which we now shall call the deterministic growth rate.

On the log scale we can express the mean slope of the curve on the interval

from 0 to t as
1 1 -1 -
E(Xt - Xo) = EUZ:%SU =S.
Hence, the mean and variance of this slope is s = ES and 02 /t, respectively,
where 02 = var(S). As t tends to infinity the slope then approaches the
constant s which is called the stochastic growth rate of the population.
Now, let us compare the stochastic growth rate s with the deterministic
growth rate r = In A for the expected population size. Let us first assume
that the S; are N(s,02). Then A is LN(s,02). From the properties of the

lognormal distribution it then follows that
s=r—02/2.

In the same model we find

var(Nyy1|N; = n) = no?

where 02 = var(A) is called the environmental variance. For the lognormal

model we see, again using properties of the lognormal distribution, that

o2 =1In(1+ o2/)\?).

s

More generally we can use the Taylor expansion

Y A=X\ 1/A=2)\°
lnAzln)\+ln[1+< > )]:H(A>_2< : >+

This leads to (exercise 5) 02 ~ 02/A* and s ~ r — 02/A? provided that the
fluctuations in (A — A\)/A are small. Further, if A ~ 1, the two variances are

approximately equal so that s ~ r — 02 /2.
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The relation between the stochastic and the deterministic growth rate has
some interesting and rather surprising consequences. As an example con-
sider a population with deterministic growth rate » = 0.01. The expected
population size will then tend to infinity as ¢ approaches infinity. If the envi-
ronmental variance is 0 = 0.04, then the stochastic growth rate is s = —0.01.
Hence, as time approaches infinity the slope approaches the constant value
—0.01 which means that the population is certain to go extinct although its
expected value approaches infinity. In Fig.1.2 we show simulations of this ex-
ample. The result is definitely not just a mathematical artifact but a highly
real effect of stochasticity. If the stochasticity of the environment increases
without affecting the mean vital rates so that » = In(EA) is kept constant,
then the stochastic growth rate will decrease while the expected population
sizes are unaffected. In order to understand this result intuitively we have
to look deeper into the lognormal distribution. This is a very skew distribu-
tion and as t increases the skewness also increases towards infinity. For large
values of ¢ it is therefore possible that there is some very small probability
that the population is extremely large, actually large enough to give a large
expected value. The whole probability mass, however, except this very small
proportion approaching zero, may still be concentrated at smaller values and
represent extinction with probability 1.

The above approximation have been derived using the first terms of the
Taylor expansion. There will in general be a decrease in the stochastic growth
rate as the stochasticity increases. A more accurate approximation than the

one derived here from the normal distribution is given in 1.8.1.

1.5 Estimation and prediction in the multi-

plicative model

We consider the situation where the population size is known at n + 1 sub-
sequent points of time ¢ = 0,1,2,...,¢,. Let the observed values of log

population size be Xy, X1,..., X,, and assume that the S; are approximately
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Log population size

Time in years

Figure 1.2: Simulation of 10 sample paths using the above stochastic model
with 7 = 0.01 and 02 = 0.04. The solid straight line shows the deterministic

growth, while the dotted line is the mean stochastic growth.
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normally distributed. The process X; is then a random walk with normally
distributed increments and the differences D; = X; — X;_1, fori =1,2,...n
are independent normal variables with mean s and variance 02 ~ o2. Hence,

the maximum likelihood estimate of s is the mean value

Hence, we se that for this model the estimator for the stochastic growth rate
depends only on the first and last observation, the others being redundant.
According to standard normal theory this estimator is N(s,02/n). Further,

the unbiased and sufficient estimator for the environmental variance is

which is independent of s* and distribution given by the fact that &,%(n —
1)/o? is x*-distributed with n — 1 degrees of freedom. We can further find
confidence intervals for s and o2 based on Student’s T-distribution and the
x2-distribution exactly as in the analysis of a single sample from a normal
distribution with unknown mean and variance.

These results can be utilized to find prediction intervals for future population
sizes provided that the population size is large enough for the possibility
of extinction to be ignored. Conditioned on the last observation X, the
population size X, ,, at a future time n + m, which can be written on the
form X, +3>%", D;, is N(X,,+ms, mo?2). We can find a prediction interval
for X, +m by first observing that X,,.,, — X,, — m§ is normally distributed
with zero mean and variance mo?+m?2c?/n = o2(m+m?/n). Tt follows from

Student-Fisher’s well known result that

Xnim — X —ms
gsy/m +m2/n

has Student’s T-distribution with n — 1 degrees of freedom so that

Tn—l =

P(_tnfl,a/Q <T,1< tnfl,a/Z) =1—«
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Figure 1.3: Time series observations of a population of Sea Eagles over 21
years together with 20 prediction intervals (90 and 99 %) and predicted

median 20 years ahead.

where t,_1 ,/2 denotes the «/2-quantile of the T-distribution with n — 1
degrees of freedom. Plugging in the expression for 7, ; and solving the
inequalities with respect to the future observation X,,_,,, we finally find the

prediction interval for the log population size

P(Xp4mé—t,_1a/20/m+m2/n < X < Xp+mé+t,_1.4/205\/m +m?2/n) = 1—a.

Applying the exponential function over the whole inequality then yields the
corresponding prediction interval for the population size.

In practical applications it is informative to plot the observed population
size and the interval limits as functions of time for different values of ae. An

example of this is shown in Fig.1.3.
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1.6 Demographic stochasticity

We now return to a more thorough analysis of the multiplicative factors
A;. When populations are small, the stochastic fluctuations in survival and
fecundity between individuals within years can not be ignored, and we now
proceed to analyze the consequences of this kind of stochasticity which is
called demographic stochasticity.

The changes in population size from one generation to the next is determined
by the survival or death of each individual, as well as the number of surviving
offspring each individual contribute with into the next generation. We shall
later deal with age-structured models, assuming that the vital rates vary be-
tween age-classes. Here we deal with the simpler situation where individuals
reach the adult state during a year and the population is sensused just before
reproduction. All individuals are then adults with the same mean vital rates.
Notice however, that this is a model with overlapping generation since each
individual may have an adult survival close to one and have a lifetime of
many generations.

For a given population size N at one generation there are N contributions
from the individuals adding up to give the population size N+AN in the next
generation. The contribution from one particular individual is the number
of offspring it produces that survive into the next generation plus 1 if the
individual itself survives. Writing wy, ws,...,wy for these contributions,

which is the individual fitness for the individuals in the population, we have

N+ AN = g:wi = NEw—l—iV:di,
i=1 i=1
where Ew is the mean of the w; and the d; = w; — Ew are stochastic variables
with zero means. Since N + AN = AN we see that A = ﬁZwi = w
and Ew = A. In older literature on birth and death processes one usually
assumes that the contributions within a season are stochastically independent
for a given population size. This is a realistic assumption if there is no

environmental vector z generating between years fluctuations in the mean
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contributions, that is, if we assume z to be a constant. In such models the
variance var(w;) = var(d;) = o2 is called the demographic variance of the
process. In a density regulated population the parameter Ew as well as o2
may depend on the population size V.

Using the assumption that all N contributions are stochastically independent

for a constant z, that is, there is no common factor acting on the D;, we find
var(N + AN|N) = var(AN|N) = No3

by the law of the variance of a sum of independent variables. For the stochas-
tic factor A(IV) we find

var[A] = var[AN/N] = o3/N.

As an example let the w; be Poisson distributed with means Ew = A. Since
the variance of the Poisson distribution is the same as the mean, that is
0% = Ew = \, we also have var(AN|N) = NEw = N\. Notice in particular
that for a population fluctuating around some stable equilibrium ¢2 must be
close to 1 since the mean contribution from the individuals () are then close
to 1. We emphasize that this statement is not valid in general and must be
considered a property of the Poisson model. However, the Poisson model
gives us some idea of the order of magnitude we should expect to find for the
demographic variance of real populations.

Notice also that for small fluctuations we have the approximation (see section

1.4 and exercise 5)
var(Aln N) = var(AX) = var(InA) =~ A\ 202 /N = \ 202,

When working on the log scale one commonly includes the factor A=2 in
the definition of the demographic variance. In chapter 4 we shall analyze
age-structured models and study the dynamics on the log scale. To obtain
variance formulas that are consistent with most formulas appearing in the
literature we shall then include the factor A=2. However, when dealing with

decomposition of stochasticity in simple models as well as age-structured
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models it is mathematically simpler to operate on the absolute scale and not

including this factor, which is what we do in the present chapter.

1.7 Demographic and environmental stochas-
ticity acting together

If there are fluctuations in the stochastic vector z between years the individ-
ual contributions a given year are no longer independent. We then decompose

the contributions into variance components writing

where e = E(w|z) — Ew and d; = w; — E(w|z). Then e, d;,ds,...,d, are
stochastic variables with zero means and cov(e, d;) = 0 (exercise 7).

Fig.1.4 shows distributions of individual fitness w to the next generation of
two bird species. We see that there is a considerable variance within each
year, corresponding to a between individual variation in d;. However, the
histograms are also very different between years. In 1988 the Song Spar-
row has very small contributions compared to the best year which is 1990.
Mathematically this means that the component e is small in 1988 and large
in 1990. It seems to be a smaller between years variation in e for the Great
Tits.

The d; are the demographic components varying between the individuals
of the population a given year, whereas e is an environmental effect which
is common for all individuals a given year, but vary stochastically between
years. Consequently, applying the general formula for the variance of a sum

of correlated variables, we obtain (exercise 9)
N
var(AN|N) = var() _w;|N) = N(o — 1) + N*(o2 + 1),
i=1

where 03 = var(d;), 02 = var(e) and 7 = cov(d;,d;), i # j. The parameter

02 is now a generalization of the previously defined concept of environmental
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Figure 1.4: Annual variation in the distribution of contributions w to the next
generation for two passerine species, the Song Sparrow Melospiza melodia on
Mandarte island and the Great Tit in Wytham Wood. The dashed line
indicates the mean values across all years and the dotted line the mean

contribution a single year.
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variance while 7 is called the demographic covariance. For the multiplicative

factor A dealt with in the previous section we then have accordingly
var[A|N] = (62 + 1) + (07 — 7)/N.
Assuming small fluctuations we also have the relation
var(AX|N) =~ A (02 +71) + A\ (05— 7)/N.

Hence, we see that the demographic variance can be ignored when the pop-
ulation is large.

Notice that the environmental component e expresses how much the mean
contributions a given year deviate from the mean contributions over all years.
The demographic effects d; express how each particular individual’s contri-
bution deviates from the mean contribution the same year. An alternative

way of expressing the parameters defining the stochasticity is (exercise 10)

o3 = E[var(w;|z)]

o? = var[BE(w;|z)]

T = Elcov(w;, w;|z)].

The demographic covariance 7 is created by interactions between the indi-
viduals, such as intra-specific competition. It is defined as the covariance
between any two of the demographic contributions d;. Although these co-
variances are likely to be different from zero, they are not usually taken into
account in population models. This may, however, be seen as a redefinition
of demographic and environmental variances as o3 —7 and o2 +7 respectively.
This latter definition, for which the demographic and environmental variance
are the coefficients of N and N? in the expression for var(AN), is equiva-
lent to defining the demographic variance as var(w;) — cov(w;, w;) and the
environmental variance as cov(w;, w,), where i # j (exercise 11). In general,
theoretical models as well as empirical findings show that the demographic
variance, the environmental variance and the demographic covariance may

all depend on N (in density-regulated populations).
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1.8 * Quantifications of the effects of stochas-
ticity
1.8.1 Reduction in growth due to stochasticity

We have seen that increasing stochasticity reduces the stochastic growth rate of a
population. In general it follows from Jensen’s inequality that EIn A < In(E'lnA)
since the logarithm is a convex function. In particular, if A is lognormally dis-
tributed this reduction is half the variance of In A which is approximately half the
environmental variance.

We can explore this reduction in more detail by looking at the cumulant generating
function of the stochastic variable In A which is defined as

1 1
K(v) = InEe"™A = ko + 51{21}2 + gk‘:ﬂ}g +...,

where k; is the i’th cumulant of InA. Observing that K(1) = InEA = r and
k1 = EIn A = s we find, by inserting v = 1 in the definition, that the reduction in
the growth due to stochasticity in general is given by relation

1 1
5:T7(§k2+§]€3+)

If InA is normally distributed, then k; = 0 for j > 3, giving the reduction of
%]{32 = %02, since ks is the variance of the variable In A. Using the first 4 cumulants
we find ) ) )
U NI S S |
s~ (20 +6730 +24a Y4)
where v3 = k3/ k:;/ % and y4 = ka/k2 is the skewness and curtosis of In A, respec-

tively.

1.8.2 Stochastic Alle-effect

As N gets smaller, the variance of In A = In[Ew + e + d| = In[\ + e + d] increases.
Defining generally the stochastic growth rate at population size N as s(N) =
E(InA|N) = E(S|N) we find using the normal approximation for Aln N (exercise
18)

In population biology, the term Alle-effect is used for different kinds of effects that
makes it difficult for populations at small densities to reproduce for example due
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Figure 1.5: The stochastic growth rate as function of the population size.
Parameter values are r = InEw = In A = 0.04, 02 = 0.04, and 02 = 1, giving
N* =~ 20. The dotted lines show the value of r and s(o0).

to the difficulty of finding a mate. Such effects may even lead to negative growth-
rates and eventual extinction when the population size passes below a certain
threshold (an unstable equilibrium point). One interesting effect of demographic
stochasticity is that this stochasticity alone may produce a kind of Allee-effect, a
stochastic Allee-effect, since we may have an unstable equilibrium point N* so that
s(N) < 0 for N < N* and s(N) > 0 for N > N*. As an example, assume that
A + e is lognormally distributed with var[In(\ 4 e)] = o2, but add the assumption
that d is normal with variance 02 /N, which is approximately correct by the central
limit theorem.

Fig.1.5 shows numerical values of s(N) for this model, with » = InEw = 0.04,
02 =0.04, and 03 =1, giving N* =~ 20.

In Fig.1.6 we show 12 simulations of this process with Ny = 50, from which we
can actually get an impression of this stochastic Allee-effect with an unstable
equilibrium point at N* ~ 20. We also see that the paths tend to be under the
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Figure 1.6: Simulations of the process described in Fig.1.5 with initial pop-
ulation size Ny = 50 giving In Ny ~ 4.
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corresponding deterministic process with growth rate r = 0.04, showing that the
reduction in the growth rate due to stochasticity is not just an artifact of the
model.

1.8.3 Temporal correlations in the environmental noise

We close this section by considering the effect of correlations between the In Ay
expressed by the autocorrelation function

p(h) = p(—=h) = corr(In A¢, In Agyp),

ignoring demographic stochasticity and assuming that In A; is a stationary process
with 3772, ip(i) < co. Such correlations may be generated by time delayed effects
on survival and reproduction, by age structure, or by dependence between compo-
nents of the environmental vectors z; and z;;;. From the general formula for the
variance of a sum we find

var(In N¢|No) = to? +2(t — 1)p(1)o? + 2(t — 1)p(2)0? + ... + 2p(t — 1)0?,

which can be written as
t—1 t—1
var(In Ny|No) = 0®t > p(i) —20° > ip(i).
i=—(t—1) i=1

Hence, as t approaches infinity we have

var(In V| No) 9o .
— _zo:op(z).

Notice that the autocorrelations neither affect r = In EA nor s = Eln A, but it may
have a large effect on EN; ~ exp[ts + 2var(In N;)] through the effect of increasing
var(In Ny). In order to analyze how the expected population size EN; changes with
t we may define the growth-rate for the expected population size as

o1
u= tlggo . In(EN;/Ny),
which expressed by the sequence A; is
1
u = tl;r& ; lnE(AlAQ, e At)

If the A; are independent and identically distributed we have E(AjAy...Ay) =
(EA)!, giving u = 7. In the case of a sequence with autocorrelations, however,
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u and r are different. In particular, if the In A; are multinormally distributed
variables we find (exercise 19)

1

1 oo
s:r—502:u—§022p(i)
—0o0

1.9 Fitness in a stochastic environment

1.9.1 The stochastic growth rate as a measure of fit-

ness

Although there are some different definitions of fitness, the concept of fit-
ness used in biology refers usually to deterministic models. In a stochastic
environment, the stochastic growth rate is the fitness measure that is most
informative in predicting the fate of different genotypes. For simplicity we
assume no density regulation and consider a haploid organism with two geno-
types that differ on one locus. Let Ny(A) and Ny(B) denote the number of
individuals of type A and B at time ¢ and write Q; = N(A)/[N:(A)+ N(B)]
for the frequency of type A. For a given initial frequency )y we shall see
that the probability that @), is larger than any proportion p approaches one
as t approaches infinity if the stochastic growth rate of the subpopulation of
type A individuals is greater than that for type B. This can be expressed by
the log of the population sizes,

P(Q: > plQo) = P[Ni(A)(1=p) > Ni(B)p] = P[Xi(A)=Xi(B) > In(p)—In(1-p)]

where X; = In NV; for each genotype. If the populations are large enough

for demographic stochasticity to be ignored, the distribution of X;(A) is

normal with mean Xo(A) + s(A)t and variance o2(A)t, where o2(A) is the
2

environmental variance o

(A) of type A if there are no autocorrelations in
the noise, and otherwise the more general expression given in 1.8.3. The
stochastic growth rate for A is denoted s(A). Using the same notation for

type B and assuming in the general case that there may be some correlation
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p between the noise terms of the two processes the same year, we find, writing
w = In[p/(1 — p)], that

Xo(A) — Xo(B) +1[s(A) —s(B)] —w
VIY(02(A) + 03(B) — 2p0:(A)0.(B))

P(Xi(A) = Xi(B) > w) = &{ 2

where ®(-) is the standard normal integral. Hence, this probability tends
to one for any value of w, and hence for any value of p in the interval be-
tween zero and one, as t approaches infinity, provided that s(A) > s(B).
If s(A) < s(B) it approaches zero. This demonstrates that the stochas-
tic growth rate is the most relevant measure of fitness for populations in a
stochastic fluctuating environment. Notice that the probability tends to one
if s(A) > s(B) even if we have the opposite relation r(A) < r(B) for the
corresponding deterministic growth rates defined by the values of In EA for

the two genotypes.

1.9.2 * Bet-hedging

The fact that selection acts on s rather than r has many interesting evolutionary
effects. One of these is that so-called bet-hedging may be an optimal strategy,
which means that there is not necessarily one single strategy that is the best in
a stochastic environment, but rather a stochastic strategy. For example, a female
could choose to lay different numbers of eggs with different probabilities. Such a
stochastic strategy may work fairly well in good as well as bad years, and actually
be the best strategy in the long run, in particular better than any strategy of
laying a constant number of eggs. As an illustration of this concept we consider a
continuous range of strategies defined by a variable U which is normally distributed
with mean g and variance o2. The female chooses her strategy by choosing the
mean g and the variance o?. For a given constant environment Z the strategy
U has fitness A(U, Z). Writing f(u) for the normal density of U, we see that the
population size is changed by a factor A(z) = [0 A(u, z)f(u)du from one year
to the next when the environmental variable is equal to z. Hence, if g(z) is the
density of the environmental variable Z, we have

s=EInA = /ln[/_o:o AMu, 2) f (w)dulg(z)dz,
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where the integration with respect to z is taken over all possible values of Z. Let
the fitness function be of the Gaussian form

AMu, z) = Ao(2) exp[—%(u —2)?.

Then, for a constant environment Z, the optimal strategy would be to keep U
constant equal to Z, which is obtained by choosing ¢ = Z and ¢ = 0. Solving
the above integral in the case when U is a normal variate we find

Lo o oy 02t (e —p)?
S = EIHA = Eln)\O(Z) —|—ln7' — 511’1(7' + o ) — w,
where p, and o2 is the mean and variance of Z. This stochastic growth rate is
maximized for

H=

and

9 02 — 72 for Ug > 72
- = .
0 otherwise.

We see that bet-hedging, now interpreted as o? > 0, is an optimal strategy if the
stochasticity of the environment is large enough, more precisely, if o2 > 72. If
02 < 72 then the constant strategy U = p, is optimal. The stochastic growth
rate obtained by this optimization is

2 .
o/t otherwise.

1.10 Exercises

1. For the stochastic model in Fig.1.2 find an expression for the probability that
the population size is larger than the expected population size as a function of
time. Calculate this probability for t=10, 50, 100, 200 and 500 years.

2. Ignoring the possibility of extinction apply the central limit theorem to show
that P(IN; < Npe®t) approaches 1/2 as t increases.

3. Derive an expression for the skewness E(V — EV)3 /var(V)3/2 of the lognormal
distribution using the moment generating function for the normal distribution.

4. Plot the skewness of the population size against time for the model shown in
Fig.1.2
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5. Use Taylor expansion to show that s ~ r — %Ug

2 is small.
6. For the stochastic model in Fig.1.2 find an expression for the mean and standard
deviation of the population size as a function of time. Make a graph of the mean
plus minus one standard deviation as function of time.

7. Make the same graph as in exercise 6 on the log scale.

8. Consider the decomposition in 1.7 of the contributions w; = Ew + e 4 d;, where
e = E(w|z) — Ew and d; = w; — E(w|z). Show that e, d;, do, ..., d; has zero means
and that cov(e,d;) = 0.

9. Use the decomposition in 1.7 to show that var(AN|N) = var(XN, w;|N) =
N(03 — 1) + N2(02 + 1), where 03 = var(d;), 02 = var(e) and 7 = cov(d;,d;),
iF# 7.

10. Show that 02 = E[var(w;|z)], 02 = var[E(w;|z)] and 7 = E[cov(w;, w;|z)].

11. Show that the coefficient o3 — 7 of N in var(AN|N) is var(w;) — cov(w;, w;) ,
and that the coefficient 02 + 7 of N? is cov(w;, w;) where i # j.

12. What is the demographic variance for a population where no individuals are
born and the adults die independently of each other with probability p?

13. What is the environmental and demographic variance in the population in
exercise 12 when p varies between years with mean j, and variance 012,?

14. A female contributes with a Poisson distributed number of offspring with
mean v if she survives. If she dies none of her offspring survive to the next
generation. The females survive with probability p and there is no variation in
these parameters between generations. Show that the growth rate is A = (v + 1)p
that the demographic variance is 02 = vp + (v + 1)?p(1 — p).

15. Consider the same model as in 14. Assume that the adult survival p is constant
while the parameter v varies between years with mean value p and variance o2.
Show that 02 = p?0? and 03 = pu + (0% + p* + 2+ 1)p(1 — p).

Hint: You may choose v to be the environmental variable z in the text. Then use
the relations 02 = Evar(w|z) and o2 = varE(w|z).

16. Consider a population where the maximum obtainable value of A is 6 and
assume that all positive values of A below 6 are equally likely, that is, A is uniformly
distributed on [0,0]. Find X\, r, 02, 02 and s expressed by §. Why do the
approximations s ~ r— %02 and 02 ~ 02/\? break down for this model? Assuming
an initial population size of 1000 individuals find the mean and median of the
population size after 100 years expressed by 6. What happens if 8 = 2.27 Show
that if 2 < # < e then the expected population size approach infinity while

P(N; < a) approach 1 for any a > 0. Discuss this result.

17. Consider an individual producing B offspring a given year and let J be the
indicator variable for her survival, that is, J = 1 if she survives and otherwise
0. Her contribution to the next generation is then w = B + J. Discuss how the

and o2 =~ 02/A\? in general when
o
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covariance between B and J affects the environmental and demographic variance.
18. Show that the stochastic growth rate of a population of size N with environ-
mental and demographic stochasticity is approximately r — %ag - ﬁag provided

that Aln N is approximately normally distributed.
19. Assume that the In A; are multinormally distributed with constant variance
and corr(Ag, Aeyp) = p(h) = p(—h). Show that s = r — 302 = u — 362 3°% p(i)

where u is the growth rate of the expected population size as defined in 1.8.3.
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Chapter 2

Density-regulated populations

2.1 The concept of density-regulation

In chapter 1 we assumed that the vital rates determining the dynamics were
unaffected by the population size N. This is only realistic for species that
are not limited in growth by food or space. Most populations, however,
will grow to reach population densities that are so large that within species
competition for resources will affect the vital rates. Then, the contribution
from a single individual to the next generation must have a distribution that
depends on the population size N. In fisheries, for example, it is common to
divide the population into two parts, the spawning stock (Ng) which is the
reproducing fragment of the population, and the recruitment (Ng), which is
their production of new individuals which will enter the spawning stock when
they reach their age of maturity. The two most common models for density
regulation are the Beverton-Holt model and the Ricker model that expresses
the expected recruitment as functions of the spawning stock. The Beverton-
Holt model is given by Ngp = aNg/(1 + BNg) while the Ricker model is
Ni = aNge PNs_ where a and 3 are constants that must be estimated from
data.

In the kind of models dealt with in chapter 1, density-regulation is most
appropriately introduced by assuming that the expected contributions to the

next generation, A = Ew, depends on the population size, hence writing

37
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A = A(N). Correspondingly, the deterministic growth rate is then r(N) =
In A\(N). If AN is small compared to N we then find
s(N) =E[AIn(N)|N]| = E[A]\][V|N] =AN) -1

Density regulation is commonly introduced by assuming that #(N) and A(N)
are decreasing functions of the population size N. When analyzing stochas-
tic models, however, we will usually work with the stochastic growth rate.
The carrying capacity K of the population is then defined as the stable equi-
librium point given by s(K) = 0. For a deterministic model there is no
distinction between r and s giving r(K) = 0.

It is important to notice that a density-regulated population is defined as
a population for which the change in population size from one year to the
next depends on the population the previous year. In chapter 1 we dealt
with populations without density-regulation which we interpreted as the dis-
tribution of Aln N being independent of N. As a further illustration of the
concept of density-regulation consider a population producing a large number
of eggs each season, out of which only a small fraction can survive to enter
the population as adults. If the environment is independent between year
the population sizes may also be independent. For example let us assume
that In V; is a sequence of independent normally distributed variable with

mean /4 and variance o2. Then
s(N) =E(Aln N|N) = E[In(N + AN)|N] —In(N) = u — In(N)

and 02 = var(Aln N|N) = o2. It appears that this population is strongly
density-regulated with carrying capacity at K = e# although this may seem

surprising since the populations sizes are independent between years.
2.2 Return time to equilibrium and strength
of density-regulation

An important parameter in deterministic models with density-regulation is

the characteristic return time to equilibrium Tg, which is closely related to
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the strength of the density requlation at K. Defining the relative deviation
e = (N — K)/K, the dynamic equation for small values of ¢ is given by the
first order approximation Ae = [A(N) — 1|[N/K ~ A(N) — 1 ~ KX (K)e,
giving &; ~ ggexp[K N (K)t]. The time Ty is defined as the time required
for the deviation to reach a fraction 1/e of its original value, giving Tr =
—1/[KN(K)| = —1/[Kr'(K)]. Hence, if the negative slope of A\(IV) or (V)
is large at N = K, the characteristic return time to equilibrium is small.
We shall later show that this concept of characteristic return time also has
an interesting interpretation in stochastic models for populations fluctuating
around a carrying capacity. For such models the autocorrelations between
population sizes at two different points of time drops to approximately 1/e
when the time difference is T. A natural measure of the strength of density-
regulation is now v = 1/Tgp = —KXN(K) = —Kr/(K) which is large if the
return time to equilibrium is small and visa versa.
Writing as before X = In N we have

dA d\dX  dXx 1

AN ~ dXdN ~ dX N
so that K X' (K) alternatively can be written as d\/dX evaluated at N = K.
Further, since dIn\/dX = A"'d\/dX and A\(K) = 1 by the definition of
K, we see that the strength of density-regulation can be written in different
ways, actually as

d\ dln A dln A

TdX T dX  dlnN’
where all derivatives are evaluated at N = K.

v=-K\N(K) =

In the deterministic analog of the previous model with independent lognor-
mally distributed population sizes subsequent years, we have E(N + AN) =
exp(p+0?/2) giving In \(N) = +0?/2 —In N. Hence, the strength of den-
sity regulation v as well as the return time to equilibrium 7% is one in this
model. Notice that this result does not depend on the assumption that the
population sizes are lognormally distributed. For any distribution of popu-
lation sizes we have that In A = In(EN) — In N, where EN does not depend
on N, giving T = v = 1.
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2.3 The deterministic logistic model

For populations with small fluctuations around K the dynamics may be

described by a linear approximation to A(N) around K writing
AN)~ ANK)+ N(K)(N—-K)=\K)+~v(1 - N/K)
giving
AN/N = X(N) -1~ ~(1 - N/K).

This model, which is called the logistic model, or the logistic type of density
regulation, may often be realistic for all values of N. Notice then that as N
approaches zero AN/N approaches A\(0) — 1 so that the model also can be

written

AN = [A0) —1]N(1 = N/K) =~ r(0)N(1 — N/K).
An alternative formulation which is almost equivalent to this is
A(InN) =r(0)(1 — N/K)
or equivalently
r(N)=7r(0)(1 - N/K).

We see that the logistic model has the property that the strength of density
regulation is determined by the growth rate at small population sizes and
is not at all affected by the carrying capacity. More precisely, using the
definition v = —K N (K) we see that v is the growth rate r at N = 0.

2.4 The log-linear model and Gompertz type
of density-regulation

If we rather than approximating A(/NV) by a linear expression in N perform

the linearization in X = In N we arrive at the model

AN) ~ A(K) + cczl;"N:K(X —InK) = AK) +7(InK —InN),
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giving

In N
AN~~yNInnK|[1l—-——].
e ( an>

In this form the model is often called the Gompertz type of density-regulation.

If we rather write the model in terms of X = In N we get
AX ~ k(1 — X/k)

where k£ = In K is the carrying capacity on the log scale. We see that this
is a linear model in X and is accordingly called a log-linear model. If we
add a stochastic term with zero mean and constant variance to the left of
the equation we obtain what in statistics is called a first order autoregressive

model.

2.5 The theta-logistic model

A general class of functions defining different types of density regulation is

the so-called theta-logistic class of models

r(N) = roll = ()"

==

corresponding to the logistic model if § = 1.
In order to make this model valid for any value of 6, including # < 0, the
parameter ry must be chosen as a function of #. One way of doing this is

to choose the growth rate at abundance N = 1, say r, as a free parameter,

giving
7’1:7”0(1—K70)
and N N0 1
Tl 0 -
N)y=———1—(=)=n|l - ——
r(N) = =l = ()] = nll ~ )
for 6 # 0, whereas for § = 0 we obtain the limit
In N
r(N)=r(1-—).

In K
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Figure 2.1: The deterministic growth rate r(/N) as a function of N for differ-

ent values of # in the thetalogistic model. The other parameters are r; = 0.5
and K = 1000.
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Fig.2.1 shows the function r(N) for different values of 6 .

For the characteristic return rate to equilibrium we find for this class of
models that Tr = 1/(r¢f) = (1 — K~%)/(r,0) for  # 0 and Tg = In K /r for
6 = 0. Notice that the characteristic return time depends on ry and 6 only
through their product.

We see in Fig.2.1 that the theta-logistic model corresponds to very differ-
ent types of density-regulation for different values of #. For a small 6 the
regulation starts to act already at very small population sizes. If 6 is large,
however, there is practically no density-regulation when the population size
is smaller than K, but the regulation gets strong when the population size
approaches K. We can summarize this by considering 4 special cases of the
model:

Type I: 0 = —1. This leads to Aln N ~ AN/N = r(1 — %) giving

AN ~ r & __]f . Hence, we see that this value of 6 simply corresponds to a

linear model in N.

Type II: 6 = 0. We have already seen that this case may be written as
A(InN) =7(1 —InN/In K), so now the model is linear in In N.

Type III: 6 = 1. This give the logistic model AN ~ riN(1 — N/K).
Type IV: 0 = oo: In the limit as € approaches infinity the model approaches
Aln N = r; for any N < K, that is, there is no density-regulation below K.
Immediately above K AN approaches —oco. Hence, K plays the role of a
ceiling for the population size. Accordingly, this kind of model is often called

a ceiling model.

2.6  Stochasticity and density-regulation

Obtaining a deterministic analog to a stochastic model can be done simply
by just considering the expected values of AN or Aln N, or even using some
other transformation of N. But choosing these different transformations
leads to different deterministic analogs of a stochastic model. From the

discussion of stochastic growth rate in chapter 1, however, we have seen
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that it is preferable to use the expected value on the log scale, that is, the
stochastic growth rate, since the growth on the log scale actually tends to a
constant as the time intervals get large in the case of no density-regulation.
Going in the opposite direction, from a deterministic to a stochastic model,
however, leaves us with lots of choices. A deterministic model may have sev-
eral parameters and may be parametrized in different ways. Each parameter
may be subject to temporal fluctuation, and additional stochastic terms with
zero mean or stochastic factors with mean 1 may also be included. The over-
all goal, however, is to formulate a model that is realistic for the population
we deal with.

The most common way of formulating a stochastic model is to assume that
the parameter expressing the population growth rate at small densities fluc-
tuates in time. But this assumption alone is not enough to uniquely de-
fine a model. Take for example the logistic model which we can write as
AlnN =r(1 - K/N) oras AlnN = r — BN, where § = r/K. Although
these two deterministic models are equivalent, replacing r by a temporally
fluctuating parameter r(¢) in the two models will give rather different mod-
els. Here, we shall chose the second formulation since it turns out to be
most realistic (exercise 1). More generally, we choose to write deterministic
models on the form

1 1
AlnN=r— 0> - —o2—g(N
97€ IN d g( )7
where we already have taken into account the reduction in the stochastic
growth rate due to environmental and demographic stochasticity. Replacing

r by a variable r(¢) fluctuating in time, we obtain the stochastic model
Sy =AInN =r(t) — —0> — ——03 — g(N).

Notice that in this formulation there is no stochasticity in the density reg-
ulating term. Hence, the variance in the change in the logarithm of the
population size during one time step conditioned on the population size the
previous year is var(Sy|N) = var[r(t)] &~ var(AN/N) = ¢ + o2 /N.
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For the above discrete theta-logistic model this approach leads to

, 1 N? -1

ToNTe T Re

1
St :Tl(t) - 50’

where 7 is the mean of 71 (¢). In this formulation g(N) = —7#(N? —1)/(K? —
1).

As 6 approaches zero we obtain the type II model in 2.2, which is linear
inInN. If 63 = 0 and Aln N is normally distributed this is a first order
autoregressive time series for which the mean of future values, the autocorre-
lation function and the stationary distribution is well known. These results
can then be used to find corresponding results for the population size N
(exercise 8 and 9).

As mentioned above, there are many different stochastic generalizations of a
deterministic model. For example, in the theta-logistic model we may let all
three parameters be stochastic processes 1 (t), K(t) and 0(t). Examples of
more general models will be given in section 2.7 and in chapter 3.

Until now we have assumed that r (and \), for any value of N, are stochastic
variables with distributions depending on N. In the next section we show
some examples of modelling the stochastic change in the population size from
first principles, considering the stochastic contribution of each individual to
the next generation. One advantage of doing this is that it may give some
insight into how var(AN|N) is expected to depend on N, a relationship that
may be crucial when it comes to analyzing population fluctuations over long
time intervals with the possibility of large as well as small population sizes.
Above we have assumed that ¢? and ¢% do not depend on the population

size.
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2.7 Density-dependence in the demographic
and environmental variances

2.7.1 The distribution of vital rates

We have defined a population to be density-regulated if the expected relative
change in the population size from one year to the next depends on the
population size. The population growth, however, is determined by the vital
rates, the reproduction and survival, of the individuals in the population.
Generally, if the population size has an effect on the expected value of AN/N
or Aln N, it will also affect the variances included in the model so that
the demographic and environmental variance both are functions of N, say

0?(N) and o3(N). For example, if J is the indicator of survival for an

individual in the environment z with expected value p(z), then EJ = Ep(z)
and var(J) = var[p(z)] + Ep(z)[1 — p(z)] = Ep(z) — Ep(z)?, indicating a
relationship between the mean and variance of J. Below we illustrate this
possible relationship through some theoretical examples of fluctuating and

density-regulated vital rates.

2.7.2 A logistic model with Poisson distributed contri-
butions

Assume that, for a given environment z, the contributions are independent
Poisson variates with means A(z, N). Then the expected population size the
next year conditioned on the environment is NA(z, N), giving E(AN|z, N) =
N[A(z, N)—1], and the unconditional expectation E(AN|N) = N[EX(z, N)—
1], where the expectation of A(z, IV) is taken with respect to the environmen-
tal variable z . We then obtain the logistic model with carrying capacity
K if we choose EX(z, N) = 1 + v(1 — N/K), where v = r expresses the
strength of the density regulation. The environmental variance in this model
is now o2 = var[E(w;|z, N)] = var[\(z, N)]. As a further demonstration of

e

this concept let us choose two different models, one where the stochasticity
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in A\(z, N) is defined as a multiplicative effect, and one where it is additive.

The multiplicative model takes the form
Az, N) = A(z)(1 + (1 = N/K)),
where the mean of A(z) over years is 1. Writing 6% = var[A(z)], we then find

o?(N) = o*[1 +~(1 — N/K)]?

e

which decreases with N. On the other hand, choosing an additive model of
the type
ANz, N)=1+~(1—-N/K)+¢(z)

where Ee(z) = 0, we find that the environmental variance is equal to var|e(z)]
and hence independent of N if this variance is constant.

Using the fact that the variance of the Poisson is the same as the mean we
find for both models

03 = Elvar(w;|z, N)] = 1 + (1 — N/K).

Notice that this is a decreasing function which is approximately 1 when the
population size is close to the carrying capacity.

Fig.2.2 shows simulations of the multiplicative process for K = 1000, v =
r = 0.1 and 02 = 0.01, 0.04.

2.7.3 * Environmental fluctuations in » and K

Consider now the discrete logistic model on the form
Nit1 = Neexp[r(1 — Ni/K)],

where 7 is the specific growth rate for small population sizes and K is the caring
capacity. Environmental fluctuations may be introduced by assuming that r as
well as K depend on the environment, giving the model

AN = Nexp[r(z)(1 — N/K(z))] + Z d;
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Figure 2.2: Simulations of the multiplicative process with ¢ = 0.01 (solid
line) and 0.04 (dotted line). The other parameters are K = 1000 and v =
r = 0.1, corresponding to a return time to equilibrium 7x = 1/ = 10.
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where the d; are the demographic components which are independent with variance
03. It follows from this assumption that

E(w;|N,z) = E[(AN 4+ N)/N|N,z| = exp[r(z)(1 — N/K(z))]

implying that
02(N) = var{explr(z)(1 — N/K(2))]|N}

e

which can then be evaluated if the bivariate distribution of r(z) and K (z) is known.
As a simple illustration assume 7(z)/K(z) to be a constant, say (3, not depending
on the environment, and let r(z) be normally distributed with mean 7 and variance
o2. Then,

o¢ = exp[—2B8N]var{exp[r(z)]}

giving
o7 = exp[2(7 — BN)] exp(a7)[exp(o7) — 1],

which for small 02 and N ~ K is actually equal to o2 to the first order.

2.7.4 * A model with density-regulated fecundity

Consider a population where the adults survive with a constant probability p, and
produces exactly one offspring that survives with probability gexp(—alV), where
« is a positive parameter. The only parameter depending on the environment is
g = q(z), which is the juvenile survival at small densities (N = 0). The strength
of density regulation is determined by «. Actually, since E(w) = p+ gexp(—alV),
where ¢ = E[g(z)], and the carrying capacity is the value of N giving E(w) = 1,
we find i
-1
a=K""In( T p).

Since N + EAN = NEw;, we find
E(AN|N) = N{p+q ""M¥(1 - p)N* -1},

or equivalently ik Nk
AN) = {p+q ' ME@Q—p)EY

Let us write o7 = var[g(z)], for the variance of ¢ between years. If we assume that
survival and fecundity are independent, and independent between individuals for
a given z, then the demographic covariance 7 is zero. The conditional mean and

variance of the contributions are

B(wilz) = p+ q<z><1;p>N/K
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Figure 2.3: The demographic variance o3 (upper panel) and o2 (lower panel)
as functions of N for the model given in 2.7.4 with parameters K = 1000,
p=0..8,7=0.4 and 02 = 0.02.

var(uilz) = p(1 - p) + q<z><1;p>N/K[1 - q(z)(lgf’)W]

from which we find

03(N) = Efvar(w;|z)] = p(1 — p) + g(-—LYVE _ (02 4 )LL)

q q

02(N) = var[E(w;|z)] = 02(1%1’)2]\1/1(

q

Notice that the demographic as well as the environmental variance in this model
are functions of the population size N. An example for a given set of parameters
is given in Fig.2.3.
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2.7.5 * An example of demographic covariance

In the previous examples there was no covariance between the individual contribu-
tions for given environmental conditions, in which case the demographic covariance
is zero. The following is a theoretical example of a model with demographic co-
variances that may serve as a further demonstration of the concepts defining the
stochasticity.

Suppose that each individual of a population independently produce a Poisson
distributed number of eggs with mean much larger than one. Suppose that the
offspring selected to constitute the next generation are chosen at random from
the total amount of eggs. The environmental variable z is assumed to have an
effect on the population only through its effect on the population size each year.
We assume further that this relationship is deterministic, that is, N = N(z). The
fluctuations in IV between years are then fully determined by the fluctuations in the
environmental vector z. If the sequence of environmental vectors are independent,
then the population size the next year is independent of the population size the
year before, provided that the population is always large enough to produce the
number of eggs required for a population of a size determined by the environmental
conditions.

Let us consider one year with population size N producing the next years pop-
ulation N + AN = Zfil ¢; determined uniquely by some z. Conditional on
N 4+ AN, the contributions are then multinomially distributed with parameters
(N+AN,1/N,1/N,...,1/N). Writing shortly EN = p and var(N) = o2 we find
E(wi|z) = (N 4+ AN)/N, var(w;|z) = (N +AN)(1 —1/N)/N and cov(w;, w;|z) =
—(N + AN)/N?%. Hence 0% = u(1 —1/N)/N , 02 = 0?/N? and 7 = —u/N>.
Notice that, if the fluctuations in the population size are small, then N =~ u, giving
02~ 1-1/pu, 0% ~ 0?/u? and 7 = —1/pu. Generally, however, all three parameters
may depend strongly on N.

The coefficients of N and N? in the expression for var(AN|N) are 02 — 7 = p/N
and 02 + 7 = (0% — p)/N? giving var(AN|N) = 0?2 in accordance with the
assumptions. Notice that the coefficient of N2, 02 + 7 = (02 — u)/N?, is negative
if 02 < p and otherwise positive, and that both coefficients decreases with N.

2.8 Estimation of demographic and environ-
mental components.

For most populations one will only have a sequence of estimates of the pop-

ulation size each year, say NI,NQ, .. .,Nk. Often, the uncertainty in the
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estimates are quite large, which has the consequence that the fluctuations
due to demographic and environmental variances may simply disappear in
the fluctuations in the estimates due to the uncertainty in the estimation pro-
cedure. In such cases one will have to use more advanced statistical methods
constructed for taking into account sampling errors, for example using the
bayesian approach analyzed by Markov chain Monte Carlo Methods.

In this section we consider only the case of a full census being carried out each
year so that the observations are actually Ny, N, ..., N,. Even if such data
are available, there may be quite unrealistic to believe that the demographic
and environmental component may be separated from time series of realis-
tic length. We therefore suggest first trying to estimate the demographic
component from general biological insight and facts known for the species.
In particular, if data on individual survival and fecundity are available, es-
timation of the demographic component may be done each year. Such an
approach have the advantage that it also will give some information on how
the demographic stochasticity depends on the population size.

For practical applications, such as a population viability analysis, we will only
be interested in the coefficients of N and N? in the expression for var(AN|N),
that is, 02 — 7 and 2 +7. Using the decomposition w; = Ew+ e+ d; given in
chapter 1, we see that var(w;) = o2 + o and cov(w;, w;) = 02 4+ 7. Writing
V for the unconditional (not conditioned on z) variance of the contributions
w; and C' for the unconditional covariance of any two contributions within a

year, we then have simply (exercise 12)

var(AN|N) = (V — C)N + CN?,
which we write as

var(AN|N) = 0;(N)N + 0,(N)N?.

Suppose a random sample of individual fitness a given year, say wy, ws, . .., w,

have been recorded. Then (exercise 13)

LS — @)} = (V)

n—1

EX
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where w is the mean of the observed contributions. Hence, the standard
sum of square estimate 1/(n — 1) ¥ (w; — w)? computed from a sample of
contributions within a year, is an unbiased estimator for the coefficient of N
for the N-value that year. If such estimators are available for a sequence of
years, the estimates may be plotted against N to reveal how the coefficient
depends on N, as illustrated in Fig.2.4 (upper panel). Notice that this result
is quite different from the corresponding result for independent variables
used to estimate variances. Although the sum of squares are identical, our
observations are stochastically dependent and the aim is not to estimate V,
but actually ¢; =V — C.

The environmental variance may be estimated from the fluctuations of the
population size, provided that the demographic component is known and can
be subtracted. Suppose we have a parametric model for E(8Y|N) = h(a, N),
where « is some vector of unknown parameters . We can estimate « by
maximum likelihood or by minimizing >>[AN;/N; — h(a, N;)]?, with respect
to a. Since var(AN/N) = E[AN/N —h(a, N)?| = 6,(N)/N +05(N), we find
that

02(N) = E{JAN/N — h(a, N)J2 — 63(N)/N}.

Hence, if we replace a by the estimate & we obtain an approximately unbiased

estimate
HQ(Nt) - [ANt/Nt - h(é&, Nt>]2 - Ql(Nt)/Nt

which may be plotted against N; to check whether 65(/N) is constant or
changes with N (Fig.2.4, lower panel).

Fig. 2.4 shows annual estimates of o3 and o2 for a Great Tit population at
Oxford. Notice that each yearly estimate is rather uncertain. However, fitting
some parametric function by regression leads to much smaller uncertainties.
When individual data are available as in this case, one will often have a
rather large number of individual counts of reproduction and survival each
year. Hence, the demographic variance can be estimated with rather high
precision. The length of time series, however, is usually not very large. A 20

years time series is in biology considered to rather long. But this corresponds
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Figure 2.4: Annual estimates of the demographic and environmental variance
as functions of population size N for the Great Tit in Wytham Wood at
Oxford, England.
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only to 20 different values of the environment, so one will always end up with
a rather uncertain estimate of o2, If there are sampling errors, the problem

of estimating the environmental variance is even bigger.

2.9 Exercises

1. The deterministic logistic model may be written in the form AN = rN(1 —
N/K). 1If r fluctuates in time a stochastic model my be formulated as AN =
r(t)N(1 — N/K). Look at the properties of this stochastic model. Is it a realistic
model?

2. A discrete deterministic model can be approximated by replacing E(A1n N) by
the derivative dln N/dt since the time step is one. Solve this differential equation
for the logistic model assuming that the population size is large enough to ignore
the demographic variance to find the expected value of log population size as a
function of time starting at N(0) = ny.

3. Solve the problem in exercise 2 for the theta-logistic model.

4. Verify the results for the four special cases of the theta-logistic model given in
the text, that is, for # = —1,0,1 and oc.

5. As 6 — 0 the theta-logistic model approaches a linear model in In N. If the
population is large enough for the demographic variance to be ignored this is what
is called a first order autoregressive model in time series analysis. Ignoring the
possibility of extinction and assuming that Aln N is normally distributed, find
the stationary distribution of N expressed by 71, K and o2.

Hint: remember that the stochastic growth rate at N =1 is r; — %az.

6. Consider the model in exercise 5. Suppose that extinctions still can be ig-
nored but not the demographic variance. How does the results differ from those
in exercise 5 if the fluctuations around the carrying capacity are so small that
the demographic stochastic term can be approximated by a term with constant
variance?

7. Consider models on the form E(AIn N) = r(t) — 102 — 503 — g(N). Linearize
the expression for E(AIn N) in the neighborhood of N = K and use this to find an
approximation to the stationary variance when the demographic stochastic term
can be approximated by a term with constant variance.

8. The theta-logistic model with § = 0, 03 = 0 and normally distributed Aln N is a
first order autoregressive model. Use this to find E(In Ny p,|NVt), corr(In N¢, In Nyyp,)
and the stationary distribution of In N expressed by 71, K and o2.

9. For the model in exercise 8 utilize well known properties of the lognormal
distribution to find E(Nyyp|N¢), corr(Ng, Nyyp) and the stationary distribution of
N expressed by 71, K and o2.
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10. Let B denote the number of offspring of an individual and let J be the indicator
variable for its survival. For a given population size N we write E(B|z) = zv(N),
where v(N) is a decreasing function expressing density regulation and z is an
environmental variable with Ez = 1 and var(z) = v, expressing the environments
effect on the fecundity. For a given environment z we further assume that EJ = p
(not affected by the environment), the coefficient of variation of B is ¢, and
the correlation between B and J is p, so that the only parameter depending on
the environment is the expected fecundity. Find expressions for A, o2 and 03 as
functions of NV for this model. Write a computer program to calculate these three
functions. Plug in some reasonable values for the parameters and the function
v(N) and make a graph showing how A, 02 and ¢ depends on N in this model.
11. Write a computer program simulating the theta-logistic model choosing A In NV
to be normally distributed. Put 062[ =0, 02 = 0.01, K = 1000, § = 0.5 and
71 = 0.1 and find the variance of the stationary distribution of In N by simulations.
Compare this to what you find using the linearization around K (exercise 7).

12. Writing V' = var(w;) and C' = cov(w;, w;) for i # j, show that var(AN|N) =
61N + 02N? = (V — C)N + CN?2.

13. Suppose a random sample of individual fitness a given year, say wy, wa, ..., wy
have been recorded. Show that
1
EX{ > (wi — @)%} = 6:(N)

n—1

where w is the mean of the observed contributions.



Chapter 3

Diffusion theory

3.1 Introduction

In models without density-regulation and age-structure we have seen that the
population process on the log-scale can be approximated by a random walk
when the population size is large enough to ignore demographic stochasticity.
In this case future population sizes is a sum of independent identically dis-
tributed random variables, and it follows from the central limit theorem that
the log population size after some years will be approximately normally dis-
tributed. It is well known that this is often a remarkably accurate approxima-
tion remembering that we only use the mean and variance of the increments
and not any other properties of their distribution. For density-regulated pop-
ulations we still add together the increments in log value between years, but
now these will have distribution depending on the (log) population size the
previous year. Hence, the central limit theorem is no longer applicable and
we cannot expect the log population sizes to be normally distributed, nor
can we expect to find a simple way of calculating the mean and variance.
However, there is still possible to approximate the process by a process that
is continuous in space and time and only uses the expectation and variance,
conditioned on the size the previous year, of the between years change in
population size like we do in applications of the central limit theorem. These

continuous processes are called diffusion processes and a number of results for

57
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these processes do play the same important role as the central limit theorem
in the sense that they are based only on means and variances and often give
remarkably accurate approximations to the real process.

Another class of processes often use in population dynamics are time series
models. These are models that can be used to analyze stationary processes.
One advantage of the time series approach is that the theory also include
incorporation of so called time-lags, that is, the change in population size
do not only depend on the size last year, but also on the values for one or
more previous year. Ecological processes for a single species may often be
of this type, for examples due to interactions with other species, temporal
autocorrelations in the environmental noise, or age-structure.

Time series analysis, however, do not provide any theory for first passage
times, that is, for calculating properties of the time it takes for the popula-
tion size to reach a certain value. The most important problem of this type
in population dynamics is the analysis of extinction processes. Diffusion
theory provides a number of results relating to this, for example methods
for calculating the distribution of the first passage time in some relatively
simple cases, and more generally methods for calculating its expectation.
Such methods are particularly useful when it comes to performing popula-
tion viability analysis and judging to which extent species are threatened or
vulnerable. It turns out that also processes with time lags and autocorre-
lated noise in many cases can be approximated with diffusions. In chapter
4, for example, we shall deal with the accurate diffusion approximation to
age-structured populations where there are strong time lag effect generated

by fluctuations in the age-structure.

3.2 The mean and variance function for dis-
crete processes

Let us consider the stochastic geometric growth model N,y = AV, or
equivalently the random walk X;,; = X; + 5;, where the A; and S; = In A,
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are independent with the same distribution. With initial population size

Ny = exp(Xp) at time 0 we find simply
Xt:X0+SO+Sl+--~+St71-

Hence, by the central limit theorem the distribution of X; for a given Xj is
approximately normal with mean X+ ut and variance vt, where p = ES; and
v = var(S;). It is well known that this approximation is remarkably good,
even for moderate values of ¢, which means that the form of the distribution
of the S; has practically no effect on the process X;, only the expectation u
and the variance v. We obtain a more general class of models of the type
X1 = X¢ + S, by allowing the distribution of S; to depend on X;. For
this process let us write p(z) = E(S|X; = x) and v(z) = var(S| X; = x).
In accordance with our remarks on the simple model with constant p and
v, where the properties of the process is practically determined by these two
parameters, we should expect that the functions p(z) and v(x) contains most
of the information of the behavior of the general process. As an illustration
we consider three processes with the same mean and variance functions, but
with rather different distributions of the S; for given values of X;. Let the
models be of the discrete logistic type E(In Ny 1| Ny = n) = In Ny+r(1—n/K)
or equivalently E(AX;|N; = n) = E(AX;|X; =Inn) =r(1 — n/K) giving

p(x) =r(l —e"/K)

where x = Inn. We have seen in section 2.4 that for populations with small
fluctuations around a carrying capacity which is not too small, the variance of
A X, conditioned on X, is approximately equal to the environmental variance.

In accordance with this we assume

2

v(z) =o?.

The model may now be written as

AX = p(x) +\/v(z)U
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Figure 3.1: Population fluctuations for three models with the same discrete
logistic type of dynamics with parameters r = 0.2, K = 1000, 02 = 0.01. The
increments are modelled by different distributions: Normal distribution (a),
Rectangular distribution (b), Exponential distribution (c) and the diffusion
approximation recorded at discrete values with increments 1 (d).
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where U is standardized so that EU = 0 and var(U) = 1.

Fig.3.1a-c shows simulations of this process when U is standardized normal,
rectangular and exponential, respectively. Even if there is only one simulated
process for each distribution we do get the impression that the fluctuations
look fairly similar, especially for the normal and the rectangular, which both
has zero skewness. For the exponential, which is skewed to the right, there
is some tendency that the increases are somewhat quicker and the decreases
somewhat slower than for the other distributions.

In the next section, we define diffusion processes, which is a class of processes
that are continuous in the state variable as well as in time. The properties
of such processes will be completely defined by the functions p(z) and v(x)
which are called the infinitesimal mean and infinitesimal variance of the pro-
cess. Together with possible boundary conditions, these functions completely
define the diffusion process. It turns out that discrete processes often can be
accurately approximated by diffusions with infinitesimal mean and variance

equal to the mean and variance function of the discrete process.

3.3 The infinitesimal mean and variance of a
diffusion

When the mean and variance functions are constants we have seen that the
expectation as well as the variance of X; — X for a given X, are proportional
to ¢, more precisely E(X;—Xo|Xo) = put and var(X;—Xo|Xo) = vt. The basic
assumption of diffusions, apart from the Markov property the future depends
only on the previous state), is that these relations hold for very small values of
t, that is, for a small time interval At we assume E(AX;|X; = ) = u(x)At
and var(AX;|X; = x) = v(x)At. As At actually approaches zero we see
that the last relation is equivalent to E[(AX;)?|X; = z] ~ v(z)At because
[E(X|X; = x)]? is of order (At) and vanish compared to terms of order At as
At approaches zero. The precise mathematical definitions are that the limit

of E(AX;| X, = x)/At as At approaches zero is the infinitesimal mean pu(z),
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while the limit of E[(AX;)?|X; = z]/At is the infinitesimal variance v(z).
Together with some boundary conditions, for example an extinction barrier,
these two functions p(z) and v(z) completely define the diffusion process.
Diffusion processes may be simulated by using small discrete time steps. For
population processes time steps At = 0.1 seasons usually gives sufficient
accuracy. If the state at time ¢ is X; = x we simulate

Xiiar = ¢+ plz) At + UpJv(z)At,

where the U, are independent standard normal variates. By this method we
obtain E(AX;|X; = z) = p(x)At and var(AX,|X; = x) = v(x)At.

As an illustration Fig.3.1d shows one simulation of this process, that is
p(z) =r(1—e*/K) and v(x) = o2, serving as an approximation to all three
processes shown in Fig.3.1a-c. The diffusion approximation constructed in
this way, by choosing the mean and variance functions of the discrete process
as the infinitesimal mean and variance, is commonly referred to as the Ito
approximation. More precisely, the method is based on first expressing the
process by a stochastic differential equation and using the stochastic inte-
gral called Ito integration when solving the equation, which is equivalent to
dealing with the above diffusion.

Suppose now that we rather than working with X; = log V; considered the
diffusion approximation to N;. This diffusion approximation would then
have infinitesimal mean py(n) = E(AN|N = n) and variance vy(n) =
var(AN|N = n). It turns out that these two diffusions are not quite identical,
but in practice fairly close if the changes in population size between years are
not too large. In order to deal with processes on different scales, for example
the log-scale and exponential scale, we need to know in some detail what
happens when we change the scale of a diffusion. This is dealt with in some

detail in section 3.5.
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3.4 Boundary conditions

A diffusion is fully defined by its infinitesimal mean and variance together
with some boundary conditions. In biology, the most actual boundary con-
dition is defined by introducing an absorbing barrier at some value of N
where the population actually goes extinct. Usually this extinction barrier
is chosen at N = 1 or N = 0. When the population trajectory reaches
the extinction barrier the population remains in this state. Hence, extinc-
tion barriers should only be used when modelling closed populations with no
immigration from other populations.

Sometimes population models may also be defined by introducing a reflecting
barrier. This barrier can never be crossed. Rather than crossing, the process
is immediately reflected. Mathematically, a reflecting barrier at, say n =
a, can be modelled by defining the infinitesimal mean and variance to be
symmetric around n = a. More precisely, for n > a we use the infinitesimal
mean p(n) = —p(2a—n) and variance v(n) = v(2a—n) and treat the process
as having no barrier at n = a. If the state of this process is V; > a, we simply
interpret this as if the state of the real process with reflecting barrier were
2a — N;.

Returning to the theta-logistic model we observe that as € approaches infinity,
the infinitesimal mean approaches rin for n < K, and the density dependence
tends to be infinitely strong at, or immediately above K. Hence, in the limit
f = oo this is a model for geometric growth with a reflecting barrier at
N = K, a model we shall use to analyze the scaling of the time to extinction
(see section 3.9). Fig.3.2 shows a simulation of this diffusion with a reflecting

barrier at population size 1000.

3.5 Transformations

If N; is a diffusion process, then also X; = ¢(INV;) is a diffusion for any
function g which is twice differentiable. The most common change of scale in

biology is the log transformation g(n) = Inn, but other transformations, for
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Figure 3.2: Simulation of the ceiling model with reflecting barrier at popu-
lation size 1000. The parameters are r; = 0.02, o2 = 0.01.
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example transformations that stabilizes the infinitesimal variance, may also
be of interest (see section 3.6.3). Let u(n) and v(n) be the infinitesimal mean
and variance of the diffusion V;. Then, the infinitesimal mean and variance
of Xy = g(IVy) are

1

px(z) =g (n)pu(n) + 59”(71)1/(”)

vx(z) = g'(n)*v(n)
where n = g~!(z), which is the inverse function or the solution of the equation
x = g(n) with respect to n.
For the log transformation we insert g(n) = Inn, ¢’(n) = 1/n and ¢"(n) =
—1/n? giving infinitesimal mean % pu(n) — 555 v(n) and variance 5v(n).

As a simple example of log transformation we consider the geometric Brow-

nian motion which is a process growing exponentially with constant specific

2

2 is constant,

growth rate, that is, p(n) = rn. The environmental variance o
and there is no demographic variance, corresponding to v(n) = ¢?n?. This is
the diffusion approximation for the discrete process Ny.1 = A;N;, where the
A, are independent identically distributed. More precisely, r = EA; — 1 and

02 = varA,. Inserting this infinitesimal mean and variance into the general

e
formula for the log transformation given above, we find that the diffusion

X; =In N, is given by

This process is an example of a Brownian motion, which is a diffusion
with constant infinitesimal mean and variance. In section 2.7 we defined
the stochastic growth-rate of a discrete process as EAX = ElnA. Since
EAX =~ px(x), we see that the infinitesimal mean of X, is the natural defi-
nition of the stochastic growth rate of a diffusion. Notice that the stochastic
growth-rate of the geometric Brownian motion is not the growth rate r of
Ny, but actually s = r — %O’?. This reduction in the growth rate of %az

due to stochasticity, is the diffusion analogy to the reduction in the growth
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on log-scale that we found for models in discrete time (see section 1.4 and

Fig.1.2).

For the same geometric growth model with constant demographic as well as

environmental variance we have var(AN|N) = 03N +02N?2. The correspond-

ing diffusion process has infinitesimal variance v(n) = o3n + o?n?. Applying

the transformation formulas we find (exercise 1) that the infinitesimal mean
1 2 1

and variance for the process X; =In N, is r — 507 — o

2 2, 2
5 o; and o + oj/n, or

if expressed by x

Hence, we find the same kind of reduction in the stochastic growth-rate due
to environmental and demographic stochasticity as we found for discrete pro-
cesses in 1.4. In this model the reduction due to environmental stochasticity
is 02/2, while the reduction due to demographic stochasticity is ¢3/(2n),
which increases as n decreases in accordance with Fig.1.2. The infinitesimal
variance increases as the populations size decreases provided that the demo-
graphic variance is positive. One important effect of this decrease in growth
rate and increase in stochasticity for small populations is that the probability
of extinction strongly increases with the demographic variance.

Notice that for populations with positive stochastic growth-rate for large
values of n, that is, s = r — %af > (0, we may still have negative stochastic
growth-rate for sufficiently small population sizes, actually an Allee effect,
due to the term ﬁog. The unstable equilibrium point at which the stochastic

growth-rate changes from positive to negative is (exercise 2)

o _%il2 o
r—o02/2 25’

Further examples of transformations are given in section 3.6.
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3.6 * Some examples of transformations

3.6.1 Log-transformation of a model with Gompertz
type of density-regulation

The diffusion approximation for the theta-logistic model for § = 0 when ignoring
demographic stochasticity is

w(n) =rin(l —Inn/In K)
v(n) = o’n.

If the carrying capacity is large so that extinction is unlikely, it is legitimate to
ignore the demographic variance. The density-regulation for this model is of the
Gompertz type. Performing the log-transformation we find (exercise 3)

px(xz) =r1(1 —Inn/InK) — ¢2/2

VX(:B) = 0’5,

where n = e”. The infinitesimal mean may be written on the form
px(r) = a— Bz

where o = 71 — 02/2 and 8 = r1/In K. This model, which has constant in-
finitesimal variance and a linear expression with negative coefficient of x for the
infinitesimal mean, is called the Ornstein-Uhlenbeck process (OU-process). Some
important results for this process will be given in section 3.8.4 and 3.12.

3.6.2 Transformations of the theta-logistic model

Ignoring demographic stochasticity the theta-logistic model may be written on the

form

n?

_W)

v(n) = o?n?

wu(n) = rn(1

for § # 0. We introduce the transformation X; = g(N;) = Nf. Using ¢'(n) =

On?=1, ¢"(n) = 6(6 — 1)n~2, and applying the transformation formulas, we find
(exercise 4)

1 9 X

wx(z) = réz[l + 5(9 —1)oZ — ﬁ]

vx(z) = 020222,
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which is a logistic model with constant environmental variance 0262, growth-rate
rf[1 + (6 — 1)0?], and carrying capacity K°[1+ (6 — 1)o?].

Another interesting transformation of the theta-logistic model, still assuming 6
0, is Y; = N; 7 that leads to the diffusion (exercise 5)

r0

py (y) = 5o —y0lr — %(9 +1)o?]

vy (y) = 0202y,
We shall see later (section 3.10) that the simple linear form of the infinitesimal

mean is of particular interest since it leads to a very simple expression for the
autocorrelation function of the process.

3.6.3 Isotrophic scale transformation.

A more general expression for the stochastic Allee effect due to demographic
stochasticity was derived by Lande (1998). Rather than dealing with the stochas-
tic growth rate obtained by performing the log transformation, Lande considered
the transformation to a scale with isotropic noise, or a constant infinitesimal vari-
ance. From the transformation formula vy (z) = ¢'(n)?v(n) we see that we obtain

vx(z) =1 by choosing ¢'(n) = 1/y/v(n) giving

9(n) = /n i?z)

which inserted into the transformation formula for the infinitesimal mean gives

Hence, the growth-rate on this scale changes sign at N given by
u(N) = V(W) /4.

Since we are here interested primarily in small population effects we consider a
population well below its carrying capacity so that p(n) = rn. If the demographic

and environmental variances are constants we have v(n) = Ufln + o2n? giving
V'(n) = 02 + 2no?. Inserting this in the equation for N, we find
- o3/4 o3
Cr—o02/2  4s’

where s = r — 02/2 is the stochastic growth rate for large population sizes, which
is exactly half the value of the unstable equilibrium point based on the stochastic
growth-rate defined by the log-transformation for the same model.

For an explicit expression for the transformation X = g(/N) see exercise 7.



3.7. POPULATIONS MODELED BY BROWNIAN MOTIONS AND OU-PROCESS69

3.7 Populations modeled by Brownian mo-

tions and OU-process

A Brownian motion is a diffusion with constant infinitesimal mean and vari-
ance. A number of results, such as the probability of reaching barriers, the
distribution of future states, the distribution of the time to extinction, and
predictors for extinction, are available for this model, and will be dealt with
in section 3.8.2, 3.8.3, and 3.9.

We have previously seen that the diffusion approximation for the discrete

multiplicative population model with no density-regulation is

pu(n) =rn

v(n) = o’n?,

provided that the population size is large enough for the demographic stochas-
ticity to be ignored. Performing the log-transformation X; = In N; we have
seen that X, is a diffusion with infinitesimal mean r — ¢%/2 and variance o2.
Since these are constants not depending on n the process X; is a Brownian
motion and the results for these processes are available for analyzing the
process X;.

Another class of diffusions already mentioned for which a number of interest-
ing results are available (see section 3.8.4 and 3.12) is the Ornstein-Uhlenbeck
process defined by a constant infinitesimal variance and a linear expression
for the infinitesimal mean. This type of process may serve as good approxi-
mations to a number of models for populations fluctuating around a carrying
capacity that is large enough for the possibility of extinctions to be ignored.
For models with constant environmental variance we have seen that the in-
finitesimal variance of In X; may be approximately constant for large popula-
tion sizes, actually equal to o2, and the infinitesimal mean is u(n)/n — o2 /2.
If we now replace the infinitesimal mean by its linearization around z = In K,

where K is defined by p(K) = 0, we obtain an Ornstein-Uhlenbeck process
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that can be used as an approximation (exercise 8)

px(z) & p (K) (2 —In K) — 07/2

€

vx(z) ~ o?.

As an example let us perform this approximation for the theta-logistic model

n? —1
wn) =mnfl — 75—
giving
Tlg
W) =~ = 10

and the linear approximation
px(z) = (rfln K — o2/2) — rfz.

We see that to this order of approximation the process depends on r and ¢
only by the product rf. As a consequence, we cannot expect to be able to
estimate r and 6 separately from time series observations from such popula-
tions. Actually, some more detailed knowledge of the populations behavior
at small population sizes will often be required.

Notice that in the limit as 6 approaches zero we find p/(K) = r;/In K, giving
exactly the same process as we found in 3.6.1, which should be no surprise
since the process X; for 6 = 0 is exactly the Ornstein-Uhlenbeck process.
Fig.3.3 shows a simulation of the theta-logistic diffusion together with the

approximation by the Ornstein-Uhlenbeck process.

3.8 Computations in diffusion models

3.8.1 The Green function and related functions

Some important results for diffusions may be expressed by the Green function
G(zx,xg) for the process. The physical interpretation of this function is the

following: Consider a diffusion X; with infinitesimal mean and variance p(x)
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Figure 3.3: Simulation of the theta-logistic model with r = 0.1, K = 500,
02 =0.005 and 6 = 2 (upper panel) and the same process approximated by

an Ornstein-Uhlenbeck process (lower panel).
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and v(x), an absorbing barrier at a and b, a < b, and initial state Xy = x
between a and b. Then, the expected time the process spends in the interval
(x,x + Az) before it goes extinct is G(z, z9)Az in the limit as Az tends to
zero. Hence, by the additive property of expectations, the expected time the
process spends in an interval (¢, d) is [* G(z, zo)dz.

The Green function may in general be expressed by the functions
s(x) = exp| o(2) dz|

S(z) = / s(z)dz,
where the lower limit of the integration may be chosen arbitrarily since the

Green function will not depend on them. In order of simplifying the notation

we also define the function

The general expression for the Green function is then

IS (b)—S(x0)]
Gz, z0) = St-s@ - im(z) fora<z<a9<b
7 (b)_s(x)][s(xo)_s(a)]m(x) fora < xg <z <b.

For realistic biological models with density regulation p(z) is negative for
large values of z so that S(b) approaches infinity as b increases towards
infinity. Choosing b = co and the extinction barrier a as the lower limit of

integration we obtain the much simpler expression

2m(z)S(z) for a <z < xg
2m(z)S(xg) for a < zp < z.

G(x,xo) = {

3.8.2 The probability of ultimate extinction

Starting at some xg between a and b, the probability that the process reaches

b before a is

S(xzo) — S(a)
S(b) — S(a)

u(zo) =
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Consider first density dependent models with exponential growth with pos-
itive growth-rate close to the extinction barrier a, positive environmental
variance, and no demographic variance. For such models the probability
u(zo) will tend to 1 as a approaches zero for any finite b (exercise 9). This
means that this process can never go extinct if a = 0. On the other hand,
if we either include a positive demographic variance, or choose a = 1 or
some other positive value, then u(xy) approaches zero as b tends to infinity
for density-regulated populations, which means that ultimate extinction is a
certain event (exercise 10).

For density independent models the situation is a different one. Generally, if
the stochastic growth-rate is negative, the ultimate extinction is certain. For
positive growth-rates the process may actually be absorbed at infinity, and
the probability of ultimate extinction can be found from the above expres-
sion for u(zg). For models with constant demographic and environmental
variances the solutions are fairly simple.

Consider the geometric Brownian motion /V; with infinitesimal mean py(n) =
rn and variance vy(n) = o°n?. We have seen that X; = In N, then is a
Brownian motion with drift parameter p(z) = s = r — 02 /2 and infinitesimal

variance v(r) = 2. We choose the extinction barrier for N; at 1 which

e
corresponds to choosing a = 0 for the process X;. For this model (exercise
12) it is straightforward to perform the integrations, using a = 0 as the lower

integration limit, giving

—2—390

s(x)=e ¢,

which integrates to (exercise 12)

S(z) = { g—g(l —e 72") fors#0

x for s =0,

Then, as the upper absorbing barrier tends to infinity we find

0 for s <0
u(zg) = 25

1—e 2" for s> 0,
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which means that this process actually may be absorbed at infinity if s is
positive. Transforming back to the original geometric Brownian motion N,

with initial state ng we see that ultimate extinction at N = 1 happens with
2s

probability 1 if s <0, and with probability n, “ifs>0.
For the more general diffusion model for exponential growth that also takes

demographic stochasticity into account (exercise 13) we use v(n) = o2n +

o’n?, giving
03 + az 2z

)
o
)ea

s(n) = (

which is easily integrated to give

2 2
oy +oin

_2s
0'3“1’0'2 [1 . (0'34’0'371) dg] fOI‘ S # O

o 2s 02402
S e T N
%5 n o_cgl+o_g or s = u.

Inserting this in the general expression with b = oo, we still find that the

probability of ultimate extinction is 1 if s < 0, while for s > 0 we find

that ultimate extincti ith probability (24572 )25/2. For o3 = 0
at ultimate extinction occur with probability (475 . For o5 =
this expression is equivalent to what we found for the geometric Brownian
motion, as expected. The effect of o2 on the probability of ultimate extinction

is illustrated in Fig.3.4.

If the initial population size is small, the environmental variance may some-
times be ignored. The probabilities of ultimate extinction may then be found
by considering the limits of the above expressions as o2 tends to zero, which

is 1 for s < 0 and otherwise e~25(0=1/73 (exercise 14).

3.8.3 The expected time to extinction and some re-
lated results
Since G(z, xo) Az expresses the expected time the process X is in the interval

(z, z+ Ax) before it is absorbed at a or b, the expected time to absorbtion is

found by adding the contributions from all intervals. As Ax approaches zero
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Figure 3.4: The probability of ultimate extinction as function of the de-
mographic variance for different initial population sizes. The diffusion has
infinitesimal mean p(n) = rn with » = 0.015 and constant environmental

and demographic variance, o = 0.01.
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we then obtain the exact expression for the expected time to extinction as
b
ET = / G(z,x)dx.

This integral can be solved analytically only for some very special models,
and must otherwise be solved numerically. For the Brownian motion with
drift s and variance o2 we find for a = 0 and b = oo that s(x) = exp(—ax)
and S(z) = [1 — exp(—ax)]/«a, where a = 2s/02. For s > 0 we find that the
integral of the Green function diverge, corresponding to ET" = co. For s < 0

we find
§2a (e —1) for x < x
21— e ™0)e™ for x> o,

e

q

G(z,x9) = {

The integral from zero to infinity of this Green function is —2xq/(c2a) or
ET = —513'0/5.

For biological populations with density regulation we plugina =1, b = oo in
the simplified expression for the Green function given in section 3.8.1 giving

ET = /lno 2m(n)S(n)dn + 2m(n)S(ng)dn,

no

which can be evaluated by numerical integrations. The analysis of the time
to extinction is dealt with in more detail in section 3.11.

The Green function may also be applied to find a more general result that
may be quite useful in some practical applications. Let h be any function

and consider the expectation

v(xo) = E[/OT h(X,)dt),

where z is the initial state at time ¢ = 0, and T is the time at which the
process is absorbed. Then v(zy) may be calculated from the Green function

(exercise 15) giving

v(xg) = /abh(x)G(x,xo)dx.
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Notice that if h(x) = 1, then v(zg) = ET, so the result for ET given above
is a special case. We shall apply this result in chapter 5 when we deal with
the effects of harvesting. Consider a diffusion N; and assume that at a small
time step (¢,t + At) we harvest an amount h(N;)At. Then the total harvest
before the population goes extinct is fOT h(N;)dt, and the expected value of

this harvest may be evaluated using the above result.

3.8.4 Predictions and stationary distributions

For a given diffusion X; with known infinitesimal mean and variance p(z)
and v(x), suppose that X, = zo at time zero has been observed. Then the
population size X; at some future point of time is a stochastic variable with
distribution, say f;(z;x¢). For most models simple analytical expressions for
this distribution are not available. However, for the Brownian motion and
the Ornstein-Uhlenbeck process, the distribution is normal with known mean
and variance provided that the possibility of extinction is ignored. .

Using our previous notation for the logarithm of a geometric Brownian mo-
tion, we consider the Brownian motion with drift parameter s and infinites-
imal variance o2. Then, if there are no absorbing barriers, the distribution
of X; given Xy = z¢ is normal with mean zy + st and variance o2t. This
distribution is also known in the case of an extinction barrier. This will be
dealt with in section 3.11.3.

For the Ornstein-Uhlenbeck process with infinitesimal mean o — Sz, § > 0,
infinitesimal variance v(z) = o2, and no extinction barrier, the distribution

of X; is also normal with
E(X;|Xo = x) = o/ + (20 — o/ B)e™™

_ o —24t
—%(1—6 268y,

We see that the expectation as well as the variance tend to a limit as ¢

V&I‘(Xt ’XQ = xg)

approaches infinity. Hence, if ¢ is sufficiently large, there is no informa-

tion left in the observation Xy = z¢, and the process will go on fluctuating
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forever around the mean «/f with variance 0?/(28). Such processes are
called stationary processes, and the distribution of the state for large values
of t, f(x) = feolz;mp), is called the stationary distribution of the process.
Accordingly, the Ornstein-Uhlenbeck process has a stationary distribution
which is normal with mean a//3 and variance 02/(2(3). Notice that large val-
ues of 3, corresponding to strong density regulation around K when applied
to population modeling, has two important effects. Firstly, a large § has
the effect that the stationary distribution is reached quickly, and secondly,
the variance of the stationary distribution will be small which means that
the fluctuations around the mean are small. For processes with fairly small
fluctuations around the carrying capacity we have seen that the Ornstein-
Uhlenbeck process may serve as an approximation. Hence, the corresponding
stationary distribution may be used to analyze how the different population
parameters affect the population fluctuations.

Though there exists no simple general expression for the distribution f;(z; o),
the general expression for the stationary distribution of a stationary diffusion

is fairly simple, actually
f(x) =m(x)[C15(x) + Csl,

where C and Cy are constants that must be determined from the boundary
conditions, and m(z) and S(z) are defined as before. For the type of pop-
ulation process dealt with here, the integral of m(x)S(z) over all accessable
values of = will be infinite, which means that C}; must be zero since f(x)
should integrate to 1. Hence, the stationary distribution is simply propor-

tional to m(zx), that is

f@) =m(@)/ [~ m(=)dz

where a is an the extinction barrier that can never be reached or some natural
lower bound for the process. If the integral in the denominator is finite so that
this scaling is possible, then the process is stationary. We have previously
seen that this is not the case if we include the demographic component of

the infinitesimal variance.
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In section 3.6.1 we saw that the model for N; with the Gompertz type of
density regulation and no demographic stochasticity could be transformed to
an Ornstein-Uhlenbeck process by the log transformation. With the notation
given above the parameters in the transformed process were o = r; — 02/2,
S =r/InK, and 6% = 02, where r; were the specific growth rate at N; = 1.
It follows that the stationary distribution of X; = In V; is normal with mean
[1—02/(2r))]In K and variance o2 1In K/(2r;). By transforming back we see
that the stationary distribution of N; is the lognormal distribution. Using
the expressions for the mean and variance of the lognormal given in 1.3 we
find the mean and the coefficient of variation of the stationary distribution
is 3

EN =K'~

2
C(N) = SD(N)/EN = [K#1 —1]'/2,

We see that increasing environmental stochasticity decreases the mean and
increases the coefficient of variation of the stationary distribution in this

model.

3.9 Some stationary distributions

3.9.1 The logistic model

For the logistic model with no demographic stochasticity the infinitesimal
mean is g(n) = rn(l — n/K) and the variance v(n) = o2?n® Since o3 is
ignored n = 0 is a natural lower barrier for the process that cannot be

reached. From the definition of s(n) we then find

n 1— K —2r 2r ,
Tx( x/ )d:E) — kn o2eolK 7

s(n) = exp(—2/

where k is some constant depending on the lower integration limit. Then,

using the definition m(n) = 1/[s(n)v(n)] and performing the appropriate
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scaling, we see that the solution is the gamma distribution

B
fn) = fnlen,

(3

where the scale parameter a = 2r/(02K) and the shape parameter is 3 =
2s/02, and s = r — 02/2 as before. Using the well known expression for the

mean and variance of the gamma distribution we find

2

ag
EN = 8/a = K(1— 2¢
B/a ( 27)
2 2
N =3/a? = Zeg?(1 - Zey.
var B/ 5 ( 27’)

3.9.2 The theta-logistic model

Let us again consider the more general theta-logistic model without demo-

graphic stochasticity, writing

u(n) = rnfl — (n/K)’]

v(n) = o’n?,

where r = 7, /(1 — K~%). Performing the integration in the expression for
s(n) we find that the stationary distribution for 6 # 0 takes the form

F(n: K, o, 0) = Cnote= 5 (/K"

where @ = 2r/0? — 1 = 2s/0?, which must be assumed positive. Introducing

the new variable y = (n/K)? and integrate we find the complete distribution

_ leleshe

fon; K a,0) = —-2—"— n/K)“_le_@("/K)e for 6 #0,

which has moments
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Population size

Figure 3.5: The stationary distribution for the theta-logistic model, the gen-
eralized gamma distribution, for different values of #. The other parameters
are K =100, 02 = 0.01, and r; = 0.1.

for p=1,2,..... From this expression the mean and variance may be com-
puted. This distribution is called the generalized gamma distribution and
usually written on a different parametric form in the literature.

For 6§ = 1 this is the gamma distribution with shape parameter o and scale
parameter (o + 1)/ K in accordance with 3.9.1. Notice that K is a scale pa-
rameter of the distribution f(n; K, «, @), while a and 6 are shape parameters.
If # = «a the distribution is the Weibull distribution and if § = —1 it is the
mverse gamma distribution.

To confirm that the limiting distribution as 6 approaches zero is the lognor-
mal in accordance with 3.8.4 we introduce z = n/K, and observe that the

a—1,— (L))o

distribution of z is proportional to 2% “e~"7 *". Expanding the exponent
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at 0 = 0 we find
exp|—(a+1)/0 —2In(z) — ;(a +1)01n(2)? + ..].

Absorbing the constant in the constant factor of the distribution and observ-
ing that (o + 1)6 approaches f = —*"— as 0 tends to zero, we find that the
limiting distribution is proportionale to (1/z) exp[—In(z) — 351n(2)?] or pro-
portional to (1/z) exp[—36(In(z) 4+ 1/5)?. Hence, the limiting distribution
of z is the lognormal distribution, and the corresponding distribution of In(z)
is N[—1/p,1/p]. Finally, since Inn = Inz 4 In K we see that the limiting

distribution of In(V;) is normal with mean In(K)[1 — 02 /(2r;)] and variance

0?In(K)/(2r1) in accordance with what we previously have found.
In the limit as € approaches infinity we obtain the model with no density-
regulation below K and a reflecting barrier at K. We find by studying the
limit (exercise 16) that the stationary distribution for this model is

f(n; K ,a,00) = %na’l
for 0 < n < K, and otherwise zero.
The stationary distribution for different values of 6, keeping K, r; and o?

constant, are shown in Fig.3.5.

3.9.3 The Beverton-Holt model

The Beverton-Holt model is usually associated with age-structured popula-
tions. If individuals reach the adult state after one year and their vital rates
are not age-dependent the model assumes the individuals on average produce
a/(1+ fn) individuals the next season when the population size is n. If the
adult survival is s the expected population size next year is n[a/(1+ 8n)+ s
so that

E(AN|N =n) = u(n) = n[a/(1+ fn) + s —1].

The carrying capacity of the deterministic model determined by u(K) = 0 is

accordingly
a+s—1

E=Sa—9
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Assuming large population sizes and constant environmental variance o2 the

diffusion approximation has infinitesimal mean and variance p(n) and v(n) =

o?n?, respectively. This leads to

2 [ o s—1
s(n):exp[—ag/ (n(1+ﬁn)+ - >dn]

Integrating using partial fractions then gives

20 +s—1 2
s(n) = exp [—(aaj)lnn%— U—O;ln(l —|—ﬁn)1

giving a stationary distribution
f(’fl) _ an(a+s—1)/ag(1 + 6n)—2a/agn—2.

This has the form of a beta distribution of the second kind

Fp+q)p”  n!

L(p)T(g) (1+ pn)rta
where p = 2(a+s—02/2—1)/0? and ¢ = 2(1+02/2—s)/o?. The mean and
variance of this distribution is p/[8(¢—1)] and p(p+q—1)/[5*(¢—1)*(¢—2)].
Inserting the expressions for p and ¢ we find the expected population size

f(n) =

a+s—1—0%/s

A1 —s)

which equals K for 02 = 0 as expected. The squared coefficient of variation

EN =

is
2 oo —02/2)
ON: .
21 —s—02/2)(a+s—1—02/2)

3.10 Quasi-stationary distributions

If the demographic stochasticity is included in the model, or if the extinction
barrier is chosen at N; = 1, the probability of ultimate extinction will usually

be one, which means that the process is not stationary and no stationary
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distribution exists. However, most populations are in any case likely to go
on fluctuating around the carrying capacity for a very long time. We have
seen in section 3.8.1 that the Green function then expresses the expected
time the process spends at each state. Further, the expected time until
extinction, which is the integral of the Green function from the extinction
barrier to infinity, is then finite. If we then scale the Green function by its

integral, we obtain a distribution, actually

q(n;ng) = G(n,ng)/ /aoo G(z,n9)dz,

where a is the extinction barrier. This distribution is called the quasi-
stationary distribution of the process. Notice that this distribution, contrary
to the stationary distribution, depends on the initial state ng, though this
dependence often in practice will be very week.

The quasi-stationary distribution is not really the distribution of some stochas

tic variable in the model. However, it expresses the expected properties of
the population fluctuations from the initiation at ny and up to the time of
extinction. Properties of this distribution, such as the mean and the variance
are very useful quantities in the characterization of the process. Actually,
the interpretation of the distribution is also very close to the practical in-
terpretation of a stationary distribution by the following argument: The
ratios q(ni;ng)/q(ne;ng) and f(ny)/f(ng) for some two states n; and no,
both expresses the ratio between the expected time the process spends in the
intervals (ny,n1 + An) and (ng, ne + An) as An approaches zero. The dif-
ference is that for a stationary process this refers to an infinite time interval
while for the quasi-stationary distribution the ratio refers to the finite time
interval from initiation and up to extinction. Notice also, by the definition of
the Green function for biological processes given in section 3.8.1, that both
distributions have exactly the same shape for n > ng if the parameters other
than the extinction barrier are the same, since they are both proportional
to m(n). For n < ng, however, the stationary distribution is proportional to

m(n) while the quasi-stationary distribution is proportional to m(n)S(n).
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Figure 3.6: The stationary distribution, the gamma distribution, for the
logistic model with absorbing barrier at zero and parameters r = 0.1, K =
300 and o2 = 0.01 (solid line) together with the quasi-stationary distribution
with Ny = K obtained by adding demographic variance ¢ = 1 to the model.

In section 3.9.1 we showed that the stationary distribution for the logistic
model with extinction barrier at zero and o3 = 0 is the gamma distribution.
In Fig.3.6 this stationary distribution is depicted together with the quasi-
stationary distributions for the non-stationary case of the same model ob-

tained by choosing 02 =1 and ng = K.
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3.11 Extinction and population viability

3.11.1 Definitions of population viability

Viability of populations is judged according to many different criteria, using
all obtainable information of the species. One such criterium is based on
considering the probability that the populations goes extinct during a given
time interval. Commonly populations are classified as viable if the risk of
extinction within one hundred years is less than 10%. If the parameters
describing the population fluctuations, the mean specific growth rate and
the carrying capacity are known, this criteria for viability may alternatively
be expressed by the model parameters and the initial population size. In this
section we present some results for the diffusion approximation that may be
applied to perform such characterizations. More generally, the above criteria

may be expressed as
P(T>t,)>1—a,

so that the above criterium is obtained by choosing ¢, = 100 years and
a, = 0.1.

For populations that are far below their carrying capacity, which is often the
case when populations are threatened with extinction, a geometric growth
model may be applied. The main problem will then be to compute the min-
imum population size ng required for the population to be viable according
to the above definition. On the other hand, fragmentation or other human
activities may have the effect on the population parameters, in particular
the carrying capacity. One may then be interested in linking the concept of
viability to this population parameter, assuming that the initial population
size is close to K, and compute the minimum value of K required to make
the population viable.

We emphasize that we make no statistical analysis in this chapter, but only
theoretical characterizations of the concept of viability. A full viability anal-
ysis requires that parameters are estimated from time series data and/or

data on individual survival and reproduction. Since the amount of data, in
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particular the number of years a time series is recorded, is usually small,
uncertainties in the estimates may be a major problem. For example, the
estimator of the minimum K required for viability, or the estimate of the
probability of extinction, will have uncertainties that are so large that the
characterization of the population as viable or not viable can not really be
done in practise. We shall see in chapter 5 that these problems require that
the viability analysis in practice should be approached by using the concept

of statistical predictions.

3.11.2 The exponential approximation for density reg-

ulated populations

We have seen that for populations which are density regulated, the probabil-
ity of ultimate extinction is one if the demographic stochasticity is included
or the extinction barrier is chosen at N = 1. The expected time to extinction

is then the integral of the Green function
ET = / (n,ng)dn,

where a is the extinction barrier and ng the initial population size. For
most populations the expected time to extinction will be quite large. This is
illustrated in Fig.3.7, where the expected time to extinction for the logistic
model is shown for different parameter values. Consequently, a population
which initially is not very much smaller than K will fluctuate around its
carrying capacity and return to K a very large number of times. Since
diffusions are Markov processes, the distribution of the time to extinction
each time K is passed is the same. Hence, the process will approximately
have the property that P(T > u + t|T > u) does not depend on u. Writing
G(t) = P(T > t) this leads to

Glu+1)/G(u) = (1)

for some function w with ¢(0) = 1. This relation may be written as

t t
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Figure 3.7: The upper panel shows log;o of the expected time to extinction
at N = 0 in the logistic model as a function of r for K = 500, 02 = 0.04,
02 =1, and Ny = K = 500. The lower panel gives logy, of the expected time
to extinction at N = 0 in the same model as a function of K for r = 0.05,
02=0.01,03=1,and Ny = K.
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As t approaches zero this leads to G'(u) = kG(u), where k = ¢'(0). As a
consequence, G(u) = exp(—ku), which means that the distribution of the

time to extinction is exponential with mean 1/k, that is
P(T <t)~1—exp(—t/ET).

An important consequence is that a population may, with fairly large prob-
ability, go extinct a long time before the expected time to extinction. As an
example, consider a population with expected time to extinction ET" = 2000
years. Then, the probability that this population goes extinct before 500
years is approximately 1—exp(—500/2000) = 0.2212, while extinctions before
200 and 100 years occur with probabilities 0.0952 and 0.0488, respectively.
The definition of viability based on the a-quantile of the distribution of time
to extinction can now simply be expressed by the expected time to extinction,
that is
ET > —t,/In(1 — ).

Using ¢, = 100 and o = 0.1 we see that populations are viable if ET is at
least 950 years.

Fig.3.8 shows the minimum K required required for viability according to
this definition for some different parameter values in the logistic model with

demographic and environmental stochasticity.

3.11.3 Extinctions in populations without density reg-
ulation

In section 3.8.2 we found the probability of ultimate extinction for the geo-

metric growth model
p(n) =rn
v(n) = oin + o’n?
The more general problem of finding the distribution of the time to extinction

has fairly simple solutions in the cases where either the demographic or the
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Figure 3.8: The carrying capacity required to obtain a probability of extinc-

tion at most 0.1 within a 100 years period for the logistic type of model.

There is one graph for four different values of the environmental variance.

The demographic variance is 1 and the initial population size is at the car-

rying capacity.
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Figure 3.9: The inverse Gaussian distribution of the time to extinction in a
Brownian motion for different values of the stochastic growth rate s. The
initial population size is ng = 200 = e*® and the environmental variance is

0.01.

environmental variance is zero. If 03 = (0 we have seen that X; = In N,

is a Brownian motion with drift parameter s = 7 — 02/2 and infinitesimal
2
z.

extinction barrier is at zero, it is a well known result that the distribution of

variance o-. If xg is the initial state of the process X; at t = 0 and the

the time to extinction is the inverse Gaussian distribution shown in Fig.3.9

t) To | (2o + St)2]
= ———exp[———s—].
I \/2mot3 P 200t

If the extinction barrier is at a, then xg should simply be replaced by zg — a.

If s < 0 this is a proper distribution in the sense that the integral from zero to
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infinity of ¢(t) is one. If s > 0, we have previously seen that the process may
be absorbed at infinity in which case the same integral equals the probability
of ultimate extinction given in section 3.8.2, which is exp(—2szo/c?). The

cumulative distribution (exercise 17) is given by

st + xg st — xg

ol e~

where ®(z) = [*_exp(—x?/2)dr is the standard normal integral. Notice

G(t) = P(T < t) = ®( ) + e250/78

that the probability of ultimate extinction, which is G(o0), is one if s < 0
and exp(—2swo/0?) if s > 0, in agreement with the result in 3.8.2.

The geometric Brownian motion model is most realistic for viability analysis
when stochastic growth rate s = r — 02 /2 is negative so that the population
is unlikely to become large enough for density regulation to occur. In this
case the last term of the cumulative inverse Gaussian G(t,) will be quite
small when we insert ¢, = 100. Then the requirement P(T < t,) < « is the

fulfilled if
B st, + xg

P(———F) < «
(= N )
giving
ZTo > O—e\/gua - Stv
where u,, denotes the upper a quantile of the standard normal distribution.

Inserting t, = 100 and a = 0.1 we find simply
ng = exp(xg) > exp(12.820, — 100s).

For 02 = 0.04, r = —0.02 we find s = —0.04 giving that the required popula-
tion size is 709 individuals. However, it is important to be aware of the fact
that the demographic component of stochasticity always will have the effect
of increasing this threshold.

In case of no extinction barrier we have seen that the distribution of X,
is simply normal with mean z + st and variance o%. When there is an
extinction barrier at X; = 0 this distribution is no longer applicable. At a

given time ¢, the process has either gone extinct, which occur with probability
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G(t), or the population is still present with X; > 0. The distribution of X;
in the case of an extinction barrier is also known. With our parameterization

this probability density takes the form
1
v 2rto,

This distribution may be integrated (exercise 18) to give P(X; > z) =
[ h(z;t)dz, giving

[1 . 6—2J:x0/(agt)]6—(x—:c0—st)2/(203t)‘

h(z;t) =

T — x9— St st—x—xo)]
AV AV
Notice that H(0;t) = P(X; = 0) = P(T < t) = G(t) as expected. Notice

also that H(z;t) is different from the corresponding cumulative distribution

H(z:t) = P(X, < x) = ®( ) + e 2570/ 7

in the case of no extinction barrier (exercise 19).

For some small populations the environmental fluctuations may be ignored
compared to those generated by demographic stochasticity giving the model
with g(n) = rn and v(n) = o3n. The distribution of the time to extinction

at zero for this model has the simple form

2ngre’

P(T <t)= exp[—m]

for 7 # 0, and exp[—2ng/(02t)] for r = 0. For r > 0 the limit obtained as t
approaches infinity gives that the probability of ultimate extinction at zero
is exp(—2rng/c3). In section 3.8.2 we found that the probability of ultimate
extinction at N = 1 for this model was the same expression with ng replaced
by ng — 1. For » < 0 we see that ultimate extinction is a certain event.

No simple expression for the time to extinction is known when the demo-
graphic as well as the environmental variance is included, so we have to rely
on stochastic simulations of the process. Fig.3.10 shows some examples of
how the distribution of the time to extinction is affected by the demographic
stochasticity, and in section 3.13 we explain how these simulations may be

speeded up when s > 0.
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Figure 3.10: The probability of extinction (cumulative distribution) ap-
proximated by stochastic simulations of the model with infinitesimal mean
p(n) = rn and variance v(n) = oan + o2n? for different values of o3. The
other parameters are r = 0.025, 02 = 0.04, and ng = 500. The extinction

barrier is at n=1 and the frequencies are base on 1000 simulations.
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3.11.4 Some results on the scaling of the time to ex-

tinction

We have seen that the Green function involves so many integrations that an
analytic expression only can be found in some few special cases, for example
models for population growth without density regulation. The expected time
to extinction, which is the integral of the Green function, is even more un-
likely to reduce to a simple analytical expression. When density regulation
is introduced, even quite simple models, such as for example the Ornstein-
Uhlenbeck process, leads to complicated expressions for the expected time to
extinction that can only be computed by numerical integrations.

On the other hand, it would be of great interest in population biology to
have some general insight about the relations between the time to extinc-
tion and basic population parameters such as the specific growth rate, the
environmental variance, demographic variance, and the carrying capacity. A
simplified but still quite informative model that can be used to investigate
such relations, is the model with exponential growth up to K, a reflecting
barrier at K and extinctions occurring at N = 1. Hence, below the carrying
capacity the dynamics is exactly the same as we have analyzed for density
independent models in section 3.8.2. The simplest way of dealing with the
reflecting barrier at K is first to allow the population to exceed K but in-
troduce some density regulation above K so that return to K is certain,
and then remove any time interval in which the population path is above K.
Clearly, the expected time to extinction in the resulting model with reflec-
tion at K must then simply be the integral of the Green function over the
interval from the extinction barrier and up to K, since this is the total time
the process spends in the same interval. Another way of seeing this result is
to start with the theta-logistic model and let 6 approach infinity. In the limit
we then obtain the same model with reflection at K, and it is easy to see
that s(n) tends to infinity for n > K, which implies that m(n) and the Green
function is zero above K. Consequently, if we choose the initial population

size to be at K while the extinction barrier and the lower integration limit
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in S(n) are at N =1, we have
G(n, K) =2m(n)S(n)

for 1 < n < K and zero for n > K. Using the definitions of s(n) and S(n) we
then find (exercise 20) S(n) = (148)"7"—(n+4d)77, and s(n) = y(n+3§)77 1,
where v = 2s/0? = 2r/c? — 1, and § = 03/02. This leads to the Green
function

1 n+o
Gl ) = (515

for 02 > 0. For 02 = 0 the solution takes the form

)T =1]

1
G(n; K) = S—n[e2s(”_1)/U?i —1].

Since the Green function does not depend on K other than that the function

is zero for n > K, we also have the relation

dET) 1 K+6

K kG Y

In Fig.3.11 sdET/dK is plotted against K for different values of . A simple
analytic solution of the integral can only be found when the demographic

variance is ignored, that is when 6 = 0, giving
1
ET =-[(K"—-1)/y—InK].
s

If ~ is positive and not very close to zero we find that the expected time to

extinction is approximately proportional to K7.

3.12 Autocorrelations

Though the stationary distribution of a stationary process contains all infor-
mation of the magnitude of the population fluctuations, it does not tell us
anything about how quickly, or how often, the process will return to K, which

is an important aspect in practical applications. For example, if we multiply
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Figure 3.11: Showing sdET'/dK against K for different values of 7. The ratio
§ = 02/0? is kept constant equal to 100.
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the infinitesimal mean and variance by the same constant, the functions s(x)
and S(z) are unchanged, and so is the stationary distribution. In fact, this
multiplication corresponds to just changing the speed of the process, so it
will have a large effect on the return time to equilibrium.

For a stationary process the autocorrelation corr[Xy, Xiyn] = p(h) depends
on the time step h only. If this correlation is large, X; and X, will be close.
In other words, X; contains much information on X;,, in the sense that if
X, is large, we also expect X, to be large. Hence, if p(h) is positive and
declines slowly with h, the return time to equilibrium is likely to be large.
For processes with time-lag, the autocorrelation may also be negative, which
indicates a return to equilibrium that is likely to be followed by an amplitude
in the opposite direction.

It turns out that stationary diffusions with a linear infinitesimal mean p(x) =
« — Bx have an exponentially decreasing autocorrelation regardless the in-

finitesimal variance. This can be seen by considering the covariance
cov(Xe, Xernan) = cov(Xe, Xevn + dXein),

and insert dX;, = (o — BXyqp)dt + \/v(2z)dtU, where U is a standardized
variable which is independent of X;. This leads to

COV(Xt, Xt+h+dh> = (]_ — /Bdh)COV(Xt, Xt—l—h)‘
Dividing by the variance of the stationary distribution we then find

[p(h + dh) — p(k))/dh = —Bp(h).

The left side is the derivative of the autocorrelation function, and the solution

of the differential equation with boundary condition p(0) = 1 is simply

p(h) = exp(—ph).

We see immediately that this applies to the Ornstein-Uhlenbeck process

which has linear infinitesimal mean. In section 3.7 we demonstrated how
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many other processes fluctuating around a carrying capacity may be approx-
imated by such a process. For this approximations we found the coefficient
f = —p/(K), which means that exp(y/(K)h) is often a good approximation
to the autocorrelation. The scaling of the autocorrelation may be defined
by the time difference Tx that gives a correlation of 1/e. Using the au-
tocorrelation function based on approximating the process by an Ornstein-
Uhlenbeck process we find T &~ —1/4/(K). For the discrete stochastic model
Niy1 = A(V;) Ny the Ito-approximation gives the diffusion with infinitesimal
mean pu(n) = n[A(n) — 1], where A(n) = E[A(N)|N = n]. Hence, since
W (K) = KN(K), the scaling of the autocorrelation is T ~ —1/[KX(K)],
which is exactly the same as the return time to equilibrium for the analogue
deterministic model discussed in section 2.1.

In section 3.6.1 we showed that a model with the Gompertz type of density
regulation and no demographic stochasticity transformed to the Ornstein-
Uhlenbeck process by the log-transformation. Consequently, using the same
notation, we have corr(ln Ny, In Nyyp,) = exp(—rih/In K). For the theta-
logistic model with 6 # 0, still ignoring demographic stochasticity, we demon-
strated in section 3.6.2 that the transformation Y; = N, ? lead to a linear

infinitesimal mean for Y;. Consequently we have exactly
corr(N;%, N%) = exp(—6rh)

for this model.

3.13 * Conditional diffusions

Even if the time to extinction often will be extremely large, extinction is the
ultimate fate of any population. It may therefore be of some importance
to investigate how fast populations approaches the extinction barrier when
they finally go extinct. For populations fluctuating around their carrying
capacity one may for example consider the time it takes from the last time

the population passes the carrying capacity until it goes extinct. And when
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there is no density regulation, we may be interested in the time to extinction
conditional on extinction occurring, that is, considering only those sample
paths that do not grow to infinity.

This type of analysis may be performed by defining the so-called conditional
diffusion. Consider a diffusion with infinitesimal mean and variance p(n) and
v(n), which is initiated at X, = x¢ between a and b, @ < b. One can show
that if we only consider the sample paths reaching a before b, we still have a

diffusion process, say NV;". This process has infinitesimal mean and variance

p(n) = p(n) — s(n)r(n)/[S(b) — S(n)]
vi(n) = v(n),

when the lower integration limit of S(n) is chosen at a.

Consider the geometric growth model with demographic and environmental
stochasticity, that is, with u(n) = rn and v(n) = o2n+o2n?. If the stochastic
growth-rate s = r — 02/2 is negative, then ultimate extinction is certain, so
we consider the case when s is positive. If we chose b to be at infinity, the
process N; is the diffusion conditioned on the event of ultimate extinction
actually occurring. Choosing the extinction barrier at @ = 1 and using the
expressions for s(n) and S(n) derived in 3.8.2 we find (exercise 21) that the

last term to be subtracted in p*(n) is simply 2sn, giving
(1) = (=5 + 02/2)m,

while the infinitesimal variance is unaltered. Hence, we see that the condi-
tional diffusion belongs to the same parametric class of models. The param-
eter s is simply replaced by —s. This is an important result when it comes to
simulating the process to extinction in cases where s > 0. If A is the event

of ultimate extinction and 7" the time to extinction we have
P(T < t) = P(T < t|A)P(A) + P(T < t|A")P(A"),

where A* denotes the compliment of A. If A* occurs, the process is ultimately

absorbed at infinity, so the event T' < t has probability zero. Hence,

P(T < t) = P(T < t|A)P(A).
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Here, the conditional probability may be found by simulating the conditional
process, that is, the process with s replaced by —s, a large number of times
and record the frequencies of extinctions. Obviously, we now reach extinction
much more often than if we were to simulate the process with positive s. The
expression for P(A) is given in 3.8.2.

A well known special case of this result is found for 02 = 0. Then s is replaced
by —s in the geometric Brownian motion. Transforming to log-scale we see
that the drift parameter in the conditional Brownian motion just changes
sign as well. For s < 0 we have seen that the expected time to extinction at
zero is simply —xo/s, where zo = Inng. Hence, when the drift parameter s is
positive, the expected time to extinction, conditional on extinction occurring,
is xo/s.

From the above analysis it appears that the larger the positive growth rate
is the quicker will the final decline towards extinction be. This may seem
as a paradox, but may to some extent be explained intuitively. The popu-
lation can only go extinct if a large number of random events accidentally
act together to decrease the population size. The mathematical results tell
us that when the growth rate is large this must necessarily happen rather
quickly if extinction shall occur, while if the growth rate is only a little larger
than zero, these random forces may be spread over a longer period of time.
The probability that such a final decline should happen, however, decreases
strongly as the growth rate increases.

Fig.3.12 shows simulations of the final decline to extinction for a logistic

model.

3.14 Stochastic differential equations

For the diffusion process with infinitesimal mean and variance pu(x) and v(x),
respectively, we have by definition that E(dX) = u(X)dt and var(dX) =

v(X)dt. If By is a standard Brownian motion the process may be written on
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Population size

Figure 3.12: Simulations of the final decline from the carrying capacity to
extinction in the logistic model with parameters r = 0.2, K = 1000, 02 = 1
and o2 = 0.01.
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the form
dX = p(X)dt ++/v(X)dB,

where dB = B;4 — B;. Notice that this is the continuous analogy to the
discrete process in 3.2 that we used to motivate diffusions. Since E(dB) =0
and var(dB) = dt we see that this formulation is consistent with the above
expressions for E(dX) and var(dX). The model may then formally be ex-
pressed as
dX = p(X)dt +\/v(X)W,dt

where W; = dB/dt at time t is called Gaussian white noise. Formally, for
a small dt we find EW; = 0 and var(W;) = 1/dt, so the variance actually
approaches infinity as dt approaches zero. Hence, the white noise process is
not really well defined and this cause some problems when it comes to inte-
gration. For Brownian motions we also have that EdB;dB;.;, = 0 implying
that corr(W;, Wy,,) = 0. Notice that, by introducing the concept of white
noise, the model may formally be written as a differential equation, actually

the stochastic differential equation

dX/dt = p(X) + /v(X)W,.

As already mentioned, integration of such an equation, called stochastic inte-
gration, is difficult and not uniquely defined. Different methods (Ito-integral,
Stratonovich integral) may lead to different results. Here we only show the
simple example of solving the Ornstein-Uhlenbeck process, in which case
these problems do not occur due to the nice linear form of the solution.

The OU-process written as a stochastic differential equation takes the form
dX; = (a — BXy)dt + odB(t).
The solution of the homogenous equation d.X/dt = a— (X yields the solution
X, =a/B+Ce ",

Inserting a function C'(t) for the integration constant C' in the original equa-

tion we find (exercise 22) assuming that the process starts at z( at time zero
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that .
X, =a/B+ (xg — a/B)e P + a/ e PV AB(u).
0

Since this solution is linear in dB(t) it follows that X; is normally distributed
because any increment B(t+h)—dB(t) is normally distributed by definition.
Taking the expectation and using EdB(t) = 0 we find the expected value

E(X:|Xo = 20) = o/ + (20 — a/B)e™ "

as given in 3.8.4. To find the variance we use the continuous analogy of the
formula for a sum of independent random variables considering [ e #¢~d B (u)

as a sum of small independent increments during time intervals Au, e ?¢ = AB(u),
and going to the limit. Since var[AB(u)] = Au we then find

0.2

t
var(X;| X = x¢) = 02/0 o= 28(t—) g, %(1 )

3.15 Autocorrelated noise

3.15.1 Diffusion approximations to discrete models with

autocorrelated noise

The environmental variables affecting the stochastic terms in the change in
population size at different seasons may have temporal correlation. For ex-
ample, there may be autocorrelations in the physical environments of the
population. If death rates and fecundity vary with the age of the individ-
ual, an age-structured population model may be required. If we then only
deal with the total population size and not the whole population vector, the
model will no longer be a Markov process and age-structure will generate
autocorrelations. This will be dealt with in chapter 4.

In 1.8.3 we introduced the concept of autocorrelations in models for exponen-
tial growth. These autocorrelations did not have any effect on the stochastic

growth rate, but could dramatically change the variance of future population
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sizes. More precisely, for large values of ¢ we found

o0
Var(lnth|N0) ~ 23 pli)
—0

where 02 = var(In A;) and the autocorrelation function is defined by p(h) =
corr(ln Ay, In Ayyp). If there are no autocorrelations the process X; = In N,
can be approximated by a Brownian motion with infinitesimal mean and vari-
ance = EIn A and o2, respectively. For large values of ¢, the discrete model
as well as the Brownian motion will have the property that X; is normal with
mean z, + ut and variance o?t. On the other hand, if there are autocorrela-
tions in the discrete process, then X; is approximately normal with the same
mean but with variance 02t >°°_ p(7). Hence, the appropriate Brownian mo-
tion to use as a continuous approximation when there are autocorrelations
in the noise has infinitesimal mean p and infinitesimal variance o 3% p().
Since the autocorrelation most realistically is positive, we see that autocor-
relations must be compensated by an increase in the infinitesimal variance
of the Brownian motion.

For the general type of discrete process with autocorrelations in the noise,
the same kind of approximation may be used. Consider the discrete model
with

AXy = pu(Xy) + V v(Xy)Us,

where U, is some noise process with EU; = 0, var(Uy;) = 1 and corr(Uy, Ugyp) =
p(h). In accordance with the previous argument the diffusion approxima-
tion to this process has infinitesimal mean u(x) and infinitesimal variance
v(x) X% p(i). The best approximation is obtained if one works on the log-
scale rather than modelling directly the populations sizes. This is because
the approximation is constructed for population growth with no density-
regulation (constant growth rate) and constant variances, which is approx-
imately correct on the log scale for small moderate population fluctuations
around the carrying capacity. Further, one cannot expect a good approxima-
tion if the scaling of the autocorrelations for the process is not much larger

than the scaling of the autocorrelations of the noise process. Fig.3.13 shows
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Figure 3.13: Simulations of the discrete autocorrelated process (solid lines)
and the diffusion approximation (dashed line). The model is the logistic type
with r = 0.1, K = 1000, 0? = 0.01, and ¢2 = 0. The parameter v (see main
text) is 0.3 in the upper panel, 0.5 in the middle and 0.8 in the lower panel.
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some simulations of a discrete process with autocorrelations together with
some simulations of the relevant diffusion approximation. The noise process
is chosen as U; = (1 — 72)1/2\4 + vU;_1 where —1 < v < 1 and the V; are
independent and uniformly distributed on [—~1/2,1/2]. This gives p(h) = 7"
and > p(i) = (14++)/(1 —~). As a consequence the infinitesimal variance
of the diffusion approximation should be v(x)(1+7)/(1 — 7).

Fig.3.14 shows the same comparison over a period of 1000 years and -y as large
as 0.8. We see that even for such a highly correlated noise process the diffu-
sion approximation seems to show the same kind of large scale fluctuations
as those for the process with autocorrelated noise, although the diffusion will
always have larger fluctuations over small time intervals. These small scale

fluctuations of diffusions are actually the nature of any diffusion processes.

3.15.2 Diffusion approximations to continuous models

with colored noise

Suppose now that we now replace the white noise W, by a colored noise
process Z; with EZ; = 0, var(Z;) = o2 and autocorrelation function p(h).
Writing V; = [{ Z,dt we find in analogy with what we did for discrete pro-

cesses

t 9 st
Val;v; —/ p(x)dx — 7/ xp(x)dz.
o4t tJo

Hence, provided that [3° zp(z)dz is finite varV; /t approaches 72 = o2 [*_ p(x)dx

—t

as t increases towards infinity. This suggests that V; can be replaced by the
Brownian motion with zero mean and infinitesimal variance 72. The corre-

sponding population process would then be

dX = p(X)dt + \/v(z)rdB.

Hence, the infinitesimal variance of the diffusion approximation to the above
process with colored noise should be v(z)72.
In order to exemplify this, let the noise process Z; be the Ornstein-Uhlenbeck

process with infinitesimal mean and variance —/3z and w?, respectively. For
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Figure 3.14: The same model as in the lower panel of Fig.3.13 with v = 0.8
but showing the processes separately for 1000 years. The upper panel is
the process with autocorrelated noise and the lower panel is the diffusion

approximation.
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Figure 3.15: Simulations of the continuous processes (left panels) of the
logistic type during 200 years with r = 0.1, K = 1000, and o2 = 0.01
with noise process Z; of the Ornstein-Uhlenbeck type shown together with
histograms (right panels) of the stationary distributions based on 30000 years.
In the upper panel 5 = 0.3, in the middle f = 2 and in the lower § = 100.
In all simulations w? = B%. In the process with 3 = 100 the noise Z; is

practically white noise.

this process we have that EZ; = 0, var(Z;) = w?/(2f) and p(h) = exp(—/3h).
This leads to 72 = w?/3%. Hence any process with w? = %, that is with
72 = 1, should be approximated by the same diffusion since the noise Z,
of the process can be approximated by the same white noise process W;.
As 8 approaches infinity p(h) approaches zero for h > 0. Hence, this limit
corresponds to the diffusion provided that w? is kept equal to /32, that is w?
also approaches infinity. Then also var(Z) approaches infinity in accordance
with what we found for the white noise process W;.

The accuracy of this diffusion approximation depends on the value of f3.

The approximation will break down for small values of 8 corresponding to
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considerable autocorrelations in the noise over large time differences. Fig.3.15
shows the simulations of a logistic process X; with noise Z; for different values
of 3? = w? including the diffusion, together with histograms for the stationary

distributions..

3.16 The accuracy of the diffusion approxi-

mation

We see from Fig.3.15 that a process with considerable temporal autocorre-
lation in the noise may be approximated by a diffusion with white noise.
Comparing the histograms for the stationary distributions (left panel) it ap-
pears that the diffusion approximation is quite good.

The best way to make comparisons with a given process and its diffusion
approximation is to simulate a large number of processes over a long time
interval and compare the distribution of population sizes each year. In this
way we can also judge to which extent the diffusion approximation can be
applied to calculate approximations for the expected time to extinction, dis-
tribution of the time to extinction, distribution of future population sizes or
the stationary distribution in the case of stationarity. It is important, how-
ever, that these comparisons are done correctly, that is, that we use exactly
the mean and variance functions for the process as the infinitesimal mean
and variance in the diffusion approximation.

Usually the extinction barrier is chosen at N = 0 or N = 1. This means that
the process do show large discrete steps compared to N the last time period
before extinction occurs. One may therefore tend to think that the diffusion
is no good as an approximation for analyzing extinction processes when the
barriers are so small. Furthermore, real populations may frequently show
fairly large between years fluctuations. Ignoring the demographic stochastic-
ity, we have seen that the between years fluctuations in the growth rate r has
variance o2 and consequently a standard deviation of o, so we can think of

the next years population size being the previous population size multiplied
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by the factor which is often larger than A + o, and smaller that A — o,. If
A = 1 and the environmental variance is 0> = 0.01, then o, = 0.1, and these
two factors are 1.1 and 0.90. Hence, this environmental variance reflects
rather large between years fluctuations as we already have demonstrated in
a number of graphs. If 02 = 0.04 the same factors are 1.2 and 0.8 with a
ratio of 1.2/0.8 = 1.5. Hence there is a very large uncertainty with respect
to next years population size.

In Fig.3.16 we see a model in discrete time with normally distributed between
years change on log population size together with the diffusion approxima-
tion to this model. It appears that the diffusion approximation performs
extremely well, actually all the way down to extinction. In Fig.3.17 we show
a model in discrete time as well as discrete population sizes, the model defined
in section 2.4.2 with Poisson distributed contributions to the next generation.
Even if this is a model with discrete population sizes and an environmental
variance as large as 0.04, the diffusion approximation still performs well, not
only for prediction of future population sizes but also for the distribution of
the time to extinction at N = 1. This is quite remarkable, taken into ac-
count that the demographic contribution to the variance of A in this model
is also large at small population sizes. Actually 03 = 1+ r(K — N)/K in
this model so for a population size N = 10 the demographic contribution to
var(A) is approximately 1.02/10 =~ 0.10, giving a total standard deviation in
A as large as 1/0.04 + 0.10 = 0.66. In Fig.3.18 the environmental variance
is increased to 2 = 0.09, corresponding to a standard error of A as large as
0.3 excluding the demographic contribution. At population size 10 the total
standard deviation of A is now 0.5. We see that the diffusion approximation
is no longer accurate, although it still gives the time to extinction with error
only about 10%.
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Figure 3.16: Quantiles of the distribution of log population size as function
of time found from 10000 stochastic simulations. The model is of the logistic
type and the initial population size is at the carrying capacity. The solid
lines show the results for the discrete time model with normally distributed
changes in In(/N) from one year to the next, while the dotted lines are sim-
ulations of the diffusions. The parameters are r = 0.02, K = 200, 02 = 0.01

and 03 = 1.
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Figure 3.17: The solid lines show quantiles of the distribution of population
size as function of time for the logistic Poisson type of model defined in 2.7.2
with additive stochastic effect on A(z, N). The parameters are r = 0.02, K =
200 and o2 = 0.04. The initial population size is at the carrying capacity.
The dotted lines shows the same quantiles for the diffusion approximation.

The graphs are based on 10000 simulations for each model.
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Figure 3.18: The same as Fig.3.17 but with larger environmental variance,
o2 = 0.09.
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3.17 Exercises

1. The diffusion approximation for the discrete process N; with no density-
regulation and constant environmental and demographic variance has infinitesimal
mean and variance pu(n) = rn and v(n) = on + o2n?. Find the corresponding
infinitesimal mean and variance for the process X; = In IV;.

2. For the model in exercise 1 find the unstable equilibrium point for the process
X, defined by px (%) = 0 and the corresponding population size nx = exp(x*).
3. Consider the diffusion V; with with infinitesimal mean and variance p(n) =
rin(l —Inn/InK) and v(n) = o2n? . Show that X; = InNV; is an Ornstein-

Uhlenbeck process and find the parameters of this process expressed by r1, K and
2
c.

4. Let N; be the diffusion approximation to the theta-logistic model with no de-

o

mographic variance and constant environmental variance, that is, the infinitesimal

- %) and v(n) = o2n? for § # 0. Find the

infinitesimal mean and variance for the process X; = N/ .

mean and variance are p(n) = rn(1l

5. For the process in exercise 4 show that Y; = Nt_e has infinitesimal mean of the
same linear form as the Ornstein-Uhlenbeck process.

6. For the process N; with infinitesimal variance v(n) = o2n find a transformation
that gives a process with constant infinitesimal variance.

7. Let N; be a diffusion with infinitesimal variance v(n) = o3n + o2n?. Show that
the process X; = o, '{In Ny + 2In[l + /14 03/(c2N)] — b} where b = 2In(1 +
V14 03 /o2) has constant environmental variance.

8. Consider the diffusion for N with infinitesimal mean and variance p(n) and
v(n) = o2n?. Suppose that v(n) is a decreasing function with p(K) = 0. Find
the infinitesimal mean and variance for the process X = In N. Then linearize
the infinitesimal mean for X around X = InK (N = K). Show that this lin-
ear approximation is the Ornstein-Uhlenbeck process with infinitesimal mean and
variance ji/(K)(z — In K) — 02/2 and o2.

9. Consider a diffusion model with absorbing barriers at a and b, a < b which is
in state Ny at time zero. Suppose that the infinitesimal mean for small values of
n is rn and that the infinitesimal variance is v(n) = o2n?. Choose 1 as the lower

integration limits in the formulas and show that the probability that the process
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is absorbed at b tends to one as a tends to zero provided that s = r — %Uz > 0.
How do you interpret this result as b approaches infinity?

10. Consider the model in exercise 9 but add a demographic term aﬁn to the
infinitesimal variance. Show that the process now may be absorbed at a if a = 0
and s > 0.

11. For the model in exercise 9 suppose that the population is density-regulated
with negative infinitesimal mean above K decreasing with increasing population
sizes. Show that extinction now is certain at a = 1.

12. Perform the integrations required to find s(x), S(z) and u(z¢) for the Brownian
motion given in 3.8.2.

13. Find s(n), S(n) and the probability of ultimate extinction at n = 1 for the
model u(n) = rn, v(n) = o3n + o2n? given in 3.8.2 when the initial population
size is ng.

14. Find the probability of ultimate extinction for the model in exercise 13 for
02 = 0 by finding the limit as o2 — 0.

15. Use our definition (interpretation) of the Green function to show that E[ fOT h(Xy)dt] =
I2h(x)G (2, x0)da.

16. Find the limit of the stationary distribution for the theta-logistic model as
0 — 0.

o ($O+St)2 ] haS

17. Show that the inverse Gaussian distribution g(¢) = s exp[—-"5
To2 e

. . . . _ 2 _
cumulative distribution G(t) = @(—‘j:r—jf) +e 25“30/”6@(‘1—%).

18. Show that the distribution of log population size in the Brownian motion

conditioned on extinction not occurring before time ¢,

h(z;t) = \/ﬁo [1— 6*29””0/(‘73’&)]e*(x*“O*St)Q/(Q"gt) has cumulative distribution
H(w;t) = P(X; < @) = (2ol 4 o 2am0/rp(sltotn)),
19. Consider the geometric brownian motion with p(n) = rn, v(n) = o2n? and

initial state ng > 0 at time ¢t = 0. Compare the expressions for P(N; > n) when
there is no extinction barrier and when extinction occur at N = 1. Discuss the
result.

20. For the ceiling model with exponential growth and constant environmental
and demographic variance show that S(n) = (1+6)"7 — (n + )77, and s(n) =
y(n + 8)777L, where v = 2s/0% = 2r/02 — 1, and § = 02/0?, and from this find

e’
the Green function G(n; K) = %[(%)7 — 1] forn < K.
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21. Consider the diffusion with infinitesimal mean and variance p(n) = rn and
v(n) = o3n + o0?n? and hence stochastic growth rate s = r — 02/2 for large
population sizes. For s > 0 show that the conditional diffusion, conditioning on
extinction to occur, has infinitesimal mean p*(n) = (—s + 02/2)n.

22. Verify the solution to the OU-process X; = a/B+(xo—a/B)e P40 [ e PdB(t)

by solving the stochastic differential equation.
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Chapter 4

Age-structured populations

4.1 Introduction

We have until now dealt with female segments of populations with overlap-
ping generations by assuming that all females at the time of census have
identical distributions of vital rates within years. Although individuals may
live for a long time we cannot obtain improved predictions or better under-
standing of the dynamics by separating the population into age-classes when
this assumption of equivalent individuals is realistic. However, a large num-
ber of organisms will have survival and reproductive rates that change with
age. Many species will not be mature until a certain age, reproduction may
last for a number of years at changing rate and stop when the individual
gets older, as for example for humans. If survival rates were constant, their
lifetime would be geometrically distributed, which is only rarely the case.
Survival rate will often be small for quite young individuals, larger in an
intermediate period and decrease for old individuals.

The dynamics of age-structured populations with changing vital rates will
differ from the simplified case of equivalent individuals. The expected change
in populations size is no longer just a function of the female population size
the previous year, but depends also on the composition of the population,

the distribution of individuals among age-classes.

119
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In this chapter we shall deal with the description of the dynamics of age-
structured populations, still only considering the female segment, assuming
that there is no lack of males. We first consider the classical deterministic
theory without density-regulation, which in the stochastic case can be ap-
plied to analyze the expected value of future population sizes. Then we go
on analyzing stochastic fluctuations in vital rates. It appears that these may
be decomposed into environmental end demographic components, and that
a stochastic growth rate can be defined for the populations as in the sim-
ple case. The diffusion approximation will also often still be applicable for
the total population size. These results can then be utilized to find rather
accurate predictions of future population size, and to analysis of extinction
processes. The theory is extended to include density-regulated populations
with stochastic fluctuations around a stable equilibrium.

For many species the determination of age may be difficult. The vital rates
may also not be determined by age, but rather by weight or stage. One should
then work with stage-structured models rather than age-structure which in
general may be more complicated. However, if each stage is reached at a fixed
age, the formulation given here, possibly with minor technical modifications,
is still applicable.

4.2 Deterministic theory

4.2.1 Population growth rate and stable age-distribution

Let n = (nq1,ng,...,ng)", where ' denotes matrix transposition, be the popu-
lation vector with elements n;, the number of individuals of age ¢ just prior
to reproduction. As k is the last age-class, the survival from age k to k + 1
is assumed to be zero. The life history is determined by the age-specific re-
productive rates, p;, the proportion surviving from age 7 to i + 1, and f;, the

number of female offspring surviving to the next census produced by each
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female of age ¢. The deterministic projection equations are then
k
ny + Any = Zfini
i=1

n; + Anl = Pi—1M;—1 for i = 2, 3, Ce ,k.

Except for some very special choices of parameter values which hardly oc-
cur in practice, this population will approach a stable age-distribution, say
u = (ug,ug,...,ux) with Y u; = 1, and total population size growing ex-
ponentially in time with multiplicative rate A. Assuming the stable age-
distribution has been reached we then have u;p; = Au;y1, or w1 = up;/A
for ¢ > 1. Solving these equations recursively gives u; = wuyl;/A"! for

1=2,3...,k, where [; is the probability that an individual survives to age 1,
li =pPip2...Pi—1 for i:2,3,...,]€

and [; = 1. Inserting this into the equation for reproduction yields

k k
Ay = Z Jiu; = Z fiuali N1
i=1 i=1

Dividing the equation by Au; produces the Euler-Lotka equation

k
ST LA =1
i=1

This polynomial equation of degree k will generally have k different solutions
for A. However, since the expression on the left side is a decreasing function
of A\, decreasing from infinity to zero as A increases from zero to infinity there
is only one real root that must be positive. This root, \;, can be shown to be
the root with the largest modulus. The modulus of the root with the second
largest modulus, |A\;|, determines the multiplicative rate of approach to the
stable age-distribution, |As|/A;. From now on the dominant eigenvalue \;
will for simplicity be denoted A. Hence, this parameter has essentially the

same interpretation as A in chapter 1.
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Using the fact that >~ u; = 1 we find the stable age distribution
U; = li)\iz/ Z lj)\ij.
j=1

Notice that if the population size is constant, A = 1, then the u; are propor-
tional to [;. For a growing population A is greater than 1, giving relatively
larger values of u; for young individuals which means that there are relatively
more young individuals, whereas decreasing populations will have relatively
more old individuals.

For realistic parameter values the age-distribution usually approaches the
stable age-distribution within a few generations as exemplified in Fig.4.1.
The generation time 7" is defined as the mean age of mothers of newborn in-
dividuals when the population has reached the stable age-distribution. Using

the above Euler-Votka equation (exercise 2) gives
k .
T = Zilifi)\_’.
i=1

4.2.2 Reproductive value

Starting initially with a total population size of Ny = n; individuals, all of
the same age 7 at time ¢ = 0, the population will asymptotically reach the
stable age-distribution and grow exponentially with multiplicative rate .
Hence the population size N, at time ¢ will approximately be proportional to
Af, or more precisely, N;/A\! approaches a constant, say n;v;. The parameter
v;, first introduced by R.A. Fisher, is called the reproductive value of indi-
viduals of age i. It expresses these individuals ability to contribute to future
generations. For example, if vo = 2vy, individuals of age 2 will contribute
with twice as many individuals to future generations as those in the first
age-class.

Since the individuals in the k'th age-class do not survive, the contribution
to the next generation from nj individual is simply ngfr individuals, all

of age 1. At time ¢ these individuals contribute with ny frviA\f=1, giving
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Figure 4.1: Deterministic growth of the total population size (upper panel)
and change in age-distribution through time (lower panel) in a deterministic
matrix model of the Lefkovitch with 10 stages, corresponding to ages 1-
9 and the last stage contains individuals of age 10 and older. Parameter
values are p; = 0.55 for all classes, f{ = 0 and f; = 1 for + > 1. Initially
ny = 20 and n; = 0 for ¢ > 1 at time zero. The dashed line shows the
exact exponential growth in the case that the 20 individuals originally were
distributed according to the stable age-distribution for the model. The dotted

line shows the growth of the reproductive value.
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Ut = ng froi A1 or
fro1 = Ay
Arguing in the same way for the other age-classes we find the relation n;v;\! =

nipivia AT+ n frvp AL giving
fiv1 + pivie1 = My,

fort=1,2,...,k—1. These equations determine the reproductive values up
to a constant factor. One solution is (exercise 3)
v; = ;\sz: Lifix .
i =i
We find the correct scaling of the reproductive values by considering a popu-
lation initially of size Ny having the stable age-distribution. Asymptotically
the population size will then be Ny > u;v;Af. On the other hand, this popu-
lation grow exactly with multiplicative rate A\, so the population size is also
NoA! giving > w;v; = 1. Consequently, the above v} must be multiplied by

the factor (3 w;v})~! to give the correct scaling, that is

vi =i/ (Y un}).

The total reproductive value of the population, say V' = Y n;v;, is the sum of
the reproductive values of all individuals. Notice that for a population with
the stable age-distribution the total reproductive value is identical to the
population size since then n;, = Nu; giving V = > n;v; = > Nu;v; = N, so
in this case the population vector is n = Vu. Now, consider an initial popula-
tion Ny = Y n; with reproductive value Vy = Y n;v; at time zero. According
to the above results this population will asymptotically reach the stable age-
distribution and grow exponentially so that N;/A\" approaches 3" nv; = Vj.
This means that V;/V, and hence N;/Vj approaches ' as ¢ increases. The
stronger result that the reproductive value has exactly exponential growth
with multiplicative rate A\ can be showed by using the linear equations for
the reproductive values (exercise 4). We shall show this result in a simpler

way in the next section using matrix algebra.
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4.2.3 Matrix formulation

The projection equations are most conveniently written on matrix form
n,; = In; where n; = (ny,n9,...,n%) is the population vector at time ¢

and L is the projection matriz

[ fl f2 fk ]
p1 0
1= 0 D2 0

pr—1 0O

commonly called the Leslie matrix. For a stage-structured population the
corresponding matrix is called a Lefkovitch matrix. Using the projection
equation recursively we obtain n, = I'ng. The asymptotic multiplicative
growth rate of the population is the dominant eigenvalue A of the projection
matrix 1. The stable age distribution denoted by the column vector u =

"is the right dominant eigenvector defined by lu = Au and

(ug,ug, ..., ug)
scaled so that Y~ u; = 1. The reproductive values are given by the row vector
v = (v1,0s,...,v;) defined by vl = Av and scaled by > u;v; = 1 (exercise
5). The Perron-Frobenius Theorem for matrices with non-negative elements
guarantees that the dominant eigenvalue is unique, real, and positive, and
that the elements of u and v are non-negative.

We can now see immediately that the reproductive value has exactly expo-
nential growth with multiplicative rate A\. The total reproductive value after
one generation is v(n + An) = vln = Avn and hence changes exactly by the
factor A\ from one generation to the next.

The sensitivity of A with respect to one of the non-zero elements [;; of 1 is
defined as the partial derivative OA/0l;;. The way we have scaled the eigen-
vectors a result from matrix algebra gives simply dA/0l;; = v;u;. These sensi-
tivities will later play an important part in the derivation of approximations
to the stochastic growth rate and environmental and demographic variance

of and age-structured process in a stochastic environment (see section 4.3).
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4.3 Stochastic age-structured model

4.3.1 Introduction

The deterministic age structured model leading to exponential growth is
a generalization of the simple deterministic multiplicative model we dealt
with in chapter 1. This model was used to construct stochastic models
by analyzing the stochastic properties of the multiplicative factor. Writing
N + AN = AN we saw in the case of no density-regulation that the mean
value EA = \ was constant and that the variance could be decomposed into
two components generated by different mechanisms, the demographic and en-
vironmental variance, 02 and o2, with a total variance var(A) = 0% + 03 /N.
The age structured model is, however, more complicated. Asshown in Fig.4.1
the population do not grow exactly exponentially so the multiplicative factor
is not constant even in the deterministic case. Furthermore, we had previ-
ously only two vital rates, survival and fecundity of adults, while the Leslie
matrix has 2k — 1 vital rates. Introducing stochastic vital rates in the age
structured model will generate stochastic fluctuations in the multiplicative
rate that will act together with the deterministic fluctuations of the type
shown in Fig.4.1. Even if the environmental vector acting on the vital rates
has no temporal autocorrelation, the age-structure fluctuations will there-
fore, through the deterministic component, create temporal autocorrelations
in the multiplicative factor acting on the total population size. We shall see
how this problem can be solved by utilizing the nice properties of the total re-
productive rate given in 4.2.2. The two mechanisms generating stochasticity
in vital rates, that is, the environment’s effect on the mean value a given year
and the stochastic variability between individuals, are still operating in age
structured populations. We shall se how this enables us to define a stochastic
growth rate as well as an environmental and demographic variance also for
age structured models in such a way that these three parameters contains
almost all information about the process for the total population size in the

case of no density-regulation.
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4.3.2 Stochastic projection matrices

A population n = (nq,ng, ..., ny)" contributes to the population the next year
n + An through each individuals survival and reproduction. For example,
the number of individuals of age 2 will be the number of individuals of age 1
the previous year that survive. Defining indicator variables for their survival
(1 for survival 0 for death), the next years age-class is simply the sum of
these indicators. Writing J, for the mean of these indicators, the sum can be
written as nyJ,. Hence, the element of the projection matrix, corresponding
to p, in the deterministic case, is J,. Similarly, writing B; for the mean
number of offspring produced by individuals of age ¢, the number of offspring
produced by individuals in age-class i is n;B;. Hence, we can still write the

change from one year to the next on matrix form, n + An = Mn, where

[ B, By --- By
Ji 0
M: O jz O

Je-1 0]

Writing as before z for the environmental vector acting on the population,
we define F; as the expected number of offspring produced by an individual
of age ¢ in environment z. Writing B; for the number of offspring produced
by a randomly chosen individual of age i, we then have F; = E(B;|z). Sim-
ilarly for the survivals we define P, = E(.J;|z). For a large population, the
mean values of the rates within years will be approximately the expected val-
ues conditioned on the environment. Hence, the matrix operating on large
populations is

F, F, - F,
P 0

P,y 0
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The unconditional expected value of the matrices M and the expectation of LL
are the same through the theorem on double expectation, EM = EE(M|z) =
EL. The deterministic theory in the previous section can now be interpreted
as a theory for the expected population vector by interpreting 1 as EL = EM
writing f; = EF, = EE(B;|z) and p; = EP, = EE(J;|z). Then, if the
environmental vectors z are independent between years we have E(n;|ng) =
I'ny which means that the projection matrix 1 operates on the expected
population En, so that all results given for the deterministic case are valid
replacing the population vector n by its expectation En. The vectors u and
v are in the following the right and left eigenvalues of the expected matrix 1
as defined in 4.2.3.

4.3.3 Reproductive value dynamics

We have seen that there are fluctuations in total population size in the de-
terministic case. However, if we work with the total reproductive value V' of
the population rather than the population size, these fluctuations disappear,
and the deterministic growth is exactly exponential. We have also seen that
if the age-distribution is close to the stable age-distribution defined by the
Leslie matrix 1, then V' ~ N. This indicates that stochastic dynamics also
may be easier to describe if we work with V; rather than N;. The autocor-
relations found in time series of age-structured populations are often mainly
due to the deterministic components of the fluctuations around the exponen-
tial growth curve generated by deviations from the stable age distribution.
Since the process V; does not show these initial fluctuations we should expect
the stochastic dynamics of the reproductive value, to be simpler than that
of N;. We then separate the population vector n into two components, one
vector with components exactly proportional to the stable age-distribution,
and another vector defining the deviation from this distribution. This latter

component we define as

x=n/V —u.
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If the population has the stable age-distribution then n = Vu so that the
corresponding value of x is the zero vector. The population vector can now
be written as

n=V(u+x).

The total population size NV is the sum of the components, that is
N=V(1+X)

where the notation X is used for the sum of the components of x.

In order to investigate the dynamics of the reproductive value we write M, =
1 + &, for then matrix operating at time ¢, where the stochastic deviation &,
has zero expectation. The dynamics of the reproductive value is then given
by

Vig1 = vy = vMgng = v(1 4+ €,)ny = AV, + ven,.

If we ignore second order terms by approximating n; in the stochastic term
by a vector proportional to the stable age distribution, that is n; ~ V,u we
find
Vit = AVi(1+ A 'veu),
and var[V1|V;] = V*var[veu] = V?o}. Writing veu = 3 v;g;5u;, the gen-
eral formula for the variance of a sum of random variables gives
oy = var[veu] = Z Zviujvkulcov[aij, Exil-
ij Kkl

Since OA/0l;; = v;u; and M = 14-¢ this variance can alternatively be written

as

O\ O\
; Z 8ZU %COV MZ]7 Mkl]

The stochastic growth rate for the reproductive value, that is, the expected

growth on log scale, is

s=E[nVi, —InV|InV] ~r+Eln(l+ X 'veu),
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where r = In )\ is the growth of the deterministic model defined by 1. As-
suming that the stochastic term is small and using the second order approx-
imation for the logarithm we find s ~ r — I1A~?var[veu]. Again using the
relation O\/0l;; = v;u; we obtain the following formulas for the stochastic

growth rate and the variance function,
1
§=1— 50‘2, and o= \"70}.
To this order of approximation the process for the log reproductive value can
now be written as
InViyu=mmVi+s+&

where & = A"!vequ so that E§ = 0 and var[;] = 02 = A%0%. To the first
order, this process has no autocorrelation in the noise & if the stochastic
projection matrices, My, are independent between years. Hence the process
for the reproductive value is of the same type as the corresponding population
process without age-structure, that is, a simple random walk. This implies
that the process for the log reproductive value can be approximated by a

diffusion with infinitesimal mean s and variance o?2.

4.3.4 Environmental and demographic variance

The variance function o is a linear combination of covariances cov(M;;, My).
The elements of M are all mean values over all individuals in an age-class
of their number of offspring or the indicator for their survival. In chapter 1
we decomposed the contribution from each individual w into its expectation
and an environmental as well as a demographic component so that the mean
fitness had variance o2 + ¢2/N where 02 = Evar(w|z) and ¢? = varE(w|z).
The same kind of decomposition can be done for an age structured population

using the general formula for the total covariance
cov[M;;, My| = Ecov[M,;;, My|z] + cov[E(M;;|z), E(My|z)].

Here the first term describes demographic variation generated by variations

conditioned on the environmental vector z while the second is an environmen-
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tal component generated by temporal variation in z. Using this decomposi-
tion and the previous notation E(M;;|z) = L;; the expression for 02 = A\~20%,

can be decomposed accordingly, giving

o’ =Y > A *vujopwEcov[Mij, My|z] + > Y A ?vujvpucovLij, Ly).
ij ki ij okl
The second term is the environmental variance for the age structured process.

Writing as before r = In A this term can be written on the form

or Or
=3 ——cov[Li;, L.
e 9l azkl“’v[ i L]

]

Notice that o2 is the variance on the log scale. Hence, as mentioned in
chapter 1, we now work on the log scale and include the factor A2 in the
definitions of environmental and demographic variances.

In order to analyze the first term describing the demographic stochasticity
we introduce the bivariate variables (B;,J;), the number of offspring and
the indicator of survival for an individual of age 7. The non-zero elements
of the matrix M;; are the mean fecundities M;; = Bj and mean survivals
M., ; = J;. Conditioned on the environment these are the mean values of
n; fecundities and indicators for survival, respectively. We also assume that
there are no demographic covariances (see section 2.4.5) so that the vital rates
are independent between individuals when conditioned on the environment.
Hence, cov[M;;, My;|z] is zero unless j = [. Further, cov[M;;, M};|z| is non-
zeroonly ifi =k =1,ori =k = j+1, or if one of the indices 7, k is 1 and the
other j 4+ 1. Defining the parameters 0%, = Evar(B;|z), 03, = Evar(J;|z) =
E[P,(1 — P,)|z] and 0% p, = Ecov(B;, J;|z) we find for example (exercise 6)

Ecov (M, Myj|z) = n;la%j.

Using similar expressions for the other contributions we find that the total

demographic contribution can be written as (exercise 6)

k
2 2 1,222 .2 2 2
A7) vujvpwBcov[ Mg, Myg|z) = A7 n; Ui [viog Ui 0p 201010 ).
Jj=1

ijkl
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Now, approximating the age distribution by the stable age distribution we
have n; ~ Nu;, showing that the demographic term is approximately o3/N

where 02 is the demographic variance
k
2 _ —2, 1,2 2 2 2 2
gi=> A u;[viog; + vi10p; + 20541010p;).
j=1

Since N ~ V this indicates that the process for the logarithm of reproductive
value can be approximated by a diffusion with infinitesimal mean r — 02 /2 —
02/(2V) and variance o2 + 02/V. For large populations the demographic

terms can be ignored and the dynamics can be approximated by a Brownian
2

e-

motion with mean s = r — 02/2 and variance o

4.3.5 Simulation examples

As a first example let us consider a population with no environmental stochas-
ticity that at most produce one offspring each year. Then, the variables B;
as well as J; are simple indicators, so that 0%, = Evar(B;|z) = var(B;) =
li(1 — ly;) and 0%, = Evar(Ji|z) = var(J;) = liy14(1 — l1314). Hence, if
reproduction and survival are independent, this model has the interesting
property that the stochasticity is defined uniquely by the elements of the

expected Leslie matrix, the expression for the demographic variance being

k
o = > A wviha(1 — 1) + ol (1 = L)),
=1

We have seen in section 3.11.3 that the cumulative distribution for the diffu-
sion approximation to this model is given by a simple analytical expression.
Fig.4.2 shows some simulation examples giving the cumulative distribution
for the time to extinction for this age structured process together with the cu-
mulative distribution for the corresponding diffusion approximation assuming
N, =~ V.

In Fig.4.3 a similar simulation example is shown with environmental as well
as demographic stochasticity and 15 age-classes. In the right panel the demo-

graphic stochasticity has been ignored. We see that the time to extinction is
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Figure 4.2: Cumulative distributions of time to extinction for processes with-
out environmental stochasticity. Dotted lines are the cumulative distribution
for the diffusion approximations, while the solid lines are based on stochastic
simulations of the age-structured process. The individual yearly fecundity is
restricted to take values 0 or 1. Demographic stochasticity is then uniquely
determined by the elements of the projection matrix. The initial population
size is 100. Parameter sets a and b are for populations with 4 age classes.
For set a the survivals are (0.4, 0.6, 0.9, 0.7), the fecundities (0, 0.6, 0.9,
0.7). For set b the growth rate is slightly positive so that the probability of
ultimate extinction is smaller than one. The survival rates in set b are the
same as in set a while the fecundities are (0, 0.6, 0.9, 0.8). Parameter sets ¢
and d are populations with 9 age-classes. The survivals in set ¢ are (0.6, 0.7,
0.7, 0.8, 0.9, 0.9, 0.9, 0.7, 0.5), and the fecundities (0, 0, 0, 0.4, 0.5, 0.8, 0.8,
0.9, 0.8). The survivals in set d are (0.5, 0.7, 0.7, 0.8, 0.8, 0.9, 0.9, 0.7, 0.5)
and the fecundities are (0, 0, 0, 0, 0.2, 0.5, 0.6, 0.9, 0.8).
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Figure 4.3: Stochastic simulations of an age-structured model with Pois-
son lognormally distributed number of offspring (exercise 7-9) with variance
3 times the mean value. The only parameter with environmental stochas-
ticity is the first year survival P; assumed to have variance 0.04 between
years. The solid lines from bottom to top in the left panel are the 0.05,
0.25, 0.50, 0.75 and 0.95 quantiles computed from 100,000 simulations of the
full age-structured model while the dotted lines are from the corresponding
simulations of the diffusion approximation. The right panel shows the same
simulations of the full model ignoring demographic stochasticity, that is, us-
ing the matrix L instead of M. There are 15 age classes and the following
parameters: (fi, f2,..., fi5) = (0,0,0,0,0,0,0,0.5,0.6,0.7,
0.9,1.0,1.0,1.0,1.0), and (p1,p2,...,p15) = (0.5,0.6,0.7,0.9,0.95,0.95,0.95,
0.95,0.9,0.9,0.85,0.85,0.8,0.8,0.6), and initial population size 20 for classes
1 to 10 and 15 for classes 11 to 15. This gives A = 0.9813, % = 0.0011, and
o2 =0.2615.
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then considerably larger, demonstrating how the demographic stochasticity
also for age structured populations speeds up the extinction process. Notice
the fluctuations of the quantiles in the beginning of the simulations. These
are generated by the same kind of fluctuations as we saw in the determinis-
tic case in Fig.4.1. In this case these fluctuations are rather large and last
for about 30 years because the simulations are started far from the stable
age distribution and there are as many as 15 age-classes. Nevertheless, the
quantiles for the reproductive value found from the diffusion approximation

are very close to the quantiles for the population size after 30 years.

4.3.6 Fluctuations in age-structure

We have seen in some simulation examples that the diffusion approximation
for the reproductive value process is often a good approximation to the total
population size for the full age structured model. However, we have also seen
that the reproductive value may be different from the total population size if
the age distribution deviates from the stable age distribution derived from the
expected projection matrix. In this section we analyze this deviation in some
more details. The deviation has been expressed by the vector x = n/V — u.
The basic dynamics of the population age vector, n;1 = (14 &/)n;, can
be linearized by substituting n, = V;(u + x;) and neglecting second-order
terms by assuming that the noise ¢; and the deviation from the stable age

distribution x; are both small,
ng; = In; + Vigesu

Premultiplying both sides by V;"*(I — uv), where I is the identity matrix,

using the definition of x; produces

X1 = Ixy + (I — uv)e,u.

In 4.3.3 we showed that Vi1 = AVi(1 + A lveu) or Vi /V; = A + veu

Inserting this in the above equation then shows that to first order (exercise
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11)

X1 = A x4+ ATHI - uv)e;u

From the definition of x, = n;/V; — u we see that uvx; = 0. Utilizing this
we find that the dynamics of the residual variation around the stable age

distribution can be written as (exercise 12)
X1 = Ax, + 21— uv)eu

where A = A7l — uv.

One can show that the eigenvalues of A are 0, Ao/, A3/, ... (exercise 13).
This clarifies that increasing powers of A approach the zero matrix, such
that if e; is a stationary process the fluctuations in x; approach a stationary

process. Solving recursively produces (exercise 14)

X = A1 i APHI - uv)e;,_,u.
p=1

Since N; = Vi(1 + X;) there are two different properties of X; that are of
great interest when analyzing age structured models. First, in order to check
the approximation N; ~ V; we can calculate the standard deviation in the
stationary distribution of X;. If this is much smaller than 1 the approxima-
tion is likely to be good at any point of time. Secondly, it is interesting to
study the memory of the process X;, that is, how long time it takes before
it returns to its equilibrium value which is zero. This last property is given
by the above autocovariance function. If the autocorrelation at a given time
distance 7 is small, X; contains practically no information about X}, so that
the distribution of X;,, conditioned on X; is approximately the stationary
distribution of X;.

Let us assume that the population is large enough for the demographic vari-
ance to be ignored so that the M = L has elements with constant variances
and covariances. To derive the moments of the stationary distribution of X;
in this case, first note that Ex; = 0 so EX; = 0. The autocovariance function

for X;, given by cov[Xy, X;1,|, can be obtained from the sum of elements of
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the matrix E[x;x/;;,] where ' denotes matrix transposition,

Exx 1] = A2 i G,SG),,
p=1

where G, = AP"/(I — uv) and S = E[euu’e’] (exercise 15). The ele-
ments of S are given by S;; = Y ugwcov[Li, Lj]. The above expression
is useful for numerical computations of cov[Xy, Xy, .] and corr[ Xy, X; ] =
cov[ Xy, Xyir|/cov[ Xy, Xy
Fig.4.4 shows the log population size and log reproductive value for a stochas-
tic age structured population. The lower panel shows the process 1 + Xj.
Notice that the fluctuations in X; are rather small even if there is large
stochasticity in the model. The standard deviations of log fecundities are
as large as 0.2 while the standard deviation in In(Py) is approximately 0.07.

The environmental variance in this model is 02 = 0.002548.

4.3.7 Estimating demographic and environmental vari-

ance

Let us first consider a population that is large enough for the demographic
variance to be ignored. We assume that the population is fully censused
with correct determination of age for each individual. If there is no density-
regulation we can then first estimate the expected leslie matrix 1 just using
the mean values of the observed survivals and fecundities for each age class.
We then compute the dominant eigenvalue for this matrix which is then
the estimate \ of A, and the corresponding left and right eigenvalues v and
U as estimates of v and u. From these estimates we can compute the log
of the total reproductive, InVj, for the time interval with observations, as

shown in Fig.4.4. The sequence of differences In V}H —In Vt = §+ €&, is the

2

approximately a sequence of independent random variables with variance o

which we then estimate by standard sum of square.
If the demographic variance has to be taken into account we need data on

individual survival and reproduction as in the case of no age-structure dealt
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Figure 4.4: The upper panel shows log population size and log reproductive
value as function of time. There are 7 age classes. The mean fecundities
fi— frare 0,0, 0.4, 0.8, 1.0, 0.8, 0.5, and mean survivals p; — p7 are 0.5, 0.9,
0.9, 0.8, 0.7, 0.6 and p; = 0 giving A = 1.0161. The only stochastic survival
is Py = pyexp(—0.507 4 0,2,) where z, standard normally distributed. All
fecundities are stochastic with F} = f; exp(—0.5aj% +0rzs), where z; also is a
standard normal variate. The correlation between z, and zy is 0.4, o2 = 0.005

and OJ% = 0.04. This gives an environmental variance o2 = 0.002548.
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with in chapter 2.5. To obtain an estimate of 0% we need to estimate all
the components in the expression for o2, which in addition to A\, v and u
are the variance components 0%;, 03; and 0%p;. These components can be
estimated by sum of squares over realized rates within years for each age
group to obtain an estimate of o3 valid for the population size that year
(exercise 17). This estimate can be plotted against population size.

If the demographic variance has to be taken into account we first estimate
the demographic variance form individual data. From the time series of
reproductive values we can then estimate the values of 02 + ¢3/N each year
and subtract the demographic term. These yearly estimates should be plotted

against N as we did in chapter 2.5.

4.3.8 Density-regulation

In general the term density-regulation is used for the fact that the vital
rates, survivals and reproduction, may depend on the population size of the
species under consideration. For an age-structured population this means
that the distribution of the components of the projection matrix depends on
the sizes of the various age-classes. This will in general lead to very compli-
cated models, but for relatively small fluctuations around an equilibrium, a
simple linearization may be rather accurate. Assuming that there is a stable
equilibrium n with corresponding total populations size K, we write 1 for
the expected projection matrix at the equilibrium. This matrix has leading
eigenvalue equal to 1 and corresponding left and right eigenvector given by
vl = v and Iu = u. The deviation from equilibrium can be denoted as vector
y defined by the relation n = K(u+y) = i+ Ky, where K is the carrying
capacity. For a population K (u+y) we linearize the expected matrix writing
I(n) = 1+ Al where Alj; = K'Y yi Eﬂii where the derivatives are evaluated at

on
the equilibrium. Adding a noise matrix &, to the expected matrix as before,

we obtain the dynamic model

~

u+yt+1 = (l + Al+ Et)<u+yt).
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Ignoring all second order terms and using lu=u produces

Yit+1 = iyt —+ Al u + g:u.

Finally we can express Al u as =Dy where D;; = =K >, %uk giving the
J

dynamic equation

Yir1 = (1= D)y + equ.

Transforming back to the population vector by substituting y = n/K —u on
both sides then gives

n; =An, +B +¢

where A =1— D is a stability matrix, B = K(I — A)u is a constant vector
and the noise vector is €, = Ke;u.

If A and B are known or estimated from data, the population vector at
equilibrium is given by Ku where u = (I— A)"'B/K (exercise 18). We now
write w for the left eigenvalue of the stability matrix A and scale it by the
relation wu = 1 we now define the total reproductive value of the population
as V; = wn,. Multiplying the dynamic equation by w and redefining A to be

the dominant eigenvalue of A then leads to

Vier = AV, + b+ 6,

where b = wB and 0; = we;, = Kwe,u.

Although this looks like a simple first order autoregressive model, the situa-
tion may in fact be more complicated. When there is no density-regulation
the Leslie matrix has a form that ensures the existence of a real dominant
eigenvalue. The matrix A, however, may have a number of negative elements,
and the dominant eigenvalue may be complex. In that case the reproductive
value given above is also complex and the equation for the reproductive value
describes a two-dimensional first order autoregressive model, the two dimen-

sions being the real and imaginary part of V;. Notice however, that we have
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scaled the reproductive value in such a way that it is exactly equal to the
population size K at equilibrium so that the equilibrium value of the imag-
inary component necessarily is zero. When the density-regulation is week
the dominant eigenvalue may still be real so that the process for the total
population size can be approximated by the above one-dimensional process
for the reproductive value. If the eigenvalue with the second largest modulus
has modulus close to that of the dominant one, this approximation may not
be very accurate since the fluctuation around the reproductive value then
may interfere with the process for the reproductive value giving a more com-
plex dynamics. If X is real we can define the strength of density-regulation
as we did for a population without age-structure, that is, as vy =1 — \. In
the complex case, however, the process is more complicated, and the density-
regulation depends on the imaginary as well as the real part of the dominant
eigenvalue.

Estimation may be performed by simple linear regression if population data
for all age-classes are available. Then, by the linear dynamic equation the
number of individuals in an age-class may be chosen as the dependent vari-
able, while all age-classes the previous year are covariates. One regression
must be done for each age-class to obtain an estimate of A and B. Since
the stochastic terms are likely to be dependent, uncertainties are best investi-
gated by bootstrapping, simulating the process from its initial value choosing
the noise vector randomly from the set of residual noise vectors obtained after
fitting the model.

Fig.4.5 shows an example of a fitted model for an island population of red-
deer where all individuals of age larger than 5 years are collected in one last
age-class. The real part of A is estimated to be 0.64, while the imaginary
part is —0.39 (the sign of the imaginary part is not unique since the complex
eigenvalues occur in complex conjugated pairs). Fig. 4.6 shows the residuals

in the complex plane.



142 CHAPTER 4. AGE-STRUCTURED POPULATIONS
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Figure 4.5: The upper graphs are the observed total population size of an
island red-deer population (solid line) together with the real part of the
reproductive value (dotted line). The lower graph is the imaginary part of

the reproductive value fluctuating around zero.
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Figure 4.6: The complex residuals for the red-deer, that is, the deviations

between the complex Vi, and the prediction A\V; + b + 6.
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4.4 Exercises

1. Assume that individuals in the k’th age-class has survival p;, and remain in
the k’th age-class, which is then a stage rather than an age, if they survive (as
in Fig.4.1). Find the equation for the asymptotic growth rate A in this case
using the fact that the population approaches a stable age/stage-distribution
with exponential growth at rate \.

2. Show that the generation time defined as the mean age of mothers of
newborn is T = 2% il; f;\ ™.

3. Show that v} = ’}—Z?zz L;f; 77 is a solution to the set of linear equa-
tions for the reproductive values and that the reproductive values are v; =
ol ).

4. Use the set of linear equations f;v1 + p;v;p1 = Av; (with pp = 0) and the
projection equations for n; + An; to show that the reproductive value grows
exactly exponentially with multiplicative rate A, that is, Y (n; + An;)v; =
A n;v;.

5. Show that the scaled right and left eigenvectors are identical to the stable
age-distribution and the reproductive values as defined in section 4.2.1 and
4.2.2.

6. Write out the details showing that 03 = YF_; A7 %u;[vioh; + v, 00, +
20541010 py].

7. Suppose that the distribution of a variable X conditioned on A is Poisson
with mean A. The unconditional distribution of X is then called a Poisson
miazture. Find the mean and variance of X expressed by the mean and
variance of .

8. Find an expression for the distribution of X in exercise 7 when A\ has the
gamma distribution with scale parameter o and shape parameter k. This
distribution is called the negative binomial distribution. What is the mean
and variance of X expressed by a and k7?7

9. The Poisson lognormal distribution is the Poisson mixture for which the
mean of the Poisson distribution has the lognormal distribution. Find the

mean and variance of X expressed by the mean p and variance o2 of In .
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10. Find the parameters 0%, and o3, for the simulation model in Fig.4.3.
11. Show that x;;; = A7'Ix; + A™}(I — uv)e;u when higher order terms are
neglected.

12. Show that the dynamics of the residual variation around the stable age
distribution can be written as x;1; = Ax; + A™1(I — uv)e;u where A =
A7 — uv.

13. Show that the eigenvalues of the matrix A = A7'1—uv are 0, Ao /X, A3/, . . ..
Hint: The Leslie matrix 1 can be diagonalized, that is, there exists a matrix
P so that P7IP = D, where D is a diagonal matrix with d;; = \;, the i'th
line of P~! is the left eigenvector of 1 associated with \; and the j'th column
of P is right eigenvector associated with J;.

14. Solve the dynamic equation in exercise 12 recursively to find x; =
AT AP HI - uv)epu

15. Show that E[x,x'14,] = A%, G,SG),
and S = E[euu’e’].

16. For the model in Fig.4.4 show that the non-zero elements cov(L;;, Ly;) are
cov(Ly;, Lyj) = fifj(eafz‘ —1), cov(Lay, Layy) = p3(e” — 1) and cov(Lgy, Ly;) =
pufi(er7r?r —1).

17. Show how to estimate the component 0%,, 0%, and 0%p4 in the expres-

where G, = AP"HI — uv)

T

sion for the demographic variance on the basis of recorded reproduction and
survival for a number of individuals in age-class 3 a given year.
18. In the linear model with density-dependence show that the solution for

u given by solving n; 1 = An, + B + ¢, is the right eigenvector of L.
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Chapter 5

Some applications

5.1 Harvesting

5.1.1 Introduction

We shall now see how some of the results given in earlier chapters may be used
to explore the effects of harvesting from populations using different harvesting
strategies. When harvesting (fishing hunting) from wild populations one is
always faced with the conflict between the goal of hunting a large amount
for economic reasons, and that of preserving the population. On the other
hand, these two goals are only in conflict with one another under a short
time horizon. In order to make an economic profit over a long time interval,
sustainability of the population necessarily has to be taken into account. A
population that is driven close to extinction cannot lead to economic profit
over long time intervals. A well known example is the overfishing of the
Norwegian spring spawning Herring towards the end of the sixties.

Fig.5.1 shows estimates of the spawning stock of this species during a 75
years period. A population collapse in 1967-68 due to overfishing also led to
a collapse of the herring fisheries that lasted for 30 years.

In this chapter we shall focus on some relatively simple ways of calculating

harvesting statistics for population processes that can be approximated by

147
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Figure 5.1: The spawning stock of the Norwegian spring spawning Herring
during the period 1921 to 1996.
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diffusions. These statistics can be used to explore the long term effects of
adopting different types of harvesting strategies, such as the mean amount
harvested, the distribution of yield between years and the expected time to
extinction or quasi-extinction.

Stochastic and deterministic harvesting models turns out to be rather differ-
ent although there are similarities. If the population growth is deterministic,
the population should obviously be kept at the population size where the
absolute growth AN takes its maximum value. For example, for a discrete
logistic deterministic model AN = rN(1 — N/K) the maximum growth is
obtained for N = K /2 giving AN = r K /4 which is then the constant amount
that can be harvested each season (exercise 1). However, for the correspond-
ing stochastic model AN = r,N — 7 N?/K where r; is subject to stochastic
fluctuations between seasons with mean 7, the stochastic process N, obtained
after subtracting the yield must be studied. The possibility of extinction and

long periods with very small population sizes must be explored in detail.

5.1.2 Diffusion model

If a population process can be approximated by a Markov process, harvesting
strategies should simply be some function of the population size expressing
how much should be harvested each season. If the population estimates are
uncertain, harvesting has to be based on the estimates and the uncertainty
in the estimates has to be taken into account. Initially we assume that
the population size is known. We write po(n) = E(AN|N =n) and vy(n) =
var(AN|N = n) for the expectation and variance of the change in population
size in the absence of harvesting. Writing y(n) for the yield at population

size n, the diffusion approximation has infinitesimal mean and variance
p(n) = po(n) —y(n)
and

v(n) = vy(n)
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provided that the yield can be chosen exactly and do not create any additional
stochastic terms. Our aim is now to investigate properties of the stochastic
process expressing the population size N; as well as the process expressing
the harvest, that is y(/V;).

Provided that the harvest is not so aggressive that the population is soon
driven towards extinction, the quasi-stationary distribution of N and y(N)
will give considerable information about the consequences of adopting strat-
egy y(n). The possibility of extinction or quasi-extinction can be explored
by calculating the expected time until the process first reaches the chosen
barrier.

In chapter 3 we have seen how to calculate the Green function G(n,ng) for
the diffusion defined by u(n) and v(n) which is initially at population size ny.
Notice that the Green function now depends on the harvesting strategy y(n)
since this is subtracted in the infinitesimal mean. Choosing the extinction

barrier at N = 0 the expected time to extinction is given by

T(ng) = /OOO G(n,ng)dn.

A statistic that gives considerable insight is the expected total yield obtained
before the population eventually goes extinct when the initial population size
is ny which we denote Y (ng). Mathematically this quantity is E [5° y(INV;)dt.
We have seen in chapter 3 that this also can be computed from the Green

function as

Y (no) = E /0 T (Nt = /0 ~ y()G(n, no)dn.

The quasi-stationary distribution (see section 3.10) is

f(n) = G(n,ne)/T(no).

Since the yearly harvest y(NN) is just a function of the population size N
we can now find the quasi-stationary distribution of the harvest y(N) by
a straightforward transformation. In particular, the mean annual harvest

relative to the quasi-stationary distribution is
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while the variance of the yield is
varfy(N)] = [~ ly(n) = By(N)2f (n)dn.

5.1.3 Some harvesting strategies

Some harvesting strategies can be performed without having any knowledge
about the population size. Others require that the population size is known.
A third class of strategies are those based on a yearly estimate of the pop-
ulation size and can be applied when such estimates are available, in which
case we need some information on the uncertainty of the estimator in order
to assess the properties of the harvesting tactic.

Constant harvesting

For the industry it is important to have a rather stable amount available each
year. In order to analyze the effect of a constant harvest we can consider the

model with infinitesimal mean

p(n) = po(n) —y

and v(n) = yy(n), where y is now the constant yearly harvest independent
of population size. In chapters 2 and 3 we described density-regulated pop-

ulations by writing po(n) = in — g(n) so that constant harvesting leads to

p(n) =rn—g(n) —y.

This equation immediately indicates what is the major problem with this
harvesting tactic. Since g(n) is an increasing function and g(0) = 0, we see
that the infinitesimal mean becomes negative if n < y/r (see also exercise
2). This means that, if the population may reach values close to this due to

harvesting and stochastic effects, then the population will almost certainly
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reach extinction rather soon. Numerical analysis of this type of model has
also shown that the constant harvesting tactic has a destabilizing effect of
the population and lead to short expected time to extinction.

So, unless one actually relax this tactic by stopping the harvest when the
population size goes below a prescribed value (which is no longer constant
harvesting tactic), or we harvest at a very small constant rate, constant
harvesting is not sustainable and can not be recommended.

Proportional harvesting

It may often be a realistic assumption that the harvest for a given harvesting

effort is proportional to the population size. Then, for a given effort we have

p(n) = po(n) — en = (r — n — g(n)

and v(n) = 1y(n), and c is a parameter indicating the harvesting effort. We
see that the effect of this harvesting on the population dynamics is found
simply by replacing the growth rate at small population sizes r by r — ¢
keeping the density-regulation g(n) unchanged.

We can exemplify this by the stationary logistic model with no demographic
stochasticity and extinction barrier at n = 0 given in 3.9.1.

Writing the infinitesimal mean as po(n) = rn(1 —n/K) = rn — an® where
a = r/K, we first observe, in the case of no stochasticity (02 = 0) that
the optimal value of ¢ is r/2 giving maximum constant harvest Y = rK/4
(exercise 3).

With constant environmental variance o2 > 0 the mean (see 3.9.1) of the

e

stationary distribution when there is no harvesting is
2 2
EN=K(1-2¢)="_"7
2r a 2a
Replacing r by » — ¢ and multiplying by ¢ we find the expected harvest
r—c o

Ey:E(cN):c< 2)

a  2a

which is maximized for ¢ = (r — 02/2)/2 = s/2 corresponding to the maxi-

mum mean harvest
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s?K
EYmas = T
in accordance with the results for the deterministic model when ¢ = 0. We
see in this model that increasing stochasticity leads to a reduction in the
maximum mean harvest, which is obtained by a more conservative tactic,
that is, by reducing the constant harvesting effort c.
For the same model with the Gompertz type of density regulation (exercise

5) dealt with in 3.6.1 and 3.8.4 we have
po(n) =rn(l —Inn/In K)
giving, using the above approach (exercise 4),

Ey — Cean(rlfa'g/4fc)/r1

which is maximized for ¢ = r;/In K giving (exercise 5)
Evmaezr = Kl_"g/(‘lmrle_l/ In K.

Fig.5.2 shows how the maximum mean harvest depends on the carrying ca-
pacity for this model.

Threshold harvesting

One can show that a number of different optimization problems for the dif-
fusion model has the so-called threshold tactic as solution. This tactic is
formally defined by a threshold ¢ so that the harvest y(n;c) = 0if n < ¢ and
y(n;c) = oo if n > c. Hence, if the population size is below the threshold no
harvesting should be done, and as soon the population exceeds c¢ it should
be harvested down to c. For example, one can show that the total expected
yield before extinction in general is maximized by choosing the threshold ¢
exactly at the carrying capacity.

In continuous time threshold harvesting implies that the population never

exceeds the threshold c¢. The Green function for the process turns out to be
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Figure 5.2: Maximum mean harvest in the Gompertz model as function of
the carrying capacity for different values of the environmental variance. The

growth rate is r, = 0.1.
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equivalent to the Green function for the process without harvest for n < ¢ and
zero for n > ¢ (exercise 6). Hence, if the Green function without harvesting
is Go(n,ng), the expected time to extinction at n = 0 for a threshold at c is

simply given by

T(ng) = /OC Go(n,ng)dn.

In order to find expressions for the harvesting statistics for this model we
first rewrite the expression for the total harvest Y before extinction inserting
y(n) = po(n) — p(n) giving

(e}

Y (ng) = /Ooo y(n)G(n,ng)dn = /0 to(n)G(n, ng)dn — /OOO pu(n)G(n,ng)dn.

The last integral is, writing 7™ for the stochastic extinction time

/OOO u(n)G(n,ng)dn = E (/OT* E(ngﬂ\f = n)) dt = E[N(T*)=N(0)] = —ny.

The equation for the total expected yield before extinction then becomes

Y (no) = no + /OOO to(n)G(n, ng)dn.

Hence, for threshold harvesting with a threshold at ¢ the total expected yield

before extinction is

Y (no) = no + /OC to(n)Go(n, ng)dn

and the relevant measure of mean yearly harvest in the period before extinc-
tion is E[y(N)|No = nol = Y (ng)/T(no).

Proportional threshold harvesting

In practice the population size is usually not known exactly. Then the har-
vesting tactic must be based on the available population estimate, say N. If
the variance of this estimator is large one can intuitively see that threshold
harvesting can perform very badly. Suppose that the estimate one year is

much larger than the real population size. Then N — ¢ is much larger than
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N — ¢ so if we harvest the amount N — ¢ the population will after harvesting
end up far below ¢ which may as a worst case lead to extinction.

Arguing through the binormal approximation of (N, N) this has lead to the
more conservative approach of only harvesting a proportion ¢ of the difference

N — ¢ when N > ¢ and otherwise no harvesting, so that the yield is

- 0 for N < ¢
y(N) = A A
g(N —¢) for N>c

The infinitesimal mean and variance in the diffusion approximation for N is
then

pu(n) = po(n) — E[y(N)|N = n]

v(n) = y(n) + var[y(N)|N = n).

For a given distribution of the estimator N, say f (n|n), the above mean and

variance of the yield are given by

Ely(VIN =n) =q [~ (2~ o) f(@ln)di
and
varly(V)|N = n] = ¢* [ (= )2 (fn)dit — {E[y(N|N = n)]}*

Writing n = nZ, an unbiased estimator with constant coefficient of variation
requires that Z has distribution independent of n with mean 1. Then, if Z is
approximately normally distributed the mean and variance can be expressed
by the standard normal integral (exercise 7). Similar calculations can be
made for other assumptions on how the variance of the estimator depends
on the population size (exercise 8 and 9).

In practice, the harvesting statistics can now be computed numerically for a
given tactic, that is, a given set of constants (¢, ¢). Finally some numerical
maximization procedure must be used to compute the value of (c,q) that

maximizes for example the mean annual yield.
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5.2 Population viability analysis

5.2.1 Introduction

Natural communities show large variation in species abundance, often ap-
proximately lognormally distributed between species. Hence, many species
are naturally rare at a given site. Human disturbance of natural communi-
ties may therefore have serious effects on a number of species increasing the
probabilities of extinction and reducing the expected time to extinction. The
four major factors threatening species are habitat destruction, overexploita-
tion (fishing, hunting, captured for live animal pet trade), introduced species
and pollution.

The International Union for Conservation of Nature and Natural Resources
(IUCN) develop criteria for classifying species into categories as Critically
Endangered, Endangered and Vulnerable. TUCN uses a number of differ-
ent criteria in this work, such as population size, trends in population size,
fragmentation of habitats, decrease in geographic range and area species
are occupying, that together determine the risk of extinction assigned to a
species. Species at risk of extinction according to these criteria are listed
in the so-called Red List for each country or region of the world which is
updated periodically. In year 2000 23.7% of the mammals and 11.9 % of the
bird species were considered threatened.

Since about 1980, IUCN has included the modern concept of Population Via-
bility Analysis (PVA) in their criteria for classification of species. Population
viability analysis uses stochastic modelling of population dynamics including
concepts like demographic and environmental variances, defining viability

through the probability of extinction within a certain time.

5.2.2 Population Prediction intervals

We have seen in chapter 3 how diffusion theory can be applied to determine

the probability of extinction within a certain time in some models, while
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extensive stochastic simulations would have to be used in other more com-
plex models. The probability of extinction will in any case depend on the
population parameters and it will be very sensitive to the value of some of
these parameters, in particular the population growth rate. Since time series
observation always are only available over short time intervals (even 50 years
is a short time series in the statistical sense, although biologists consider it
to be an extremely long time series), parameter estimates will always be sub-
ject to rather large sampling errors. Because of the strong sensitivity of the
probability of extinction to some of the parameters, this makes the sampling
error in the estimate of the probability of extinction very large. Therefore,
the task of estimating the viability of a species through the probability of
extinction within a certain time is an almost impossible task. Attempts to
find confidence limits for these probabilities has lead some scientist to claim
that it is practically impossible to do a proper population viability analysis.
Another problem with the above approach is that a confidence interval for a
probability of extinction would in practice be hard to interpret for those who
in practice are responsible for the management of populations. In particular,
this will be difficult if the confidence interval is wide, which it almost always
will be.

These problems may be overcome, however, by using the statistical concept of
prediction intervals rather than confidence intervals. In statistics confidence
intervals are used to draw inference about parameters, while prediction in-
tervals are constructed for making statements about the realized values of
stochastic variables that are not yet observed. The most common example
in statistical text books is the solution to the problem of predicting an ob-
servation for some given value of a covariate in a simple linear regression
model using students T-distribution. We have seen an even simpler example
in section 1.5 where we constructed prediction intervals for future popula-
tion sizes in the random walk model with normally distributed increments
also using the T-distribution. This example (and the regression example)

is particularly simple since they give exact solutions that do not depend on
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any nuisance parameters which in this case is the variance of the underlying
normal distribution.

Generally, writing X = (X3, X, ..., X,,) for a set of observations with distri-
bution depending on parameters @, our aim is to construct two functions of
X only, say A(X) and B(X) so that P[A(X) <Y < B(X)] =1—a, where Y
is the unobserved stochastic variable with distribution depending on @ that
are to be predicted with confidence 1 — a.

In more complex models, there is impossible to construct such functions A
and B that makes the coverage 1 — o constant, that is, not depending on
any unknown parameters. Hence, one would have to rely on methods giving
approximately correct coverage. In practice, one can try to make the cover-
age equal to a prescribed value for some value of the unknown parameters
believed to be close to the real ones, that is, for the point estimate of the
parameters. Computing such intervals will usually require rather extensive

stochastic simulations.

5.2.3 Frequentistic population prediction interval

A rather simple way of constructing prediction intervals is to use parametric
bootstrap replicates of the unknown parameters. Having estimated the pa-
rameters in the model we can simulate parametric bootstrap data sets using
the estimated values. For each such set of data a bootstrap-replicate of the
parameters are found by performing exactly the same estimation procedure
as when the estimation was originally done from the data. Then, the pro-
cess can be simulated into the future using the bootstrap-replicates, starting
from the last observation, one simulation of the process as far as we like for
each bootstrap replicate of the parameters. If this is done for example 10000
times we end up with 10000 time series into the future. For each future year
we can then use the quantiles of the empirical distribution of the simulated
population size each year. The lower 5% quantile would the be series number
500 when they are ordered according to population size. Fig.5.3 shows an

example of such intervals. This population is far below its carrying capacity,
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so a model without density regulation is used. The demographic variance
has been estimated from a large number of individual records of number of
offspring and survival and is considered as known in this analysis.

There are different ways of performing the above simulations. In this example
the simulations has been done in such a way that the last observation of each
simulation equals the last observation in the data.

The above method will not give prediction intervals with exactly correct cov-
erage. S0, one can go further with these computation and do a large number
of simulations to check what the coverage actually is for given parameter
values (usually the point estimates). Finally the bounds can be adjusted to
give more correct coverage. Such a technique has been applied to produce

the graphs in Fig.5.3.

5.2.4 Bayesian population prediction intervals

It is often conceptually and practically simpler to use the Bayesian approach
to derive prediction intervals. Although this approach do not lead to correct
coverage for a given set of parameters, which is a major point of the frequen-
tistic approach, there are advantages that the frequentistic approach can not
compete with. Apart from the simplicity, the Bayesian approach enables us
to use prior information about parameters obtained from analysis of the same
or closely related species. If one do not want to use such information, or it is
not available, one usually use a so-called non-informative prior distribution
of the parameters. Another great advantage is that the appoach can easily
be generalized to include sampling errors in the observations.

Let 7(0) denote the prior distribution of the parameters and let X be the
data. Our model then describes the distribution f(x|@) of X. The Bayesian
approach is simply to evaluate the posterior distribution of 8 which is its

distribution conditioned on the observed value x of X, which is

_ f(x|6)7(6)
PO = T xig)m(0)d0
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Figure 5.3: Population prediction intervals for the Barn Swallow at Kraghede,
(A) accounting for demographic and environmental stochasticity and uncer-
tainty in the parameters, (B) assuming no uncertainty in the parameters,
and (C) assuming no demographic stochasticity so that all stochasticity is

estimated as environmental stochasticity.
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If we now are able to simulate observations of @ from the posterior distribu-
tion we can simply find the posterior distribution of future population sizes
by simulating the process for each simulation of the parameters as we did in
the frequentistic approach. Finally, prediction intervals comes out using the
ordered population sizes as before.

If there are sampling errors, the population sizes X cannot be observed, but
only some estimates, say Y with distribution say h(y|x, ). Notice that 0
now may have components expressing distribution of sampling errors. In this

case we need the posterior distribution of (X, @) which is

by OfxI0)(0)
q(X, Ob’) - Ii h(y’X, e)f(x\o)w(o)dxdt‘)'

5.2.5 A simple example of Bayesian population predic-

tion intervals

As an illustration we consider the linear model on the log scale defined by

assuming that X;,; conditioned on X; is normally distributed with
E(Xi| Xy =2)=a+ bz

and constant variance var(X;,1|X; = z) = 0?. We also assume that the log
population sizes at n + 1 subsequent years Xy, X1,..., X, are known. If we
are unsure about the process actually starting at the stable age distribution
we should condition on the first observation zy. The joint distribution of
the observations x = (X1, Xaz...,X,) given the parameter values and the

observed value zy of X are then

T
f(X|Oé, B? 7_2’ XO) = H?:l ei(Xiia76Xi71)272/2

V2r

where we have introduced the parameter 72 = 1/0? often called the precision

in Bayesian theory.
If nothing is known about the parameters apriori, one often use a so-called

non-informative prior distribution. Accordingly we assume that o and f
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are distributed uniformly on the real axes, which must be considered as a
limiting case of the of a uniform distribution ranging from —c to ¢ as ¢
approaches infinity. For the precision one often use the distribution formally
proportional to 1/7% which can be considered as the limiting case of the
gamma distribution when the shape parameter as well as the scale parameter
approaches zero. Multiplying with these distribution, that is, multiplying by
1/72, we find the joint distribution of (x, o, 3, 72) up to a constant factor that
can be determined by integration. Further, the joint distribution of (c, 3, 72)
conditioned on the observations is also proportional to the same expression.
The goal of this Bayesian approach is to simulate observations from this
posterior distribution of the unknown parameters conditioned on the obser-
vations. One way of doing this is to use the so-called Gibbs sampler, for
which the main idea is the following: if the parameters are generated from
the wanted distribution we can take out a single component and replace it by
a new simulation of this from the conditional distribution of the component
given the others. Repeating this procedure subsequently for all parameters
(components) we obtain a new simulation of the whole set of parameters.
One problem with this approach is that we do not know how to start the
simulations from the correct distribution. However, under rather general
conditions the procedure will converge to the correct distribution starting
from some reasonable parameter values. The process then produces a Markov
chain of parameter values with stationary distribution being the one we want
to simulate from.

In the simple example we consider here we see that the distribution of «
conditioned on the observations and the other parameters has the form of
a normal distribution, being the exponential function of a second degree
polynomial in . The same is the case for 8. The distribution of 72, on the
other hand, is a gamma distribution.

Using a technique given in exercise 10 we find (exercise 10) that the mean

and variance of the appropriate conditional distribution of « is
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and
var(a) = 1/(n7?).

Using the same approach we also find (exercise 10) that 3 is normal with
Ef = ixi—l(%‘ - a)(i xi )™
and
var() = (2 a2 )7,
i=1

Finally, the shape parameter in the gamma distribution of 72 is simply n/2
while the scale parameter is 31, (v; — a — Bx;_1)?/2 (exercise 11).

Fig.5.5 shows the Markov chains obtained for the three unknown parameters
using the Gibbs sampler as described above. Finally we find the prediction
intervals by simulating the time series starting from the last observation and
using a sequence of simulated values from the Markov chain as described
above. Fig.5.5 shows predictions from the above model using X =0 (n = 1)
as extinction barrier.

MCMC-methods can be applied to very complex models. However, using
these in practice require a course in modern statistical methods. Statistical
software is available for performing the simulations for a number of different

models.

5.3 Genetic drift

5.3.1 A two-dimensional diffusion model

The theory on demographic and environmental stochasticity, diffusion, and

age-structured population dynamics may be used to analyze genetic drift
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Figure 5.4: Markov Chain Monte Carlo simulations of the posterior distribu-
tion of o, B and 72. The data is a time series of length 21 (n = 20)generated
from the model with o = 1, 8 = 0.8 and 72 = 100.
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Figure 5.5: Simulated time series data and Bayesian prediction intervals.
The data is a time series of length 21 (n = 20) generated from the model
with o = 1, 8 = 0.8 and 72 = 100.
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of neutral genes, that is, to study the temporal changes in gene frequen-
cies in fluctuating populations. This analysis, however, require use of two-
dimensional diffusions.

Diffusions in two dimensions are defined by the infinitesimal mean and vari-
ance of each component, defined as in the one-dimensional case, but requires
also an infinitesimal covariance. For a diffusion (X;,Y;) we write ux(x) and
vx (z) for the infinitesimal mean and variance of X; and similarly for ;. The

infinitesimal covariance is defined as
c(z,y) = E(dXdY)/dt.

As in the one dimensional case a transformation into another two-dimensional
variable will also lead to a diffusion and the infinitesimal moments of this can
be derived by general formulas. Here, we shall only consider the particular

transformation

N=X+Y

P=X/(X+Y)

so we restrict the presentation to this transformation and are in particular

interested in the process P. The infinitesimal change in P is given by

X(14+dX/X) X X

P = _ - =
P =NitaV/N NN

(1+dX/X)(1—dN/N + (dN/N)* —...—1)

Since diffusions are determined by the first two moments only we can ignore
higher order moments giving, inserting X = NP and Y = N(1 — p)

(1 1) 1 2(1 1/1) 21 (2 1/1)
P —=dXx _dy — 2o S/t Y2 _dXxdy >/~
d d NP d N d N2 d N2 dXd N2
and
dX dN 1
2 2 2 2
EdP* = P (— — T\/) =N (1 - P)dX — PdY]~.
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We shall in particular consider X and Y as two sub-populations with perfectly
correlated environmental noise (since they are in the same environment),
the same demographic variance and the same exponential growth. Then
(@) = re, py(y) = ry, va(e) = oo + 0% 1y (y) = oy + o2y? and

c(z,y) = o2xy. This leads to (exercise 12)

pn(n,p)) =rn

and

v(n, ) = o3n + a%n?.
Using the above expression for dP and dP? we find after some algebra (ex-
ercise 13) that

MP<n7p> =
and (exercise 14)

2
oip(l —
vp(n,p) = ar(l —p)
n
One can also show (exercise 15) that the infinitesimal covariance for the

process (N, P) is zero.

5.3.2 Effective population size

Genetic drift is the change in gene frequency of neutral genes due to ran-
domness in the process that determines how genes are transmitted through
generations. The term neutral genes is used for genes that are equivalent
in their effect on vital rates and the stochasticity in vital rates. So, for two
neutral genes a and A there is no natural selection of any of them and the
change in their frequency in a population is due to purely random effects
only.

Genetic drift of a gene will depend on the frequency of the gene in the

population. In order to compare drift of genes with different frequencies,
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however, the concept of effective population size is used, which, although it
is independent of gene frequency, contains all information about the genetic
drift of any neutral gene in the population. Effective population size is defined
by a comparison to a simple one sex model with non-overlapping generations
and constant population size where the genes of the next generation are
selected by simple binomial random sampling.

Consider a diploid population of NV individuals and two neutral genes a and A
at a given locus. If there are X genes of type A in the population we say that
the gene frequency of Ais P = X/(2N) since there are 2N genes altogether at
this locus. Now, let the next generation be formed by randomly selecting 2N
genes to form N individuals from an infinitely large gene pool with a fraction
P of genes of type A which means that each individual has contributed
equally to the gene pool. The number of genes A in the next generation, say
X + AX is then binomially distributed with parameters (2N, P) so that
X_QF]\%X“D:p) _ p(lsz)‘

This model is now used as a yardstick for comparison with other more com-

var(AP|P = p) = var(

plex models. Quite generally, the variance of AP over a time span of one
generation will be proportional to p(1 — p), say
p(1 —p)
2N,
which is then the definition of the effective population size N,. Notice that

var(AP|P =p) = cp(l —p) =

N, determines the drift (the variance in AP) for any neutral gene regardless
its gene frequency.

To determine the effective population size of populations is therefore ex-
tremely important in analyzing changes in gene frequency, reduction of het-
erozygosity and extinction of genes, all being important components of con-
servation biology. Quite often N, may be much smaller than the population
size N, which means that the drift will be much larger than the drift in the
yardstick model for equal population sizes. We shall now look at some simple
examples showing how different properties of vital rates in populations affect

the genetic drift.
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5.3.3 Haploid model with age-structure

We consider first a haploid organism with two neutral genes a and A. In a
haploid model individuals has only one gene at a given locus and transmit this
gene to their offspring. The reference genetic drift is accordingly p(1 — p)/n.
Since individuals now just produce copies of themselves the two genotypes
can be considered as two separate populations, X and Y individuals of type A
and a rerspectively. If there is no density-regulation these populations do not
interact, although they are dependent through the fact that they are in the
same environment so that the infinitesimal covariance is o2zy. We have seen
that even a complex age-structured model may be accurately approximated
by a diffusion when there is no density regulation. This diffusion process will
be exactly the two-dimensional process we have considered earlier in this
chapter. Hence, we see immediately that the genetic drift during one year is

determined by
var(AP|P =p,N =n) = Uﬁp(l —p)/n.

The variance of AP during one generation T is then approximately o27p(1 —
p)/n = p(1 — p)/N. so that the effective population size for a population of

size N is simply

N

N, = == .
2T

Although this result may seem very simple, notice that o2 and the generation
time 71" are more complex functions of the properties of the vital rates in the
age-structured model (see chapter 4).

This simple result is interesting in two ways. First, we see that the en-
vironmental stochasticty has absolutely no effect on the genetic drift for a
given population size. Over longer time intervals, however, the drift is af-
fected by the environmental stochasticity through its effect on the process
N. Secondly, we see that the drift during one year is determined by the

demographic variance alone. So this is an important example of how the two
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forms of stochasticity, environmental and demographic, have quite different

effects on populations and must be considered separately.

5.3.4 Diploid two-sex model with overlapping genera-

tions

When analyzing more complex models we shall do the calculations assuming
that the gene A is rare so that P is small and P(1—P) ~ P. The advantage of
this approach is that an individual with this rare gene always (approximately)
is a heterozygote that mate with individuals that do not have this gene, a
fact that simplifies the analysis a lot. It is easy to show that the effective
population size derived from a small gene frequency actually is valid for any
gene frequency (exercise 20). We consider a two-sex model using m and f as
subscripts referring to males and females respectively.
We now assume that all individuals of the same sex has the same properties
writing by and b, for the mean number of offspring of a single female and male
that survive to enter the adult population, s; and s,, for the adult survival
rates, and ¢ for the probability that a newborn individual is a female. So,
this is a population with individuals of different ages, but since all individuals
of the same sex has the same properties we just call this a population with
overlapping generations rather than an age-structured population.
Let Z; = (X;,Y:)" be the number of adult females and males respectively in
the subpopulation with the rare gene, where ' denotes matrix transposition
as before. Then, if there is no density regulation the expected dynamics are
given by
EZ,., = MEZ,
where the projection matrix is (exercise 16)
_ %qb r+ Sy %qu
S = )by 51— )b + s
The factors % occurs due to the fact that a mother or father with the given
gene transmit the gene to their offspring with probability % because the gene
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is rare and all individuals bearing it therefore are heterozygotes that mate
with an individual not bearing the gene.

Let Z = X + Y be the number of individuals of type (aA), both sexes
included, and write W = 2N — Z for the number of homozygotes with
genotype (aa). The gene frequency if A is P = Z/(Z + W). As before,
a common environment acting on the processes Z and W will have no ef-
fect on the process P for a given N, and neutrality ensures also here that
pp(p,n) = 0. Using the previously derived result (with slightly different

symbols) EdP? = ﬁ[(l — P)dZ — PdW]? and remembering that p ~ 0 we
find

vp(p,n) = oz,p/(2N)

where Uﬁg is the demographic variance of the process Z, which is affected
by individual variation in survival and reproduction as well as the binomial
sampling of genes from parents to offspring. So, for a small value of p we see
that

N

2
Oagl’

N, ~

which must hold in general since the effective population size is independent
of gene frequency. So, the effective population size is determined as soon
as we know the demographic variance 0’39 of the process Z and the mean
generation time.

The first step is to analyse the expected dynamics determined by the matrix
M. Let u = (u1,uz)? and v = (vi, v2) denote the left and right eigenvectors
of M associated with the dominant eigenvalue A defined by Mu = Au and
vM = A\v. If uisscaled so that the u;+us = 1, it is the stable sex distribution
corresponding to the deterministic model. Since the males and females must
have the same expected reproduction (each individual is produced by one
male and one female), we have u;by = usb,, giving uy = b,,/(by + by,) and
uy = by/(by + by). From the equation Mu = Au we find (exercise 17)
that the dominant eigenvalue X is gbs + sy as well as (1 — ¢)b,, + s,,. This
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relates the mean birth rates for males and females through the relation b,, =
(gbg+sy—sm)/(1—q). The right eigenvector v, scaled so that the sum of its
components is one, turns out to be (1 — ¢, q) (exercise 18). The sensitivities
of this model are ON/OM;; = v;u;/(vua).

In order to find the demographic variance we must consider the stochastic dy-
namics as we did in chapter 4. Writing G for the stochastic matrix operating
a given year so that Z;,; = GZ;, one can show that the expectation of G is M
and that the non-zero variances and covariances cov(Gj, Gy) of its elements
can be expressed by some constants a;;; defined by a;; 1 = Xicov(Gi1, Gj1)

and a;o jo = Yicov(Giz, Gj2). These coefficients are

1 1
a1 = beq(Z —q)+ ZQQU,% +s7(1—s5) +qcy

1 1
21,21 = be(l —q)(1+q)+ 1(1 - Q)QUJQC

1 1 1
a11,21 = G21,11 = —beQ(l —q)+ 1@1(1 - Q)U]zf + 5(1 —q)cy

1 1
a12,12 = meQ(Q —q) + quafn

1 1
92,22 = me(l —q)(1+4q) + 1(1 —@)%0%, 4 sm(1 = sw) + (1 = @)cm

1 1 1
@122 = a2210 = = 70ma(1 = ¢) + 2a(1 = @), + Sgcm

where afc is the variance of the number of offspring produced by females, ¢y
is the covariance between a female’s number of offspring and the indicator of
her survival, and similar for males.

We show how to derive the first of these coefficient and leave the others as
an exercise (exercise 19). In order to find cov(G11, G11) = var(Gyy) we first
consider a single female of type (a, A) producing By offspring surviving to
the next sensus and having survival indicator /; which is one if she survives
herself and otherwise zero. First conditioning on (By, I;) her By offspring
fall independently into three different categories. They have genotype (A, A)
with probability one half since she mate with a male of type (A, A), and
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they are female of type (a, A) with probability ¢/2 and males of type (a, A)
with probability (1 —gq)/2. Writing W for her contribution of females of type

(a, A), we consequently have
1
E(WIBy, Iy) = 5aBs + I

and

1 1 1
var(W|By, Ir) = Bf§Q(1 - 561) = BfZQ(Q —q).

Using the general formulas for the unconditional mean and variance of a

stochastic variable we then find
1
EW = EE(W|By, If) = §Qbf + sy
and

1 1
var(W) = Evar(W|By, I1)+varE(W|By, 1) = 1q20-J20+8f(1—Sf>+q0f+1bfq(2—q).

The element G, is the mean value of X such independent contributions W
so that var(Gqy) = X;lvar(W) leading to the above expression for aj; 13.
Using the approximation for the demographic variance derived in chapter 4

we find that the demographic variance of the process Z is approximately

e L OX OX )
R S R ) DTV RCE)

ik

where all three indices ijk run over 1 and 2. The mean generation time for
this model is T' = (T +T,,,) /2 = [N (A —s5) + A/ (A= 50)]/2 = Nby+ \/by.
Although these results may seem complicated, it is straightforward to write a
simple computer program that can be used to investigate how each parameter
determining the dynamics of Z also affects the effective population size and
hence the genetic drift of this population.

The same kind of analysis can be performed on a general age-structured

model although more algebra is required to find the results.
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5.4 Exercises

1. Find the optimal harvesting tactic for then discrete deterministic theta-
logistic model AN = r N[1 — (N? — 1)/(K? — 1], and investigate how the
type of density-regulation (defined by ) affects the solution.

2. Consider a population with constant environmental and demographic
variance which is far below its carrying capacity so that po(n) = 7n. Find
the lower population size n* that gives a positive stochastic growth rate
when this population is harvested at a constant rate y. Make a graph of n*
as function of the harvest y when 02 =1, 02 = 0.01 and 7 = 0.02.

3. For the logistic deterministic model AN = rN(1 — N/K) show that the
maximum harvest Y = rK/4 is obtained for harvesting rate r/2 (that is,
harvesting reduces the growth rate AN by Nr/2).

4. Solve the deterministic problem in exercise 3 for the Gompertz model
AN =r N(1—-InN/InK).

5. Show that the maximum mean harvest in the diffusion approximation for
the Gompertz model with no demographic stochasticity and environmental
variance 02 is EYpp = K177/ el /In K.

6. Show that the Green function for threshold harvesting with threshold ¢
equals the Green function for the process with no harvesting for n < ¢ and
zero for n > c.

7. Let the estimate of the population size be of the form nZ, there Z is
normally distributed with mean 1 and variance ¢2?. Find the mean and
variance of the yield for proportional threshold harvesting expressed by the
standard normal integral (cumulative standard normal distribution).

8. Solve the problem in exercise 7 when var(Z) = ¢%/n so that the variance
of N is proportional to n.

9. Solve the problem in exercise 7 when var(Z) = o?h(n).

10. Write f(z;u,0?) for the normal density with mean p and variance o2.

Show that d1ln f/0z|,—o = p/o? and 9?In f/02*> = —1/0>. Use these results
to find the mean and variance of v and 3 in the Bayesian approach to the

linear normal model when conditioned on the observations and the other
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parameters.

11. In the same example find the parameters of the gamma distribution of
72 when conditioned on the observation and the other parameters.

12. Using the infinitesimal moments of the two-dimensional diffusion (X,Y)
defined in the text show that N = X+Y has infinitesimal mean py(n,p) = rn
and infinitesimal variance vy(n, p) = o3n + o2n?.

13. For the model used in exercise 12, use the expression for dP given in the
text to show that P has zero infinitesimal mean.

14. For the model used in exercise 12, use the expression for dP? given in the
text to show that the infinitesimal variance of P is v,(n,p) = o3p(1 — p)/n.
15. For the model used in exercise 12, use the expression for dP given in the
text to show that the infinitesimal covariance for the process (N, P) is zero.
16. Write out the details showing that the two-sex diploid model with over-
lapping generations has the projection matrix M for the expected dynamics
given in the text.

17. Show that the dominant eigenvalue of M is A = ¢bs+s5 = (1 —¢) by + S
18. Show that the scaled right eigenvector v of M, scaled so that the sum of
its components is one, is (1 — ¢, q).

19. Derive all expectations, variances and covariances of the elements of the
stochastic matrix G given by the coefficients a;;; defined in the text.

20. Let the neutral genes at a given locus be theoretically subdivided into a
large number m of differently labelled alleles Ay, As, ..., A,, with the same
frequency P; = 1/m,i = 1,2...m. Define a new allele B consisting of k of
the Als which then have frequency @@ = k/m. We have shown in the text
that var(AP;) ~ Pioj,/(2N). Use the fact that var(¥7, AP;) = 0 (why
is it so?) to find cov(AP;, AP;) and finally use this result to show that
var(AQ) = 03,Q(1 — Q)/(2N).



Chapter 6

Spatial models

6.1 Introduction

Until now we have have considered individuals to be members of a popula-
tion without considering their actual position. Such models can be realistic
in many cases when individuals are located within a well defined area, for ex-
ample an island or some other suitable habitat that is small enough for each
individual to have the same relation to any other individual of that popula-
tion. However, we have also assumed that the populations are closed, that is,
there is no interaction with other populations through migration. Although
some populations may be rather isolated, this is generally a very strong and
often unrealistic assumption, and in many cases completely wrong. Many
quite different species, for example fish and insects, migrate a lot, and may
not have a well defined home range. Modeling such populations is a difficult
task for several reasons. Rather than dealing with a single number of indi-
viduals, we will need to keep track of the individuals’ position in space at
different times. Even in the simplest case of some few interacting populations,
this is mathematically a big step away from the simple one-dimensional single
population model. The challenge of obtaining relevant statistical information
about populations spread out in space is also enormous. Mark recapture ex-

periments is an important component of this research, enabling observations

177
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of the same individual at different times giving partial information about its
migration.

One question of great interest is the synchrony in population fluctuations.
Often one find that population density at rather close distances are spa-
tially correlated, that is, if one density is high at a given point of time, the
other density is also expected to be large. This synchrony usually decreases
with increasing distance, but synchrony in population fluctuations can also
be observed over very large distances. For insects, the synchrony usually
disappears already at rather small distances such as some few kilometers,
while fish in the ocean may show population synchrony even at thousands of
kilometers. Population synchrony can be generated in many different ways.
The simplest explanation is that the habitat quality for a species may be
distributed with some patchiness in space and that population densities ac-
cordingly are distributed spatially according to quality. But there are also
many other possible explanations. The stochastic noise acting at two loca-
tions may be positively correlated due to spatial correlation in the physical
and biological environments collected in what we consider as noise in the
models. Further, migration between locations, especially between locations
at close distances, must have some impact on the synchrony.

We have seen that most populations are density-regulated. This phenomena
is also more complex when it comes to spatially distributed populations as
the competition between two individuals must be related to their physical
distance. We shall also see that density-regulation also affects population
synchrony. If the density-regulation is small, migration may have a large ef-
fect on population synchrony even at distances much larger than typical mi-
gration distances, while strong local density-regulation seems to break down
the spatial correlations in density.

In 1953, the statistician Moran published a paper explaining that spatial
correlation in noise alone could synchonize populations. Actually, if two
local populations can be described as simple linear time series with the equal

parameters determining the density-regulation, then the correlation between
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the densities (or log densities) will be exactly the same as the correlation
between the noise terms. We have seen that such models often can be a
realistic description if we work on the log scale and the population size is large
enough to ignore demographic stochasticity (see chapter II, theta-logistic
model with # = 0, and exercise 5). The Moran effect may be considered
as a kind of null model in spatial population ecology as much attention has
been given to estimation and explanation of deviations from the correlations
explained by Moran.

Spatial analysis of ecological data was initiated by investigations of statisti-
cal patterns in individual counts, such as recordings of number of individuals
in quadrates. Most well known are the so-called Taylor’s scaling laws, ex-
pressing that the relation between the mean and variance in counts are linear
on the log scale. Empirically this has been shown to be a good approxima-
tion for different ways of changing the mean, such as considering repeated
counts through time (years) or studying the effect of increasing sampling
size (quadrate size). The law has also been shown to hold approximately for
between species comparisons for different taxonomic groups of species. How-
ever, theoretical models indicate that these laws are mainly rather rough
approximations to the true relationships which has slopes that may vary
with the mean, but usually stays between 1 and 2 in a double logarithmic
plot.

In chapter III we have studied extinctions and quasi-extinctions of single
populations. The concept of extinction, however, is also more complicated
for populations spread over large areas. It will now be more appropriate
to analyze the probability of local extinction or quasi-extinction since sub-
populations that apparently have gone extinct may be recolonized through
migration provided that the total population spread out in space has not

gone extinct.
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6.2 The meta-population approach

Many populations may naturally be considered as a set of discrete sub-
populations. These local populations may be dealt with as we until now have
dealt with single populations. However, there are two important things that
may connect the dynamics of the populations. Usually, populations are not
completely isolated and there may be some migration of individuals between
them. Secondly, the stochastic terms in the model for each sub-population
may not be independent. Populations located nearby to each other are likely
to have highly correlated noise since the physical and biological stochastic
effects that act on them are likely to be similar. These two effects make
the mathematical analysis of such a system, called a meta-population, rather
intractable.

However, the meta-population approach has the great advantage that it is
conceptually simple, and can easily be studied by extensive stochastic sim-
ulations. Although this is a very useful approach with many advantages, it
has the general disadvantage of simulation models that it may be hard to
find generally valid conclusions due to the large number of parameters that
can possibly be varied in such simulations. Nevertheless, simulation studies
of properties of meta-population models has been proved to be a very useful
tool in the exploration of spatial population dynamics.

Here we shall only analyze the stochastic version of the classical meta-
population model that makes some simplifying assumptions. We have seen in
chapter 3.11.2 that the time to extinction of a population fluctuating around
an equilibrium often can be approximated by the exponential distribution,
which is equivalent to assuming the the probability that the population will
go extinct during the next small time interval At is constant equal to, say
eAt. We assume that the extinction rate e is the same for all colonized
sub-populations, or islands. Further, we make the (strong) assumption that
extinctions at different locations are independent events. This would be
correct if the noise terms were independent and there was no connections

through migration.
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Provided that all other islands are empty we assume that a colonized island
colonizes one of the others the next small time interval At with constant prob-
ability cAt. If the meta-population then consists of n population altogether
and x of these are colonized at time t, the probability that a colonization
occur is then cx(1 — z/n)At. This is because there are x islands that may
colonize the others, but only a fraction (1 —z/n) of islands that actually can
be colonized. Accordingly a transition from x to  + 1 in the next infinitesi-
mal interval dt occurs with probability a,dt = cx(1 —x/n)dt, from x to z —1
with probability §,dt = exdt while the number of colonized islands remains
unchanged with probability 1—[a,+(;|dt. Writing X, for the stochastic num-
ber of occupied islands at time ¢ we see that X; is a birth- and death-process
with the above transition probabilities. Writing p;(x) = P(X; = z|Xo = 20)

we have accordingly

Prrar() = pe(@)[1 — (g + Be)dt] + pi(z + 1) Boadt + pi(x — 1)a, 1 dt.

Replacing dt by small discrete steps At this equation can be used to calculate
pie(z) recursively. In particular it is interesting to find the probability p.(0)
that the meta-population has gone extinct within time ¢.

Let S, denote the expected first passage time from state x to x — 1. The
expected time the process stays in state x before leaving x for the first time is
1/(cz + B2). When a transition occurs, the next state is x4+ 1 and = — 1 with
probability o, /(a,+ 5,) and B, /(o + Bz ), respectively, giving the recurrence

relation

B,

1 Qe

S, = +

0

(Sps1+52) +

which, after solving for S, gives

1 Q
Sy =—+ =S,
B, B

All S, can then be calculated subsequently, downwards from n to 1, with

initial condition S,, = 1/f3,. Finally, the expected time to extinction of the
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meta-population with initial state x¢ is T = Y32, S,. If the expected time to
extinction is large, it will be approximately independent of zy and the time
to extinction will be approximately exponentially distributed with parameter
1/T in accordance with our derivation in 3.11.1. Hence, the probability that
the whole meta-population goes extinct before time ¢ when it initially is at
an intermediate state is approximately exp(—t/T").

Even if extinction is certain for this model for a finite n the process may
fluctuate a long time before extinction occur and hence be what we have
called a quasi-stationary process. As the expected change in X; is negative
when X; > 2* = (1 — e/c)n and positive if X; < z*, the process will tend to
fluctuate around x* provided that e < ¢, that is, the local extinction rate is
smaller than the colonization rate. If e > c there is no such quasi-stationary
equilibrium point.

We can investigate this in more detail by using the discrete analog of the
Green function G(z,x¢). Now we let this express the expected time the
process spends in state x before it goes extinct when it initially at time
t = 0 is in state xg. The expected time spent in = during time interval
(t,t+ dt) is py(x, xo)dt, so due to the fact that expectations are additive we
must have the relation G(z,x¢) = [;° pi(z,z0)dt. Hence, when solving the
equation for py(x, o) numerically, we may in the same calculations add the
contributions p;(x, x9)At to find G(z, zo). The quasi-stationary distribution
is then p(x, xo) = G(z,x0)/T (x0). Examples are shown in Fig.6.1.

Fig.6.2 shows a simulation of a process from time ¢ = 1000 until it goes

extinct at ¢ ~ 1650 years.

6.3 The Moran effect

6.3.1 Correlated time series

We have seen in chapter II that the theta-logistic model with # = 0 (Gom-

pertz type of density regulation) leads to linear models on the log scale. Fur-
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Figure 6.1: The quasi-stationary distribution of number of occupied islands
for parameter values ¢ = 0.06 and e = 0.04 for three different values of meta-
population size n. The time to extinction is approximately 3900 for n = 20,
26000 for n = 50 and 600000 for n = 100. The corresponding values for n*
are 6.7, 16.7 and 33.3.
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Figure 6.2: Simulation of a meta-population from time ¢ = 1000 until it goes
extinct at about 1650 years. Parameters are ¢ = 0.06, e = 0.04, and n = 20.

The dotted line shows the quasi-stationary equilibrium point x* ~ 6.7.
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ther, if the populations are large, the demographic variance can be ignored,
and the noise term on the log scale will then have approximately constant
variance which actually is the environmental variance o?. Writing X = In N

for the log population size we then have

X =1+ BXy + &

where var(g;) = 02, is the environmental variance and the carrying capacity
on the log scale is k1 = ay1/(1 — 3). Alternatively, we can write the model as
AX = a; —yX + ¢, where v = 1 — (3 is the strength of density-regulation
according to the definition made in chapter II. This is a stationary time se-
ries when |3] < 1. If the noise term is normally distributed and there are
no temporal autocorrelations in the noise, the stationary distribution is the
normal distribution with mean k; and variance o2 /(1 — 3%) = 02, /(27 —~?).
Notice that if v is much smaller than one, then the stationary distribution has
variance approximately o2 /(2v) which is the same as for the analogue con-
tinuous model (see 3.8.4). Now, X;,1 can be written as a linear combination

of previous noise terms (exercise 3)

Xiy1 = k1 + Z Bt

u=0

Let the fluctuations at another location be given by the same model, possibly
with a different log carrying capacity ks, but with the same strength of

density-regulation, and noise terms §; with variance o2, giving

Yipn=ko + Z B0ty

u=0

From these assumptions it follows (exercise 4) that if corr(es, d;) = p then
the stationary correlation between the log population sizes corr(X;,1, Yi11)
also equals p. This is what is known as the Moran effect.

The same result also holds for higher order autoregressive models because
the state for such models can be written as linear combinations of the noise

terms. Hence, provided that the autoregressive coefficients are the same at
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the two locations, the correlation between the log population sizes will equal
the spatial correlation of the noise terms. As this holds for two populations,
it also holds for each correlation between a set of sub-populations as long as

there is no migration between them.

6.3.2 Correlation in linear models in continuous time

The Ornstein Uhlenbeck process

In 3.7 we used the Ornstein-Uhlenbeck process as an approximation to the
dynamics of log population size X; = In N;. The complete solution for this
process was given in 3.8.4. Now consider two islands with log population
size X; and Y}, and dynamics given by the diffusions with means oy — xf3
and ay — yB and variances o7 and o3, respectively. Then, Xy, 4 = X; +
(an — X;) + 01dBy(t) and similarly for Y;, 4. Writing C' for the stationary
covariance between X; and Y;, which can be put equal to cov(Xyias, Yivar),

we obtain
C = (1 — Bdt)*C + c109p.dt

where p. = E[dB;(t)dBsy(t)]/dt is the environmental correlation. Omitting
second order terms in the limit we then find C' = oy09p./(28). Using the
fact that var(X;) = 07/(28) and var(Y;) = 03/(283) we see that the Moran
effect also holds for this model as corr(X;,Y;) = p2.

The corresponding models for the population sizes N, and N, are non-linear,
with the Gompertz type of density-regulation. Using well known properties
of the bivariate normal distribution for (X, Y;) wee find (exercise 5) that

60102pe _ 1

Vet = 1)(et - 1)

The absolute value of this correlation is always smaller than the absolute

corr(N,, Ny) =

value of the environmental correlation p. (exercise 6). However, we see from
Fig.6.3 that the correlation between population sizes stay very close to the
correlation between the log of population sizes, which is the environmental

correlation, even if the environmental variances are very large (o109 = 1).
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Figure 6.3: The correlation between population sizes corr(N,, N,) plotted
as function of o109 when o = 20;. The values for o090 = 0 is exactly the

environmental correlation p,.
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6.3.3 Correlation in non-linear models in continuous
time

Correlation and measurement scale

We have seen in the previous section that the correlation depends on the
scale at which we measure 'population size’. The non-linear Gomperz type
of model could be linearized by the log transformation, X = In N, leading
to the linear Ornstein-Uhlenbeck process for which the Moran effect holds.
However, for the non-linear process describing the fluctuations in the popu-
lation size N, a positive correlation in the noise will lead to a positive but
smaller correlation between the population sizes. So, as the Moran effect
seems to dependent on our choice of measurement scale, the above example
indicates that we should look for the Moran effect using a measurement scale
that makes the process as close to linear as possible. Other measurement
scales are then likely to give smaller correlations. We could even say, as a
definition, that the Moran effect holds for N in the Gompertz type of model
because the correlation between population sizes on a suitable scale (here the

log scale) equals the environmental correlation.

Linearizing the theta-logistic model

We now consider the diffusion with infinitesimal mean rn[1—(n?—1)/(K?—1)]
and and (environmental) variance o2, that is, the theta-logistic model with
population size large enough for the demographic variance to be ignored so
that o2 is the environmental variance. For this model of population fluctua-

tions we now introduce the transformation

1- N

X =g(N) 7

and use the limiting form X = In N for § = 0. Hence, for § = 0 this is exactly
the Gomperz model and the transformation leads to the linear OU-process
for X in that case. Using the transformation formulas for diffusions dealt

with in chapter 3.5, we find (exercise 7 ) that the infinitesimal mean and
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variance for X can be written as pu(r) = a — bz and v(z) = (1 — 0x)%0?,
where a =7 — (0 +1)0%/2 and b = r/g(K) — 0(0 + 1)0? /2.

In order to find the stationary correlation between two populations described
by this model we first need to write the models as stochastic differential
equations (see 3.14). However, the simple example we dealt with in 3.14 used
a constant infinitesimal variance so that the two different ways of writing
up the stochastic differential equation from the diffusion were equivalent.
Here we use the approach corresponding to so-called Stratonovich integration,
an approach that ensures that the diffusions and the stochastic differential
equations are both stationary for the same set of parameters. The general

form of the equation is then
1
AX, = [u(X0) — o/ (X)Jd + o (X)dB(t)

where B(t) is a standard Brownian motion as before. This stochastic differ-
ential equation for the transformed theta-logistic model then takes the form

(exercise 8)
dX, = (o — BX,) + (1 — 0X,)odB(t),

where a = r — 0%/2 and 8 = r/g(K) — 6o?/2. This linearized theta-logistic
model can now be used to study deviations from the Moran effect.
Correlations in the linearized model

Now consider two island which both can be described by the above theta-
logistic model, with parameters and variables indexed 1 and 2, and with
environmental correlation p. defined by E[dB;(t)dBy(t)] = pedt. The solution
is found by requiring that the covariance at stationarity c;o = cov(Xy, Xs) =
cov(X7 +dXy, Xy +dX3). Writing out these covariances and omitting terms
of order (dt)?, we find, utilizing that dB; and dB, are independent of X; and
X5, that

COV(Xl + Xm,XQ + dXQ) = [1 — (51 + BQ)dt]COV(Xl,Xz) +w (61)

where
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W = O'lO'QCOV[(l — Xlel)dBl, (1 — X292)dBQ] (62)
Collecting all terms in w we find (exercise 9)
w = alagE(l — X191)(1 — Xgeg)pedt
or

w = 0102p[1 — o101 /1 — b2/ o + 1010205/ (B152) + 0102¢12]dt.

Finally we require, assuming that both processes are stationary, that cov(Xy, Xs) =
cov(X7 4+ dXy, Xy + dXs). Solving this equation for ¢j5 then gives (exercise
10)

_ peU102[1 - 06161/51][1 - 04292/52}
B1 4 B2 — pec102610,

C12

From this we find the corresponding correlation corr(Xy, X3) = p, = \/%

using the fact that corr(X;, X;) = corr(Xs, X3) = 1, which turns out to be

(exercise 11)

V(281 — 620%) (28, — 6303)

- = X ,X - €
p COI"I"( 1 2) P Bl + 52 — p6010'29192

(6.3)

Some special cases
Is is often realistic to assume that the local dynamics is the same at two

locations, in which case we can omit the parameter indices. Writing § =

6?02 /(283) we then find
1-9¢

1—10pe

The population correlation p, is shown as function of the environmental

oy = e (6.4)

correlation in Fig.6.4. Since 6 is proportional to 62 and 6 expresses the degree
of non-linearity, we can immediately see from the graph that non-linearity
in the dynamics tends to reduce the synchrony in population fluctuations.

This effect increases with the environmental variance o2 and mean return to
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Figure 6.4: The population correlation p, as function of the noise correlation
pe for different values of § = 026%/(2/3) when the population parameters are

constant in space.
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equilibrium 1/8. If § = 0 giving 6 = 0 we have the linear model on the log
scale, and in accordance with what we have already seen, the Moran effect
Pz = pe then applies.

In order to illustrate the effect of different dynamics at the two locations
we consider the log-linear model, that is, chose # = 0. The, inserting
s = p1/(B1 + P2) in the general formula we find p, = pey/4s(1 — s). Since
4s(1 — s) has maximum 1 for s = 1/2 corresponding to ; = [ we see that
any kind of differences in the strength of density-regulation (or return time
to equilibrium) also tends to make the synchrony in population fluctuations

smaller.

6.4 Continuous spatio-temporal models

Although the meta-population approach of considering separate populations
in space is realistic for many organisms, others may be spread over large
areas in a way that makes it impossible to define distinct sub-populations.
In order to describe such populations it is required that we make a distinc-
tion between population density, the mean number of individuals per unit
area, and the process determining the actual positioning of each individual.
The density can often be considered as a continuous function in space and
described mathematically as a stochastic field in space and time when the
dynamics are stochastic. The location of the individuals, however, are more
realistically described by a point process. These two processes may often
have different spatial scales as well as time scales. The point processes deter-
mined by individuals clumping in groups or by competition between single
individuals typically acts over small distances where densities can be con-
sidered as practically constant. Larger distances are required to really see
significant changes in population density. And for the temporal aspects, the
movement of individuals during short time intervals such as days or weeks

may be described by considering the spatial density function as given. The
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density function, on the other hand, changes on a slower time scale, often the
scale of years, as it is yearly reproduction, death, annual migration and envi-
ronmental noise in these variables that determine its variation in space and
time. We now first give some definitions and results for continuous density
functions. Then, in 6.5 we add a point process to see how counts are likely

to vary all the way from very small to very large sampling units or areas.

6.4.1 Population density function and spatial autocor-

relation

Writing z = (21, 29) for points in the plane we define the spatial density
function at a given time, A(z), by the expected number of individuals in
an area A being [, A(z)dz. For a small area dz at location z the expected
number of individuals is then A(z)dz. If two individuals cannot be at the
same position, then A(z)dz also expresses the probability of finding an indi-
vidual at dz. It is often convenient to work with density functions defined
over the whole two-dimensional Euklidian space. Then, choosing two points
at random at prescribed distance h gives two densities, A(z) and A(z + h).
If A is a stationary process in space, then the bivariate distribution of these
two recordings of A at distance h is a function of h only. Then as we define
temporal autocovariance functions for stochastic processes in time we define
the spatial autocovariance function ¢(h) = cov[A(z), A(z + h)], where z is
interpreted as a point chosen randomly in the field. The corresponding au-
tocorrelation function is then p(h) = corr[A(z), A(z + h)] = ¢(h)/c(0), where

¢(0) = o2 is the variance of A at for random points in space.

6.4.2 Measures of spatial scale

As we have mentioned earlier, different kinds of populations may show syn-
chrony in population fluctuations over very different distances, so it may be
convenient to define parameters defining this scale. Some populations, like

fish in the ocean, may show highly correlated fluctuations over hundreds of
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kilometers, while fluctuations in butterfly populations may be almost inde-
pendent for distances as small as a few kilometers.

Parameters of spatial scale, are properties of the spatial autocorrelation func-
tion. It is tempting to choose the scale as the distance at which the correla-
tion has reached zero. However, such a distance is hard to find as the spatial
correlation may approach zero but actually not reach that value. And if the
function reach zero, that distance may be very hard to estimate accurately
from data. It is therefore more convenient to define the scale as the distance
where the correlation has reached some given value smaller than one. The

1~ (.37 has been used a lot. Notice that if the correlation func-

value e~
tion is not isotropic, that is, p(h) is not a function of the Euklidian distance
r = \/h?+ h3, then the scale varies with direction. For isotropic models,
however, it is a single parameter.

Another measure which is mathematically convenient, is to consider the cor-
relation as function of distance along a line transect, normalize this function
so that it integrates to one, and use the standard deviation of that distribu-
tion as the scale along the line transect. For the isotropic correlation function

of the Gaussian form

p(h) _ e—(h%+h§)/(2l%)

the parameter [, is exactly this scale in any direction. The measurement

defined as the distance where p is e~!, however, is lp\/i.

6.4.3 Gaussian and log-Gaussian density fields

We now consider a linear model (absolute or log scale) defined at each point

z in space
dXi(z) = [(a — BXi(2)]dt + 0dB(t, z).

Then, we have seen in chapter 3 that the stationary distribution at location

z is normal with mean p = «/8 and variance 0 = 02/(23). We have also
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seen in 3.14 that the solution is linear in dB(t,z). This implies that the
stationary distribution for any vector of X-values at some points in space
possess a multivariate normal distribution. Further, in 6.3.2 we saw that the
correlations are the same as the correlations between the noise terms, that is,
the Moran effect holds for this model. The resulting spatial function X,(z)
when stationarity is reached, is, at a given time, a Gaussian spatial field
with mean value u and spatial autocovariance function o?p(h), where p(h) is
the correlation in the noise terms as function of distance between locations.
Mathematically, this is defined by the relation EdB.(t,2)dB.(t,z + h) =
pe(h)dt. If X is log density, then the field of population densities A(z) = eX(*)
is a log-Gaussian spatial field. As we have seen before, the Moran effect holds
for X but not for A. Below we show how such fields can be constructed
mathematically and simulated.

Construction and simulation of Gaussian and log-Gaussian density fields

A Gaussian field of population densities is a field constructed so that the
densities at any finite set of locations has a multivariate normal distribution.
Such fields can be constructed by defining analogies to Brownian motions
and "white noise’ in space. This can be done by first dividing the plane into
square cells by a grid with sides Az; = Az; and area Az = Az Azy. Let
AB(z) be independent normal variates defined at each cell center z with
EAB(z) = 0 and var[AB(z)] = Az. Then, summing the variables over an
area A which is a set of cells is then normal with zero mean and variance A.
The variables W(z) = AB(z)/Az are correspondingly independent normal
variates with zero mean and variance 1/Az. The above sum over the area A

can then be written as
B(A) =Y _AB(z) => W(z)Az.
A A

When passing to the limit as the side length of the squares approach zero we
write accordingly dz, dB(z), and W(z) = dB(z)/dz. The sum of the dB(z)

over A then approaches the integral

mmzéw@zéwwm
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which is normally distributed with zero mean and variance A. The process
W (z), which is constructed exactly as we have previously constructed 'white
noise’ on the time scale, is a 'white noise’ process in space, while B(A) is a
Brownian motion. If we in some way extend the area and plot B(A) against
A the graph will be exactly the one-dimensional Brownian motion as we have
previously defined it as a process in time, only that time has been replaced by
area. Notice that the variance of W (z) is 1/dz and hence approach infinity
in the limit as for 'white noise’ on the temporal scale.

We can now define a Gaussian field A(z) as

M) =t [ g(z = wdBw) = p+ [ g(z = )W (w)du

where the integral runs over the entire plane. As the variance of A(z) equals
0% = [g(z —u)*du = [ g(u)?’du we must require that this integral is finite.
Since A(z) is linear in normal variates it is normally distributed with mean
p and variance o2,

Starting with the grid of squares and passing to the limit we see that the

autocovariance function c(h) = cov[A(2), A(z + h)] is

c(h) = COV[/g(z—u)dB(u),/g(z—i—h—u)dB(u)] = /g(z—u)g(z—{—h—u)du.

Changing variable from u to v = z — u + h we get

e(h) = [ g(v—n)g(v)dv.

Notice that this covariance is the convolution of g(v) with g(—v).

As an example let g have the Gaussian form

Q(U) = @¢(Ul/b)¢(v2/b)

where ¢ is the standard normal density function. Then (exercise 12) we
find that c(h) = a*¢(h1/l,)¢(ha/l,) where I, = by/2. The variance of this

stochastic field is 0* = ¢(0) = a*/(271?). Hence, we obtain a stochastic field

2

A(z) with variance o? and autocorrelation of the Gaussian form with scale



6.4. CONTINUOUS SPATIO-TEMPORAL MODELS 197

l,, that is, proportional to a Gaussian distribution with standard error [,, by
choosing a = ,/27?021[2) and b=1,/ V2. The function g now takes the form

g(v) = \/2m022[v1/(1,/V2)|$[v2/ 1,/ V2)].

The problem of finding a function g that leads to a prescribed Gaussian field
is most conveniently solved using Fourier transforms. Here we only consider
the above case of spatial covariance function with Gaussian form.

The Gaussian field can be simulated using discrete square cells Az and the
relation A(z) =~ u+ 3 g(z — u)AB(u), where AB(u) are independent normal
variables with zero mean and variance Az. The most efficient approach,
requiring no storing of the AB(u), is to simulate the contribution from a cell
at position u to the whole field, and successively add the contributions from
all cells. That is, for each u we first simulate AB(u), then add its contribution
g(z —u)AB(u) to all cells z in the area A we want a picture of. The u-cells
must cover an area which is so large that contributions from outside give
no significant contributions to cells in A. If g(z) is approximately zero for
distances larger than, say [y, then we can use the contributions from all «
at distance smaller than [y from A. Finally the mean p must be added to
each cell. Examples of a simulated Gaussian field is shown in Fig.6.5, while
Fig.6.6 shows the corresponding log-Gaussian field with lognormal stationary

distribution.

6.4.4 Effect of permanent heterogeneity in the envi-

ronment

A major reason why population density varies in space is permanent spatial

heterogeneity in habitat quality. A general linear dynamic model for this is
dX(2) = [a(z) — B(2) X (2)]dt + o(2)dB(t, 2).

Since this is a linear model we can use results for the theta-logistic model with

0 = 0. Then, considering two locations z; and 2z we see that the stationary
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distribution for the two densities are binormal (due to the linearity) with
mean values p(z) = «(z)/B(z) and variances o(2)?/[26(2)], for z = 21, 2.

The correlation is, from equation (6.3)

B 4/3(21)B(22)
p(21, 22) = pe(22, Zﬂw

21 2’2) '

There are two natural biological interpretations of this linear model. First,
the model may be considered as a linearization in population size of some
non-linear model, then X is the population size. Using the definition of 7, the
strength of density regulation, in 2.3 we see (exercise 13) that v(z) = [(2)
while a(z) = v(2)K(z), where K(z) is the carrying capacity at location
z. Such a linearization will only be valid for rather small fluctuations in
population size around K (z). The variance parameter o2(z) should then be
interpreted as the noise at equilibrium, which, expressed by the demographic

and environmental variance is
0°(2) = 05(2)K(2) + 02(2) K (2)*.

The other interpretation of the model is to define X;(z) as log population
size, giving what we have called the Gompertz type of model for the popu-
lation size. In this case the strength of density regulation is still v = 3, but

a should be interpreted as the stochastic growth rate and o2 as the environ-
2

mental variance o2. The demographic variance is now assumed to be zero.
Alternatively this can also be viewed as a linear approximation in log pop-
ulation size for small fluctuations in log population size around equilibrium,
in which case we have 02 = o2 + o2e . In this interpretation K = «/f is
the carrying capacity on the log scale.

For simplicity we now assume that noise as well as density regulation are
homogeneous in space, while the local carrying capacities vary. Then, the

process Y;(z) = X;(z) — K(z) takes the form

dY;(z) = —vYi(2)dt + 0dB(t, 2)
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with spatial autocorrelation p.(h) (the Moran effect), where p.(h)dt = E[dB(t, z)dB(t, z+
h)]. The spatial covariance function for Y; is accordingly p.(h)o?/(2v), while

the covariance function for X;, choosing z randomly in space, is

cov[Xi(2), Xi(z 4+ h)] = pe(h)o?/(27) + px (h)ot,

where 0% and px(h) is the variance and spatial autocorrelation for the field
K(z). Tt follows that the spatial autocorrelation for X; is

p(h) = ppe(h) + (1 — p)px (h),

where p = 0°/(27)/[0?/(27) + o%].
Writing I with appropriate index for the integral of the correlation along the
given direction, and put ¢ = I./(I. + I ), the spatial scale for the process X

can be written as (exercise 14)

o _ pal; + (1—p)(1 — )k

o pq+(1—p)(1—q)

We see from this that the spatial scale [ takes a value between [, and .
Large values of p and ¢ gives a scaling close to [.. The parameter p is large if
the spatial variance in X; has a large component 02/(2v) due to noise com-
pared to the component % generated by permanent spatial heterogeneity.
Hence, large noise terms as well as weak density regulation makes the scaling
approach [.. The parameter ¢ is large if I, is large compared to Ix. These
integrals are themselves measures of spatial scale of the noise and hetero-
geneity. Using I as a measure of spatial scale we have the simple relation
I = pl. + (1 — p)Ix. Hence, the scale of spatial fluctuations in population
density depends on the magnitude as well as the scale of the noise and the
heterogeneity in carrying capacity.

For autocorrelations of the Gaussian type we find (exercise 15)

_ Ple+ (1—p)lg
Pople+ (1 —p)lk
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6.4.5 The effect of dispersal in homogeneous linear

models

Dispersal from an area must lead to an immediate reduction in the density
while immigration generates an increase. Although there are single indi-
viduals that disperse, it is not a convenient approach to model each single
individuals contribution to density. As we have defined density, it is a contri-
bution from several individuals, and may also be mean contribution through
shorter time intervals reflecting movements of individuals within their home
range.

Here we shall only consider the linear model for density and assume that dis-
persal out from an area is proportional to the density, that is, all individuals
have the same chance of migrating out of the area. We write m for the migra-
tion rate, that is, the probability that an individual migrate during time dt is
mdt. Individuals that migrate are further assumed to do so instantaneously,
ending up in some other area. The displacement has a two-dimensional sym-
metric distribution g(u) = g(—u). If X;(2) is the density at z at time ¢,
migration from area dz at location z during dt is accordingly mX;(x)dzdt.
This migration generates an increase of density at z+u of mX;(2)g(u)dzdudt.
Correspondingly, the density at z gets an increase mX;(z — u)g(u)dzdudt
from individuals dispersing from locations z — u to z. The sum of all these
contributions is then [mX;(z — u)g(u)dzdtdu = mdzdt [ Xi(z — u)g(u)du.
Dividing through by dz this leads to the dynamic equation

dX,(z) = [T—7Xt(z)]dt—th(z)dt+mdt/Xt(z—u)g(u)du—l—KaedBe(t,z),

(6.5)
where now demographic stochasticity has been ignored so that 0? = K?¢?2.
If this model leads to a stationary process in space and time the stationary
spatial covariance function c¢(h) = cov[X;(2), X;(z + h)] does not depend
on t implying that cov[X;(z), Xi(z + h)] = cov[Xi(z) + dXi(2), Xi(2 + ) +
dX;(z + h)]. Using the above dynamic equation and omit terms of order d¢?
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that vanish in the limit, this leads to (exercise 16)

CM):cwﬂl—%7+nﬂﬁ}+%mﬁ/cwfﬂOﬂuMu+lﬁaﬂuhMu

where p.(h)dt = EdB(t,z)dB(t,z + h) is the spatial autocorrelation in the

environmental noise. Dividing by dt then yields

2(y +m)c(h) = Zm/ u)du + K?02pe(h). (6.6)

Integrating this equation over the entire space gives the relation (exercise
17) I. = 2yI/(K?0?), where I and I, are the integrals of c(h) and p.(h)
respectively. Dividing (6.6) by I then gives

2(y+m)f —2m/f —u)g(u)du + 27 fe(h),

where f(h) = c(h)/I and f.(h) = pe(h)/I. are distributions. Multiplying by
h? and integrating along the hj-axis then gives the relation (exercise 18)
mi?

2 _ 72
%_Q+j?

(6.7)
where [, is the spatial scale of the environmental noise and [ is the standard
deviation, both along the direction of the hi-axis. Again, putting m = 0
yields the Moran result [, = [.. The last term in (6.7) represents the effect of
migration on the spatial scale of population synchrony. Interestingly, we see
that even the effect of small short distance migration may be large, provided
that there is a weak density-regulation.
Equation (6.6) is an integral equation that is most easily solved by Fourier
transforms, but can also be solved by elementary methods using recursion
and the fact that the integral is a convolution.
Starting from cy(h) = 0, inserting ¢;(h) on the left side giving ¢;1; on the
right side gives the recursion

m o’ K?

Civ1(h) = 7+m0i*9(h)+m
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Spatial correlation

0 10 20 30 40 50 60 70 80 90 100

Distance

Figure 6.7: The spatial correlation p(h) for different values of m /vy against
distance h for the isotropic Gaussian model for environmental noise as well

as dispersal. Parameter values are [, = 10, [ = 1.

where ¢; % g(h) denotes the convolution of ¢;(h) and g(h). Solving recursively
then gives (exercise 19)

2K2

c(h) = 2(y +m)

pelh) + [ pelh - m(/wm)i *(u)du] (6.8)

where g™ (h) = [ g(h — u)g"Y*(u)du, with g**(h) = g(h), is the i-fold con-
volution of the distribution of dispersal distance with itself. Notice that the
spatial autocorrelation function p(h) = ¢(h)/c(0) depends on m and v only
through their ratio m/~.

If the environmental correlation has the isotropic Gaussian form and the
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Figure 6.8: Coefficient of variation in density 1/¢(0)/K as function of disper-

sal rate m. Parameter values are [, = 10, [ = 1, and v = 0.2.
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dispersal has an isotropic Gaussian distribution, then (6.8) takes the form
(exercise 20)

2
e

o’K? & m \' - [
e(h) = 2(y +m) 2 <’y +m> ¢ (h/ L —HP) [2 +il?

1=0

(6.9)

where ¢ is the standard normal density.

Fig.6.7 shows an example of how this spatial autocorrelation changes with
the migration m, and Fig.6.8 shows how the coefficient of variation of the
density m /K decreases with increasing migration.

6.5 Poisson point process in space

Until now we have only dealt with the density-function, not going down to
very small areas where the position of each individual has to be considered.
When sampling biological populations in space, however, samples give in-
dividual counts, and may be counts of individuals in very small areas. For
very small area one may even find only zero or one individual. In order to
study the statistical properties of such counts all the way from very small to
very large areas, it is required that we also analyze the point processes, that
is, give a description of how the position of each individual are distributed
in space. Such a description is a point process superimposed on the density

function we so far have dealt with.

6.5.1 The homogeneous Poisson process in space

The simplest continuous spatial processes are those with constant density
function. The density may vary between years according to some dynamical
stochastic model. We write A for the spatially constant density a given
year. By the definition of density, the expected number of individuals in an
area of size A is then AA. This function, however, does not alone define
how individuals will distribute themselves in space as this may depend on

the social organization, individuals tendency of staying close in groups, or
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the tendency of avoiding one another due to competition for space or other
resources. The simplest point process for the constant density function is the
Poisson process, where the positioning of each individual is independent of
the position of the others. We arrive at this process by assuming that the
probability of finding an individual in a small area dA is AdA, and that these
events are all independent. The moment generating function for the number
of points X in dA is then

Mya(t) = Ee* = (1 — AdA)e® + Ae'dA = 1 + (&' — 1)AdA.

As dA symbolizes an area actually approaching zero, the cumulant generating

function is
Kaa(t) =In Mga(t) = A(et — 1)dA.

Since the cumulant generating function for a sum of variables is the sum of
the cumulant generating functions when the variables are independent, we
find for any area A, using the fact that the sum of contributions from each
dA approaches an integral in the limit, that
Ka(t) = /AA(et ~1)dA = AA(et — 1),

which is the cumulant generating function for the Poisson distribution with
mean AA. Hence, the number of individuals in an area A is Poisson dis-
tributed with mean AA. Further, the number of individuals in two disjoint
areas must be independent as each term in the sums (integrals) for the two
areas are independent. If follows from this that the variance in individual
number between equally sized areas must be the variance of the Poisson dis-
tribution which equals the mean AA. Notice that the coefficient of variation

is 1/v/AA, decreasing with the area A and approaching zero for large areas.

6.5.2 The inhomogeneous Poisson process

The above process may easily be generalized to the case of a general spatial

density function. Again, this function may vary between years, but we only
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consider the distribution of individuals a given year when the function is,
say A(z), where z denotes spatial coordinates. Now, we assume that the
probability of an individual being located in a small area dA = dz at location
2 is A(z)dA. Assuming independence as before we then find that Kg4(t; z) =
A(z)(e! — 1)dA. Finally, integrating over the area A gives

Ka(t) = /AA@)(et “1)dA = (¢ — 1)/ A(2)dz.

A

Hence, even in the case of varying density, the number of individuals in
disjoint areas are independent Poisson variates, the mean value for an area
A being [4 A(z)dz, that is, the volume under the curve A(z) in the area A.
Alternatively we can write the parameter as AA, where A = A~! [, A(2)dz

is the mean density in A.

6.6 Point processes with dependence between

individuals

The above homogeneous Poisson process and the inhomogeneous Poisson pro-
cess for a given density field both assume no dependence between individuals.
In practice, individuals will often choose positions in a way that depends on
positioning of other individuals. Individuals may avoid each other due to
intra-specific competition, or they may tend to group together as a social
behavior. Point processes for competition leading to under-dispersion rel-
ative to the poisson process tends to be mathematically intractable. Also,
over-dispersion relative to the Poisson process is more common in biological
populations. For the above homogeneous as well as inhomogeneous Pois-
son process there is no dependence between individual positions for a given

density function.
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6.6.1 The covariance function for a point process

We now adopt the notation dN(z) for the number of individuals in the in-
finitesimal area dz at location z. Then, for a given density function A we
have EdN(z) = A(z)dz, which is also the probability that the there is one
individual at z provided that two individuals can not be located exactly at
the same point.

The dependence of each individual’s position on other individuals can then
be described by the concept of product density at two locations u and v
(u # v) defined as E[dN(u)dN (v)] = f(u,v)dudv where the expectation is
taken with respect to the point process for some given density function. The
spatial covariance function for the point process is defined accordingly as
g(u,v) = f(u,v) — A(u)A(v), which is the covariance between dN(u)/du and
dN(v)/dv. For the above homogeneous or inhomogeneous Poisson process
the individuals’ positions were independent of each other, implying that the
the covariance function g(u,v) is zero.

We define the point process covariance function for a random point z and a

given displacement h # 0 as the mean value
Cp(h) =E.g(z, 2+ h).

where E,. refers to the random choice of z in space. Here we have used
the subscript p to emphasize that this component of the spatial covariance
function is made up of covariances that are generated by the point process
defining local displacement of individuals.

It remains to evaluate the unconditional covariance function, also taking into
account the spatial covariance function Cy(h) = cov,[A(z), A(z + h)] of the
field A, where d denotes density and cov, is the covariance evaluated for
random choice of z. We define the total spatial covariance function, taking

into account the point process as well as the random choice of z, as

C(h) = cov[dN(2),dN(z + h)]/[dzd(z + h)]



210 CHAPTER 6. SPATIAL MODELS

Using the general formula for unconditional covariances, first conditioning

on z, we then find that
C(h) = Cy(h) + Cy(h).

In the following section we define a process with the property that knowing
an individual exists at a given displacement from another individual has
an effect that is independent of density. For given positions u and v we
assume that P[dN(v) = 1|dN(u) = 1] = A(v)B(v —u)dv, where 3 is a
function of the non-zero displacement that is one for the inhomogeneous
Poisson process, larger than one if there is a tendency for clumping, and
less than one if the individuals are more regularly spread than the Poisson
process, e.g. due to competition for resources or space. Using the definition
of the covariance function for the point process we then find g(u,v) = [5(u —
v) — 1)A(u)A(v)dudv giving C,(h) = [B(h) — 1][u? + Cy(h)] showing that C,

in general may depend on Cj.

6.6.2 Overdispersion in the point process defined by
log-Gaussian field

To find a process with the above multiplicative property consider a given
spatial density field A(u) and a spatial Gaussian field InQ(u) with mean
—72/2 and spatial covariance function 72p,(z) where the subscript p indicates
that this correlation is a property of the point process. We shall use the
field €2 to define the positioning of individuals. Hence, as individuals may
redistribute themselves quite often, the field 2 may change quickly with
time. However, at a given time () is a lognormal spatial field with mean
1. Individuals are spread according to an inhomogenious Poisson process
with mean A(u)$2(u). At given positions u and u + z the densities, say X
and Y, have a bivariate lognormal distribution with mean values A(u) and
A(u + z), and the log densities are binormally distributed with mean values
e = InA(u)—72/2 and p, = In A(u + z) —72/2, variances 72 and correlation

pp(2). The marginal distribution of X is the lognormal
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Figure 6.9: A simulation of the point process with constant density equal to
one. The field In Q2(u) generating the point process has parameter 7 = 2 and

the Gaussian type of spatial autocorrelation with standard deviation [, = 5.

1 1 7;(1”—%)2
r) = ——e 2 T .
fX( ) 2T X

Fig.6.9 and Fig.6.10 show a realization of such a process with constant and
variable density.

In order to give an idea of how individuals in this process relate to each other
we now derive an expression for how the knowledge of an individuals in a
given position affects the probability of finding one at some nearby location.
Let B denote the event that there is an individual at du. Then, considering

the conditional probability P(B|X = z) = zdu and using Bayes’ formula
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Distance

Distance

Figure 6.10: A simulation of the point process with log-Gaussian type of
spatial density. The variance of InA(u) is 1 with spatial autocorrelation
of the Gaussian type with standard deviation I; = 20. The field In Q(u)
generating the point process has parameter 7 = 2 and the Gaussian type of

spatial autocorrelation with standard deviation [, = 5.
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P(B|X = z)[(x)
P(B)

where P(B) = [ P(B|X = z)f(x)dz, the distribution of X given the event B

is seen to be proportional to z fx(x) (the first moment distribution) which is

f(z|B) =

itself a lognormal distribution fx(x) with p, replaced by p, + 7%/2 (exercise
21). The distribution of InY conditioned on X = z is normal with mean
ty + pp(2)(Inx — p,) and variance 72[1 — p,(2)?]. Using the conditional
distribution f(z|B) we then see that the marginal distribution of InY" given
B is normal with mean u, + p,(z)72/2 and variance 72. The mean of YV
given B is accordingly exp[u, + :72p,(2z) + 372]. For a given value y of Y the
probability of finding an individual at d(u + 2) is yd(u + z), and conditional
on B this probability is E(Y|B)d(u + z) = A(u + 2)e™ 7»&)/2d(u + ).

Hence, this point process has the nice property that the information about
an individual being at distance z from a point changes the probability of
an individual at this point by the factor 8(z) = e #()/2_ If there is no
correlation, that is, at distances large enough for p,(z) to be zero, this factor
is 1, and there is no effect of the other individual. On the other hand, an
72/2

individual at a close distance with p, ~ 1 gives a factor e which is large

for large values of 7.

6.6.3 Mean and variance of counts in an area

Let now A be an area of given shape and size and suppose sampling is
performed by counting individuals in such areas chosen at random positions
in space. Initially let A be the union of small cells Az with AN (z) individuals
so that the total number of individuals in A is N = Y}, AN(z), where the
sum is taken over all cells defining A. Then EN = > EAN and varN =
S.var[AN(2)] + X, 3, cov[AN(z), AN (u)]. As the cell size approach zero

the sum approach the corresponding integrals giving mean value

EN:/EdN(z) :/,ud,z:/LA
A A
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and variance
var(N) = //C(z —u)dzdu—i—/Audz,

where the double integral runs over A% excluding z = u. The last integral is
the contribution from the points z = u which is the only term different from
zero if the points obey the homogeneous Poisson process in space, that is, the
field A of population densities is constant and the individuals are randomly
distributed. For such a process we have no autocorrelation for either the
point process or the population density and find EN = var(N) = pA in
accordance with the theory for the homogeneous Poisson process.

For an isotropic model the above double integral can alternatively be ex-
pressed as A’EC(R) where R is the distance between two points chosen at
random in the area A.

Let us now keep the shape of the sampling unit constant, for example as a
quadrat or a circle, and let the area vary. If the area has unit size, A = 1,
then the distribution of R, say fi(r), can in principle be derived for any
shape. In general, the variance of the number of individuals within an area

of size A chosen at random in the field is then

var(N) = pA + Az/ " C(rVA) fy(r)dr, (6.10)
0
where 7,4, is the maximum distance between two points in the unit area.
For the quadrat with unit area we have accordingly that r,,,, = V2.
Here we consider quadrats only, for which the distribution of the distance

between two randomly chosen points is (exercise 22)

2r(m +r? — 4r) for0<r<1
filr) = . 2 2 /2 o .2
2r[2 arcsin(2/r 1)+ 4(r 1) 2—r? for1<r< V2.
(6.11)

The mean and variance can now be computed numerically for any model for

population density given by Cy(h) with superimposed point process given by
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C,(h) by plugging C(h) = C,(h)+Cy(h) into equation (6.10) and performing
the integration numerically.

6.7 Relations to Taylor’s scaling laws

Taylor’s scaling law are empirical laws for the relation between the mean m
and variance V' of the number of individuals. For a number of different types
of sampling in space and time it has been observed that there is approxi-
mately a linear relationship between V' and m in a double logarithmic plot
with a slope usually found to be between 1 and 2. Here, equation (6.10) gives
this relationship indirectly for the case that m varies by changing the size of

the sampling unit.

6.7.1 General expression for the variance as function

of the mean

Substituting C' = C), + C; we first separate the variance into components
generated by the point process and the spatial density function. As the first
term pA is also generated by the point process, we include this term and

write v(A)u for the point process variance component, giving

V(A) =1+ Au~! /0 " O (VA 1 () (6.12)

This is an expression for the over-dispersion in the point process relative to
the inhomogeneous Poisson process. It is approximately independent of the
sampling area A if the scale of the point process is small compared to the
side length v/A of the quadrat used as sampling unit. For the inhomogeneous
Poisson process we see that v = 1 because C,, = 0. Since interactions between
individuals usually occurs at rather small distances we often have that C, is
approximately zero for distances larger than say [,. In that case, appreciable
contributions to the integral exist only for r < 1,/v/A. If 1,/v/A is much

smaller than one it follows from equation (6.11) that fi(r) ~ 27r for values
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of r that contribute to the integral. By a simple scale transformation (exercise
23) of the integration variable we then find that v ~ 1+ 2u~'7 [§° uC),(u)du
and hence, becomes approximately independent of the area.

With this decomposition the relation between the variance and the area takes

the form

Tma
0

var(N) = v(A)pA + A2 / " Ca(rvV/A) £, (r)dr. (6.13)
Expressing the variance as function of m = pA then gives

Tmazx

V(m) = v(m/w)m +m?u~2 /O Calr/m/ ) fuo(r)dr. (6.14)

6.7.2 Approximations for small and large sampling ar-

eas

Small quadrats

The spatial scale of the density covariance function Cy will often be large
compared to the side-length of the quadrat. Then Cy(rv/A) ~ Cy(0) = o2
for the whole range of the variable r. If v is approximately constant this

gives the quadratic relationship

V(m) =~ vm + 2m?, (6.15)

where ¢, = o/ is the coefficient of variation for densities A in space. As the

maximum value of  is v/2 for a quadrat, this relation is a good approxima-

tion if Cy(v/2A4) = Cy(y/2m /) = C4(0) = o2,

Large quadrats

For large areas we utilize the known distribution f;(r) given by (6.11) to find
an approximate relationship. The density covariance function Cy(r) usually
approaches zero as r approaches infinity. If Cd(\/Z) ~ 0, that is, the zero
value is reached approximately within the quadrat, we may use the formula

for fi(r) valid for r < 1, giving the approximation (exercise 24)
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V(m) =~ (v + 2o /p)m — 8agu™?m/? 4 204 (6.16)
for large values of m = Apu, where a; = [5° Cy(r)ridr.
If Cy the Gaussian form with scale I, we have (exercise 25) oy = 0?2,

ay = £a2l3, and a3z = 20%[*. For an exponentially decreasing function

Cya(r) = o%e™/! the corresponding values are (exercise 26) a; = jlo2l/+!.

6.7.3 The slope in Taylor’s scaling law

Our approximate relation between the variance and the mean does not have
the form V(m) = am® known as Taylor’s scaling law, neither for small not
for large areas. However, our approximations for small and large areas can
be used to investigate the form of this function. From equations (6.15) and
(6.16) we see that InV is approximately linear in Inm for very small and
very large Inm (Fig.6.11), with intercept Inv for small values of Inm and
In(v + 2way /p) for large quadrats. The quadratic term in (6.15) has the
effect that the difference between InV and Inv + Inm increase with Inm,
so that InV approaches a straight line for large Inm. The value of InV
computed from equation (6.15) is half way between the two straight lines
with slope 1 for m* = may/(uc?). At this value of m we should therefore
expect the slope to be close to its largest value. For the Gaussian model of
spatial autocorrelation this value is m* = wl?u, occurring at sampling area
A* =m*/u, giving simply A* = 7l°.

The slope of In V' versus Inm will therefore be largest when the the quadrat
side-length roughly equals the scale [ of the spatial covariance function Cj.
Fig.6.11 shows examples demonstrating how the functions are affected by the
scale [. It appears that the slope first increases from 1 to 2 with increasing
Inm, which is a consequence of equation (6.15). For small values of m the
first term is dominating, giving slope 1, while the second term dominates

for larger values of m so that the slope approximately equals 2. For even
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Figure 6.11: Upper panel gives log variance (InV') as function of log mean
(Inm) for increasing size of quadrats and different values of the spatial scale
[ of the Gaussian type of covariance function Cy(r). Other parameters are
v=1,pu=1, and ¢, = 0.5. The lower panel shows the derivatives of the

functions depicted in the upper panel.
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larger m, that is, as m gets much larger than [,/7u, the curve approaches
the large m approximation given by equation (6.16), which again has slope 1
on the log scale. Accordingly, the curves in practice will be indistinguishable
from straight lines even over rather large ranges of values of m (Fig.6.11). In
empirical data analysis the values of In V' are usually estimated from sums
of squares with rather large uncertainty, so the estimated values will seem to

be spread around a straight line.

6.8 Exercises

1. Find the diffusion approximation to the meta-population model in 6.2.

2. Find the return time to the quasi-stationary equilibrium for the meta-
population model in 6.2.

3. Show that the state of a first order autoregressive model is a linear com-
bination of noise terms.

4. Show the Moran effect, that the correlation between two log population
sizes is the same as the correlation between the noise terms, is correct for
two log population sizes described as first order autoregressive models with
equal strength of density-regulation.

5. Show that the correlation between the population sizes for the bivari-
ate Ornstein-Uhlenbeck process for log population sizes described in 6.3.2 is
corr(Ny, N,) = (e7172Pe — 1)/\/(6"% —1)(e”2 —1).

6. Show that the absolute value of the correlation in exercise 5 is always

smaller than |pe|.

Hint: For p. > 0 show that (e”'?*’¢ — 1)/p. is an increasing function of p..
Then show that the result holds for p. = 1 (if 01 # 03) and hence for all
values of p. > 0. Use a similar approach for p. < 0.

7. Derive the diffusion for the transformed variable X = g(N) = (1-N~%)/0
when the fluctuations in N are given by the theta-logistic diffusion with no
demographic variance.

8. Show that the stochastic differential equation dX; = [pu(X;) — 1/(X)]dt +
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v(X)dB(t) for the model in exercise 7 takes the form dX; = (o — fX;) +
(1 —-0X;)odB(t) where a =1 —0?/2 and 8 =r/g(K) — 002 /2.
9. For two islands described by theta-logistic models with correlated noise
derive the expression for the parameter w = oy05cov|(1 — X16,)dBy, (1 —
X3205)dBs given in the text.
10. For the model in exercise 9 derive the stationary covariance c;s between
the 'population sizes’ on the X-scale.
11. Derive the expression for the correlation cis/ V€122 given in the text.
12. Consider the equation c¢(h) = [g(v — h)g(v)dv and show that g(v) =
A /QWJQZ%ng[Ul/(lp/ﬂ)]gb[vg/(lp/\/5)] leads to the Gaussian autocovariance func-
tion c(h) = 2ma*2¢(hy/1,)¢(ha/l1,), where ¢ is the standard normal density.
13. Consider the model dX = (a — fX)dt + 0dB(t) as a linearization of a
non-linear model interpreting X as population size. Use the definition of ~,
the strength density regulation, in 2.3 to show that v = .
14. Writing [ with appropriate index for the integral of the correlation along
the given direction, and put g = I./(I. + I ), show that the spatial scale for
the process X; given in 6.4.4 can be written as I> = pql? 4+ (1 — p)(1 — q)l%,
where p = 0%/(27)/[0?/(27) + ok].
15. For autocorrelations p, and pg of the Gaussian form show that the spatial
scale in exercise 14 obeys 12 = [pl? + (1 — p)i%]/[ple + (1 — p)lk].
16. Show that the dynamic equation (6.5) leads to equation (6.6) when the
process is stationary in space and time.
17. Use equation (6.6) to show that I, = 2vI/(K?c?), where I and I, are
the integrals of ¢(h) and p.(h) respectively.
18. From the equation 2(y+m)f(h) = 2m [ f(h—u)g(u)du+~yf.(h), where
f(h) =¢(h)/I and f.(h) = pe(h)/I., show the scaling result (6.7).

o2

2(y+m)

19. Use the recurrence formula ¢;y1(h) = —ocixg(h) + pe(h) to derive
equation (6.8).

20. Show that the spatial autocorrelation is given by equation (6.9) when the
environmental correlation has the isotropic Gaussian form and the dispersal

has an isotropic Gaussian distribution.
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21. Let X be a random variable with distribution f(z). Let the probability
of an event B conditioned on the event (X = z) be P(B|X = z) = g(x).
Use Bayes’ formula to show that the distribution of X conditioned on B
is then f(z|B) = g(z)f(x)/ [ g(u)f(u)du. Use this to show that the corre-
sponding distribution in 6.5.3 with g(x) = xdu is the lognormal, and find the
parameters of this distribution.

22. Show that the distribution of the distance between two points chosen at
random in a unit quadrat is fi(r) given by equation (6.11).

23. Use the definition given by equation (6.12) to show that the over-
dispersion v(A) is approximately independent of the area when the scale
of C,, is small compared to the side length VA of the quadrat, that is, derive
the relation v &~ 1 4 2u~ 7 [5° uC)(u)du.

24. Use the formula for fi(r) valid for » < 1 to show that V(m) = (v +
2may /p)m — 8agu~?mb/? 4 2a; for large values of m = Ap, where a; =
I52 Calr)ridr.

25. When C; has the Gaussian form with scale [ show that oy = o202,
oy = 30°1%, and a3 = 2021, where o = [§° Cy(r)ridr.

26. For an exponentially decreasing function Cy(r) = o%e™"/! show that
a; = [ Cay(r)ridr = (j — 1)o7+
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Chapter 7

Community models

7.1 Introduction

Until now we have discussed a number of stochastic models for a single species
only. However, in this discussion we have not ignored the presence of prey,
predators and competitors that may affect the dynamics. Our philosophy,
which is often in good agreement with empirical findings, is that other species
affect one single species in a very complex way. Such complex multivariate
interactions are most conveniently described by collecting all biological ef-
fects, together with physical components of the environment, into an envi-
ronmental vector z that fluctuates between years and generate environmental
stochasticity in population growth rates.

The same philosophy is commonly carried over to studies of communities
where a large number of species abundances are recorded jointly. Although
there may be interactions, the major part of them are most conveniently de-
scribed by introducing random effects through stochastic terms rather than
trying to characterize all specific interactions by deterministic effects express-
ing for example the degree of competition between all pairs of species. Such
models necessarily require a very large number of parameters even under
simple linearizations, and lead to over-parametrization relative to the in-

formation that can possibly be obtained through data collection. Therefore,
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stochasticity plays an even more important role in community dynamics than
in single species theory. Even models where almost any temporal and spatial
changes are purely stochastic, the so-called neutral community models, have
become very popular during the last 20-30 years, mainly through the work of
S.P. Hubbell on models describing temporal and spatial dynamics of tropical
trees.

Realistic description of communities is definitely a complex task that requires
some new concepts in addition to those we have used for a single species. One
observation of a single species abundance at a given time will only give us a
single number and is hardly interesting at all. So, in order to understand the
biological processes involved we need repeated observations in time and space.
This fact stands in deep contrast to the study of communities. Actually, the
major fraction of papers on ecological communities are dealing just with one
single sample. However, the fact that such a sample reflects the abundances
of a large number of species, raises many interesting questions that can be
analyzed without repeating sampling in time or space. For example, the
number of different species recorded is by itself an interesting statistic, as
well as measurements expressing how abundances vary among species. Such
description of a sample from a community can be carried out in a purely
statistical way through estimation of appropriate indices of diversity, often
defined using the vector of relative species abundances. This requires some
knowledge of the sampling method used, but can be performed without going
into complex modeling details concerning spatial and temporal dynamics.
However, two samples can be compared using appropriate measurements of
similarity, which again can form the bases for statistical analysis of temporal
and spatial variation in community composition.

Although we first are going to present some simple descriptive measurements,
our main focus will be on dynamic models for species abundance distribu-
tions utilizing the theory of single species dynamics presented in chapters 1-3.
We will make links between these models and the concepts of diversity, its

variation in time and space, as well as the concept of similarity. We first con-
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sider neutral models and their connection to neutral gene frequency models
in population genetics. Next, we define models with mathematically identi-
cal species with some deterministic forcing on the abundance of each species
through density regulation. Finally, we go on to heterogeneous models with

dynamical parameters varying among species.

7.2 Diversity and similarity

Let y1,99,...,ys be the abundances of a species in the community. These
quantities could be the number of individuals or some measure of density. In
any case we assume that the expected number of individuals representing a
species with abundance y; in a random sample is proportional to y;, with a
constant of proportionality depending on the sampling effort. The relative
abundances are py, ps, ..., ps where p; = y;/ > y; so that > p;, = 1.

There is a large number of diversity indices proposed in the literature. Here
we only mention briefly the two most commonly applied measurements, the
information index and Simpson’s index. The information index, often also

called Shannon’s index, is borrowed from information theory and defined as

Hr=— sz' In p;.

It is easy to show (exercise 1) that H; reaches its maximum In s for a given
s for equal abundances, that is, for p; = 1/s. As a single p; approaches one
and the others zero, the index approaches zero. Hence, the value depends on
the distribution of abundances among the species as well as the number of
species in the community.

Simpson’s index is defined by considering two individuals sampled at random
(with replacement) from the community. The probability that they both
belong to species i is then p?, and the probability that they belong to the
same species is Y. p?. Simpson’s diversity index Hg is the probability that
they belong to different species, that is

Hszl—zp?.



226 CHAPTER 7. COMMUNITY MODELS

This index also takes its maximum for equal abundances (exercise 2), the
maximum being (s —1)/s.
As the number of species increases we see that there is little change in the
maximum of Simpson’s index compared to the information index. Conse-
quently, the information index is considered to be more sensitive to changes
in species number. The value of Simpson’s index is mainly determined by
the few most abundant species. For example, if p; = 0.9, so that species 1
is the dominant species in the community, Simpson’s index is smaller than
1 — 0.9% = 0.19 regardless how large s is, and is therefore classified as a
"dominance index’. The information index, however, can be made arbitrarily
large even if p; = 0.9 (exercise 3), and is therefor a ’species richness index’.
The index most sensitive to species number is, however, the species number
s itself.
Unbiased estimation of Simpson’s index is straightforward under the assump-
tion of multinomial sampling (exercise 4). Under the same sampling model
no unbiased estimator of H; exists (exercise 5), and estimation may be diffi-
cult when there is a large number of rare species in the community, many of
which not appearing in a finite sample.
Similarity indices are constructed to compare two communities. The most
commonly used indices are the Jaccard and Sgrensen index, which are actu-
ally equivalent. These indices are only based on counting the species occur-
ring in both communities and only in one of them, and are not affected by
the distribution of abundance among species. The Jaccard index is

J = 4 ,

A+B+C

where A is the number of species present in both communities, while B and
C are the species number only present in one or the other. The Sgrensen
index is

I

2A+B+C

The equivalence of the indices are given by the simple functional relationship
between them, L =2J/(J+1)or J=L/(2—-L).
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These indices are usually estimated from samples by replacing the species
numbers in the communities by observed number of species. However, these
estimates can be extremely biased. General methods for bias correction are
proposed in the literature, but even these methods can not be trusted in the
case of many rare species. We shall return to these problems when dealing
with abundance models.

There has been much focus in the literature on applying indices of diversity
and similarity in studies of spatial distribution of species in a community.
Since the species abundances and the species composition of the commu-
nity generally changes in space, the diversity at a given local site is usually
smaller than the diversity for the total community occupying a large area.
The first one has by R.H. Whittaker been named a-diversity and the last is
called ~-diversity. The difference between them, which is related to species
turnover rate in space, is called -diversity. For example, if there is large
[-diversity, then similarity indices tend to decrease rapidly with increasing

distance between the local communities compared.

7.3 Some history of species abundance mod-

els

Around 1920 botanists started to study how the number of species recorded
in samples increased with the sampling area. However, these scientists were
most interested in species number and did not relate their findings to distri-
bution of abundance among the species in the community. The first empirical
studies of such distributions were done around 1940, while the first mathe-
matical model fitted to data on butterflies was developed by R.A. Fisher in a
classical paper in 1943. Fisher’s approach discussed below was based on us-
ing an extremely skew gamma distribution for the abundances and assuming
Poisson sampling, that is, for a given abundance the number of recordings
of a species is Poisson distributed with mean proportional to its abundance.

The distribution of individuals among species in the sample then follows what
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has become known as Fisher’s logarithmic series distribution, a limiting form
of the zero-truncated negative binomial distribution.

In 1948 F.W. Preston analyzed several large data sets and plotted his data
in a way that revealed the shape of the distribution of log abundance. These
histograms looked like samples from a normal distribution, but where cen-
sored at low abundances because a large number of rare species are unlikely
to appear in the sample. Preston did not attempt to model the sampling
process using the Poisson model, as Fisher did 5 years earlier. Actually, the
Poisson mixture obtained by using the lognormal distribution of abundances
is mathematically more intractable than the mixture based on the gamma
distribution, which is known to lead to the negative binomial distribution.
A maximum likelihood estimation procedure for the Poisson lognormal dis-
tribution was not developed until M. Bulmer did so in 1974. Now, however,
simple numerical maximization of the likelihood function can easily be done
using standard computer software.

The influential ecologist R.H. MacArthur used a rather different approach in
1957, presenting a very simple model that probably was meant to initiate a
discussion rather that being a generally valid species abundance distribution.
He used the niche concept, arguing that similar species compete for resources
and accordingly divide the niche space among them. His simple model, that
actually fits well to many bird communities, was to through s — 1 point at
random on a line segment of unit length and let the lengths of the segments
defined by these points be the relative abundances of the s species in the
community. This is a way of thinking that is rather different from just
defining a distribution of abundances, since MacArthur actually attempted
to model the niche sharing process. The sharing process defined in this way
may appear to be purely stochastic, but the underlying idea is that species
occupy different niches in a way determined by their competitive ability.
The fact that one species may end up with large abundance while another
is rare, is due to differences in traits and how these relate to properties of

the occupied territory. Hence, the subdivision of the niche space defined
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by MacArthur is meant to be temporarily permanent. Although his model,
known as 'MacArthur’s broken stick model’, was oversimplified, his idea has
had large impact, inspiring many scientists to develop more realistic niche
sharing models.

The counterpart of MacArthur’s model is the concept of neutral community
models, where nothing is permanent, first introduced by H. Caswell in 1976,
and later developed further by the influential ecologist S.P. Hubbell, studying
distributions of abundance among tropical trees. Neutral community mod-
els, where all temporal changes in species abundances are purely stochastic
and there are no permanent differences among species other than their real-
ized abundances, are inherited from population genetics. Neutral genes are
genes that are not subject to selection and are analog to species having the
same growth rate and the same stochastic dynamics defined by demographic
stochasticity only. The total number of alleles then represents the commu-
nity size, each allele represents a species, allele frequencies represent relative
species abundances, and mutations represent new species entering the com-
munity by speciation or colonization. The neutral theory of gene frequencies
was initiated by Crow and Kimura in 1964, that is, 21 after Fisher publisher
his logarithmic series model. Quite remarkably however, the distribution of
relative abundances and gene frequencies in these influential papers are the
same. This has later inspired ecologists to go further in utilizing neutral gene

frequency models in community ecology.

7.4 Neutral species abundance models

7.4.1 The genetic neutral model with random muta-
tions
We consider a constant population with N individuals of a diploid organism

in which the genetic drift is determined by the variance effective population

size N,. At a given locus all alleles are assumed to be neutral. We also make



230 CHAPTER 7. COMMUNITY MODELS

the assumption that mutations occur at rate u, and that all mutations result
in alleles not already present in the population, giving what is often called the
infinite allele model. As the mutation rate is small, it will practically have no
effect on the variance of changes in relative abundances. Consequently, the
variance in gene frequency change for an allele A with frequency p is approx-
imately var(Ap) = p(1 — p)/(2N.). The probability that an A will mutate
and give a reduction —1/(2N) in the frequency of A is 2Npu. Accordingly,
the expected change in the frequency of A is E(Ap) = —pu. Now, consider-
ing an allele that initially has frequency py = 1/(2N) and approximating the
process for its frequency by a diffusion with infinitesimal mean and variance
p(p) = —pu and v(p) = p(1 — p)/(2N,), the Green function for p > py with
extinction barrier at p = 0 is (exercise 6)

4Neu—1

G(p,po) = ) =cp (1 —p) :

where ¢ is a constant. By definition, the Green function multiplied by Ap
expresses the expected time the process is in [p, p+ Ap| before it goes extinct.
After a long time there will be a balance between mutations and extinctions
and the multivariate process for the set of all gene frequencies will reach
stationarity. Since any allele frequency can be described by the above process,
the fraction of a long time interval during which the frequency of any allele
present in the population takes a value in [p,p + Ap| must be proportional
to G(p, po)Ap. Consequently, if an allele is chosen at random from the list
of those present in the population at a given time, the distribution of its
frequency must be proportional to p~'(1 — p)M~1 for p > py, where M =
4N, u. Hence, also the expected number of alleles with frequency in [p, p+Ap],
say f(p)Ap, must be proportional to the Green function multiplied by Ap.
To find the correct scaling factor we use the fact that the frequencies add up
to one. The expected total frequency of alleles with frequency in [p, p + Ap]
is pf(p)Ap, so the total expected sum of frequencies is fplo pf(p)dp = 1 giving
¢ ~ M (exercise 7). The function f(p) = Mp~'(1 — p)M~! is sometimes

called the ’frequency spectrum’.
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If we choose an allele at random from all 2N alleles in the population rather
than an allele from the list of alleles present, an allele with frequency p
is chosen with probability p, and the distribution of its frequency must be
proportional to M (1 — p)™~1. As we have seen, the integral of this function
representing the sum of all gene frequencies equals 1, so this is actually a
distribution. Similarly, the sum of squares of gene frequencies, which is the

fraction of homozygotes, is (exercise 8)

1= [ P fe)p=1/(M + 1)

This is also the probability that two alleles chosen at random are equivalent.
Hence, 1 minus this quantity is the probability that they are different. This

corresponds to Simpson’s index of diversity

M

He=
S M—l—l’

now used as a measure of genetic diversity.

7.4.2 Fisher’s log series distribution

When recording the number of species z, with n representatives in a large
sample of butterflies caught in light traps, the two entomologists A. S. Cor-
bet and C. B. Williams discovered that the sequence z, for n = 1,2..
was approximately proportional to the harmonic series 1/n for many large
data sets. A similar data set of tropical butterflies collected by P.J. De-
Vries over a period of 5 years is shown in Fig.7.1. This observed pattern led
R.A. Fisher in 1943 to propose his classical log-series distribution for species
abundances in a sample. He approached the problem by first assuming that
the species abundances y followed the gamma distribution [p* /T'(k)]y*~te=*¥
among species, and that a species with abundance y would be represented
by a Poisson-distributed number of individuals in the sample with mean vy,
where v is a measure of sampling intensity. Then, the species actually ob-

served will have abundances in the sample following a zero-truncated negative
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binomial distribution (exercise 9). In the limit as the number of species s
approaches infinity and the shape parameter k approaches zero so that sk
approaches a constant «, this distribution becomes Fisher’s well known log-
arithmic series distribution, [—In(1 — w)]"'w™/n, n = 1,2, ... (exercise 10),
where w = v/(v + p), and the expected number of species with n represen-

tatives in the sample becomes (exercise 11)

E(z,) = aw"/n.

Notice that w =~ 1 for very large samples so that the sequence is practically
the harmonic series if n is not extremely large. If the abundances y in the
community are scaled so that the total expected abundance is one, then
sk/p = 1 and @ = p. The parameter «, which is the single parameter
describing the structure of a population following Fisher’s model, was later
by Williams called the diversity of the community.

For a positive k the relative abundances p; = v;/ >%_1Y;, follow a Dirichlet
distribution, while the marginal distribution for a given species is the beta
distribution [['(a)/[T(k)(a — k)]p*1(1 — p)@*~1 (exercise 12). Hence, we
find the expected number of species with relative abundance in the interval
(p, p+dp) by multiplying by sdp, which under Fisher’s limit becomes ap~(1—
p)* tdp (exercise 13), showing that the ’frequency spectrum’ is the same in
Fisher’s species abundance model and Crow and Kimura’s neutral infinite
allele model, Fisher’s a corresponding to M = 4N,u in the genetic model.
It follows from our analysis of the neutral genetic model that the expected
value of Simpson’s index in Fisher’s model must be o/(14a). We may adopt
the same approach to find the expected value of the information index. The
expected contribution to the index from species with relative abundances in
(p, p+dp) is f(p)(—plnp)dp, and consequently, adding expected contributions
from all segments of length dp gives

1
E(H;) = —/O alnp (1—p)*~'dp.
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Figure 7.1: The number of species z, with n representatives in the sample
plotted against n for a data set of tropical butterflies collected by P.J. De-
Vries. There are also 26 species with individual numbers larger than 60,
the largest individual number being 756. There are 128 species and 11861

individuals in the sample.
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Solving the integral (exercise 14) gives
E(H;) =V(a+1)—¥(1)

where U(t) = 4 InI(¢) is the digamma function for which W(¢t+1) = U(t) +
1/t and

1 1 1 1
U(t)=Int — -t ' — =5t 24 —¢t4— —¢64...
(t) =Int -3 1270 T 10 952" T

In particular ¥(1) = —v, where v = 0.5772... is Euler’s constant. Conse-
quently, for large values of a we have the approximation E(H;) ~ In(a+1)+
0.58.

7.4.3 Estimation

Fisher did not attempt explaining why abundances seemed to follow the
highly skewed gamma distribution. Actually, the way he evaluated uncer-
tainties in his proposed estimator for « indicates that he viewed the gamma
model purely as a descriptive tool, giving a realistic description of variation
in abundance among species. Uncertainties in his variance estimates were
conditioned on species abundances following this pattern, so that the only
source of uncertainty was the Poisson sampling.

In 1950 F.J. Anscombe explored the estimation problem using the multino-
mial distribution for the number of species with different number of individ-
uals in the sample. Hence, in contrast to Fisher, Anscombe also included
the stochastic variation among species in the underlying abundances. Quite
remarkably, he found that the number individuals and species observed were
jointly a sufficient statistic for estimating Fisher’s «, the estimation equation
for a being S/a = In[(N + «)/a] (exercise 15), which is also the estimation
equation originally proposed by Fisher. That is, if the observed individual
and species number are known, then no additional information is contained in
the observed abundances, indicating a kind of neutralitiy’ in Fisher’s model.

The parameter w in the logarithmic series aw™/n given by w = v/(v+p) can
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Figure 7.2: The data set shown in Fig.7.1 (bars) together with the fitted
logarithmic series model (filled circles). The estimates obtained by Fisher’s
method are & = 20.05 and w = 0.99831.

be estimated by observing that the expected abundance of a random species
is E(vy) = vk/p, which means that the expected number of individuals is
svk/p approaching va/p under Fisher’s limit. Estimating this quantity by
the observed total number of individuals N is equivalent to estimating v/p
by N/« and consequently estimating w by N/(N + «), which also was the
estimator proposed by Fisher. Fig.7.2 shows the same data as in Fig.7.1
together with the estimated log series sequence of expectations E(z,).

Sampling and statistical inference in the neutral model of Crow and Kimura
were analyzed by Ewens as well as by Karlin and McGregor in 1972. Their
approach is somewhat more complex than Anscombe’s approach to Fisher’s

model. Actually, Ewens considered a sample size of n individuals as given,
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implying that the multivariate distribution of counts for different alleles are
dependent. Nevertheless, Ewens found in agreement with Anscombe that
the number of different alleles in the sample is a sufficient statistic for the
estimation of the parameter M = 4N.u corresponding to Fisher’s a.

The exact multivatiate distribution of observed numbers for all alleles in the
sample, usually called Ewens sampling formula, was conjected by Ewens and
proved by Karlin and McGregor in 1972. The probability of having S = 3 z;
different alleles in the sample with z1, 25 ..., z,, representatives was found to

be

n!M?
1721222 pAnzylzg) oo 2 T (M + 6 — 1)
where n = 3 jz; is the number of alleles sampled. Accordingly, the maximum

P(S,z1,20...2,) = (7.1)

likelihood estimate of M is the solution of the equation (exercise 16)

N
SIM=> (M+i-1)"" (7.2)

i=1
Since the sum on the left side is approximately In[(N + M) /M| (exercise 17),
the estimator is approximately the same as the estimator found by Fisher

and Anscombe, the difference being that Ewens conditioned on n.

7.4.4 Hubble’s neutral model

The neutral community model of Hubbell is a meta-community model, deal-
ing with the species abundance distribution in the total community as well
as in local communities. The basic idea is that the dynamics of species abun-
dances are described exactly as in the neutral infinite allele model. What in
genetics is "genetic drift’ is in community ecology called ’ecological drift’, the
stochasticity in change in species abundance being purely demographic. Since
the meta-community is assumed to be very large, changes due to demographic
stochasticity will necessarily be very slow. Local communities, however, are
smaller and consequently have much faster changes. This makes it realis-

tic to consider species abundances being constant in the meta-community
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under investigation of species dynamics in local communities. This assump-
tion is realistic when the local community is only a small fraction of the
meta-community.

In addition to assuming neutral dynamics in the meta-community, there is
an assumption of a connection to the local community by migration. Hubbell
has described this system starting with Ewen’s sampling formula as model
for the total community. However, as Hubbell points out, when the meta-
community is large, we can as well just use the frequency spectrum of Fisher’s
model assuming that the expected number of species with relative abundance
in (q,q +dq) is f(q)dqg = ag (1 — ¢)*~'. The parameter a corresponds to
4N, u in the neutral genetic model with 2N alleles, where N, is the effective
population size and w is the mutation rate. When applying this to ecological
drift using Fisher’s model, Fisher’s diversity parameter is accordingly given

by
o =2Nu/o;

where N is the community size, u is the speciation rate, and o3 is a common
demographic variance for the species in the community. Hence, the effective
population size in the genetic model is replaced by N/o? in accordance with
our treatment of genetic drift in chapter 5. The ecological drift of species
frequencies in the meta-community is then given by the infinitesimal variance
q(1 — q)o3/N which is approximately zero for a large N.

Now, following the idea of Hubbell, but using diffusion and continuously
distributed abundances, we consider a local community of size n much small
than N. The ecological drift of a relative abundance p in this community
is defined by the infinitesimal variance v(p) = p(1 — p)o3/n. The simplest
approach is to consider this as just a single island that is so small that it
does not affect the large mainland community. Below we also consider the
situation where the meta-community consists of k£ such local communities.
In that case we do not automatically obtain a consistent model unless we
adjust the parameter o that will then be determined by the dynamics in all

local communities.
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Let us first consider the local dynamics of a species with relative abundance
¢ in the meta-community and p in the local one. The expected fraction of
individuals migrating from the island is mp, where m is a migration rate
assumed to have the same value for all islands and all species. The total ex-
pected number of individuals migrating within the meta-community is mNyg,
and a fraction n/N of these is assumed to migrate to the island giving a
mean increase mgq in the relative abundance on the island. Consequently,
if we assume that the speciation rate u is much smaller than the migration
rate m, we may ignore the speciation at the island, giving the infinitesimal
mean for the relative abundance process p(p) = —m(p — ¢q). Also assuming
that the stochastic effect of the migration is much smaller than that of the
ecological drift we can approximate the variance by the above infinitesimal
variance v(p). The diffusion for p then have the stationary beta-distribution

(exercise 18)

L[]

Mg ¢

9(p;q) =

where 7 = 2mn/c3, with mean value ¢q. This leads to the joint frequency
spectrum for p and ¢ being ¢(p;q)f(q). The interpretation of this spec-
trum is that the expected number of species with relative abundance in the
meta-community in (¢, q + dq) and in the local community in (p,p + dp) is
9(p; q) f(q)dpdg.

The frequency spectrum for the local community is then

fup) = [ 9 0)f (@) (7.3

Notice that we have not used the form of the function f(¢) in this deriva-
tion of the local spectrum f1(p), so this formula, transforming the meta-
community spectrum to the local one, is general and can be applied to any
species abundance distribution for the meta-community. Although we have
used an approach that is somewhat different from Hubbell’s, utilizing diffu-

sion theory, equation (7.3) contains one major finding of Hubbell, that f(q)
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and fr(p) are different distributions. Hubbell found that when f(q) is cho-
sen as Fisher’s model describing a neutral community, the species abundance
distribution for the local community would tend to look more like Preston’s
lognormal distribution. This is depicted in Fig.7.3 where we have illustrated
how the frequency spectrum on the log scale x = Inp, which is e”fy(e"),
is affected by isolation of the local community. For large migration rates
m the spectrum is indistinguishable from the Fisher model describing the
meta-community, that is, f1(p) =~ f(p). As the migration rate decreases, the
curves tend to look more like Preston’s lognormal model, that is, like a Gaus-
sian curve on the log scale. The smallest log frequency shown corresponds
to about three individuals of a species in the local community and the areas
under the curves are therefore approximately the expected number of species
in the local communities.

Now consider the case where the meta-population consists of large number of
k islands of size n, so that N = kn. We also make the assumption of purely
long-distance random migration in the sense that a migrating individual is
equally likely to end up in any local community. Then, in order to obtain a
consistent model we must ensure that the ecological drift in the total com-
munity actually is the drift generated by the assembly of all islands. Since
the meta-population abundance is the mean of local abundances, ¢ = p, the

variance of Ag must be
2
var(Ag) = var(Ap) = k72> var(Ap;) ~ U—ZE[p(l —pl.
n

Using the beta-distribution of p at islands we find that E[p(1 — p)] = ¢(1 —
q)7/(T + 1) (exercise 18). Hence, the parameter in Fisher’s model for the
meta-community must be
2Nu(r + 1)
a=—0 "
oaT
From equation (7.3) we can also study how the expected diversity of the
local community is affected by local community size and migration, an effect

determined by the parameter 7 = 2mn/o3. It follows from the above result
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m>0.5
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Figure 7.3: The frequency spectrum on the log scale e” f1 (e*) for island under
varying migration rates m. The other parameters are N = 107, n = 10%,
u = 1075 and 02 = 1. Under large migration o = 20. For small migration «
is slightly adjusted to give consistency. For m = 0.001 we have 7 = 20 and
a = 19.05. The area under the curves is approximately the expected number

of species in the local community.
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for Ep(1 — p) that Simpson’s index for the local community is E(Hg ) =
—7E(Hs), where Hg is the index for the meta-community (exercise 19).
So, with the parameters used in Fig.7.3 the smallest migration rate shown
(m = 0.001) only makes the index about 5% smaller than its value in the
meta-community. This is because Simpson’s index is a dominance index and
the isolation of the island mainly affects the large number of rare species and
have little effect on those dominating the community.

Using equation (7.3) we can also find the expected value of the information

index in the local community (exercise 21)

E(Hi) = [[9(r+1) = ¥(rg + D]a(l - q)*'dg

which is shown in Fig.7.4. We see that this index, which is more sensitive
to species number, is rather strongly affected by isolation compared to the
effect on Simpson’s index.

To study the same kind of problem for islands of different size or for more
realistic migration pattern is very complex. For example, one will need to
specify how the migration parameter depends on the size of the island. For
small islands individuals are more likely to migrate to a location outside than
for a very large island, where a migration very well may end up inside the
border of the island.

7.5 Independent species dynamics

Neutral models describe community dynamics through several rather strong
assumptions. First, all growth rates are assumed to be zero as there is no dif-
ferences between species and the total community size is kept constant. This
means that all temporal changes in species abundances are purely stochastic.
The growth rates are zero regardless species abundance, that is, there is no
density-regulation. Furthermore, the stochasticity driving species abundance
fluctuations is identical for all species. Another important assumption is that

the dynamics is driven by demographic stochasticity only.
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Figure 7.4: The expected value of the information index on islands as func-
tion of the parameter 7 = 2mn/o? (solid lines) for different values of Fisher’s
diversity index « for the meta-community. The dashed lines show the infor-

mation index for the meta-communities.
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Although some of these assumptions may be realistic for some communities
such as tropical trees, most communities have species known to be regulated
by their own density. Also, estimation of population dynamical parameters
has shown that even rather similar species may show differences in dynamics,
with different growth rates at small densities as well as different carrying ca-
pacities. Most studies of communities using species abundance distributions
deal with communities with large species richness. These large communities
also have a very large number of individuals. We have seen in chapter 1 that
stochastic fluctuations then mainly are driven by the environment so that
even very large populations can show fluctuations that are large relative to
its size. For example, a population of N = 10° individuals and demographic
variance 02 = 1 will after a period of 100 years only have a variance in pop-
ulation change during that period of approximately 100N¢? = 10%, which
means that the standard deviation is only 1% relative to its initial size. It is
highly unlikely that populations show that kind of stability in size over such
a long period, so neutral theory is likely to underestimate the changes in the
abundant species. Environmental stochasticity, however, is known to have
the same relative effect on population fluctuations for all population sizes. If
we assume that the above population has environmental variance o = 0.01,
the variance in the change during the same period is 100N?%0? = 10'2, so that
the standard deviation is 100% relative to initial population size.

In the following sections we present some alternative descriptions of dy-
namical species abundance models including environmental stochasticity and
density-dependence. These are, however, also based on a number of simplify-
ing assumptions, such as for example independent dynamics of the species in
the community. We first consider homogeneous models, that is, the species
are interchangeable in the model, all being described by the same parame-
ter value. In 7.7 we generalize this approach to heterogeneous communities
where the parameters are considered to have a given random variation among
invading species.

The assumption of independent dynamics may at first seem rather unre-
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alistic. However, a strong common density regulating effect of the total
community size ensuring small fluctuations in the overall density of indi-
viduals tends to wipe out common noise terms and make species dynam-
ics approximately independent. Let us first illustrate this by an analogy.
Consider the diffusion approximation to the Gompertz type of population
model for a single species with environmental and demographic variance,
dN = rN(1 —InN/In K)dt + 0. NdB, + 043 dB;, where dB, and the dB;
are independent Brownian motions and the sum runs over all individuals.
Choosing K = 1000, 6% = 1 and o2 = 0.01, a large r = vIn K will corre-
spond to strong density regulation given by + and the population will show
small fluctuations around K. These fluctuations can be studied by ignoring
02 because 02K? is much larger than the demographic contribution ¢3K for
N close to K. One way of looking at these population fluctuations with a

small stationary variance o2/(27) on the log scale, is to realize that the large

2

fluctuations generated by o7

are immediately canceled by the large density
regulation. However, considering the contributions to the next generation
from two different species, their demographic components are still indepen-
dent and much larger than their environmental components. As the demo-
graphic components altogether have practically no effect on the stochastic
change in population size, the density regulation does not affect these com-
ponents in the same way as the environmental components are affected, and
they remain approximately independent as in the case of no density regula-
tion.

Returning to communities the analogy of species and individual in the above
example is now community and species. The analogy of environmental vari-
ance affecting all species is a common environmental noise term affecting
all species, while the analogy of demographic noise is environmental noise
terms that are independent among species. To illustrate our conjecture on
approximately independent dynamics we consider a community with large
species richness. It is then unlikely that the abundance of one single species

will have a major effect on another species. However, all the other species
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together are likely to affect a single species, adding up the possible small
effect of each of them. Let s be the number of species and N; the individual
numbers, ¢ = 1,2...,s, so that the total community size is N = Y N;. Let
X = (X1, Xy,...,X;) be the vector of log abundances X; = In N;. As an
illustration consider the model on the form E(AX;|X) = r; — vX; — D(X),
that is, species have different growth rates but are density regulated by its
own density and the total community vector. Adding noise we write this as

a continuous model
dXz =T, — ’}/XZ — D(X) + O'EdA + O'EdBi

where dA and the dB; are independent Brownian motions. The parameter
0% is an environmental effect common to all species, while o2 denotes the
magnitude of environmental effects that are independent among species. The

mean value X then have the dynamics

dX =7 —~vX — D(X) + opdA + 0.dB
while the dynamics of the deviations Y; = X; — X is
dY; =7, =T — ’VY; + Ue(dBi — dB)

We now make the assumption that the mean value is strongly density reg-
ulated through the term D(X). A consequence of this is that X only show
small fluctuations. Approximating X by its mean ji and inserting ¥; = X; — i

in the above equation then gives the approximation
dXZ = (7’1' -7+ ’7[2) - ’YXl + Ue(dBZ' — dB)

For a species rich community the terms dB has variance s~'dt and can there-
fore be ignored compared to dB; having variance dt. Finally, redefining r; as

the previous r; — © + vji, the dynamic equations are

dXz =T; — ’)/Xl + O'EdBi.



246 CHAPTER 7. COMMUNITY MODELS

Comparing this to the initial equation for the dynamics of X; we see that our
assumption of a strong density regulation for the mean X had the effect that
D(X) ~ ogdA. This can be understood intuitively as follows: The single
species noise terms dB; are independent and will, by the law of large numbers,
have little effect on dX compared to the common term dA. The assumption
of a strong density dependence for the mean ensures that the mean changes
little. Consequently, the common environmental effect of opdA is canceled
by the density regulation given by D(X). As a consequence, for strong
density dependence of the total community, the assumption of independent
dynamics of species driven by the environment may be rather realistic. The
environmental noise term, however, is not the total environmental effect on
the species, but only the species specific components that are independent
among species.

We have seen that neutral theory was inspired by the theory for neutral
genetic drift. The above model, where changes are driven by environmen-
tal stochasticity affecting all individuals of a species in the same way, can
in a similar way be compared to the theory of fluctuating selection. Tem-
poral fluctuations in selection coefficients affect all individuals with a given

genotype, corresponding to the environmental effect on species.

7.6 Homogeneous community models

7.6.1 Colonizations and extinctions

In chapter 6 we have used the two-dimensional inhomogeneous Poisson pro-
cess to model spatial distribution of individuals. The process was defined by
its intensity, which could be interpreted as the density of points. The Poisson
process is characterized by the fact that the number of points in two disjoint
areas are independent Poisson variates with mean values equal the integral
of the intensity function over the area.

Here we shall use the same inhomogeneous Poisson process, defined on the



7.6. HOMOGENEOUS COMMUNITY MODELS 247

real line rather than in space, in two different ways. First, the process will
be applied to describe the colonization or speciation process, points on the
line representing new species entering the community. Secondly, we use the
same type of process to define species abundance models at a given time.
Then, points on the positive real axis generated by an inhomogeneous Poisson
process represent the species abundances in the community.

We consider a very large community without interactions with its surround-
ings so that all new species are actually generated by an evolutionary spe-
ciation process. We assume that new species appear in time according to
an inhomogeneous Poisson process with intensity w(t). Hence, speciations
occurring in non-overlapping time segments are independent events, and the
probability of a new species appearing in (¢,t + dt) is w(t)dt. Assuming a
constant intensity w may be realistic, but it is not required for showing that
abundances follow an inhomogeneous Poisson process.

Let us consider the distribution of species abundances at time t = 0. Let
2y and Qs be two disjoint intervals and let P;(¢) be the probabilities that a
species invading at time —t has abundance in €);, 1 = 1,2, at time zero. Let
X; be the number of species that invaded in (—t, —t + dt) with abundance in
Q; at t = 0 and write g(z1,22) = P(X; = x1,Xs = 3). Then ¢(1,0) =
Pi(t)w(=t)dt, q(0,1) = Py(t)w(—t)dt and ¢(0,0) = 1 — P(H)w(—1)dt —
Py(t)w(—t)dt. The joint moment generating function of (X, X5) is accord-
ingly

2
My(uy, up) = E(e 1 2X2) = 1 4 w(—t)dt > Pi(e" — 1)
=1

and the cumulant generating function is

Ki(u1,us) = w(—t)dt Y Pi(e" —1).

i=1
Finally, adding the contributions from all past time intervals (—t, —t + dt),
and assuming that the species in the community have independent dynam-
ics, yields the cumulant generating function for the number of species with

abundance in 2; and 2y at time zero as
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2

K (ur,us) = S (€% — 1) /0 T (=) P(t)dt.
i=1
This is the joint cumulant generating function for two independent Poisson
variates with mean values [5° w(—t)P;(t)dt. Accordingly, as our two intervals
were arbitrary and disjoint, the abundances at time zero and accordingly
at any time, must follow an inhomogeneous Poisson process. This theory
covers the case of continuous species abundances, as must be assumed when
adopting diffusion theory, as well as the discrete case when abundances for
example are the individual counts 0,1, 2.... In the last case the number of
species with abundance equal any non-negative integer is Poisson distributed.
We see that this theory leads to the assumption of independent Poisson
variates used by Anscombe to find estimators for the parameters in Fisher’s

model, as outlined in exercise 15.

7.6.2 Homogeneous diffusion models

We now assume that species enter the community with abundance xo = a+9
(for example 2) and go extinct at abundance a (for example 1) and that
their dynamics are defined by a diffusion process with infinitesimal mean
and variance p(z) and v(x) respectively.

We further assume a constant rate w of new species and let each species have
the dynamics defined so that the population size fluctuates around some
quasi-stationary equilibrium and finally goes extinct. The community will
then eventually reach stationarity with long term balance between speciations
and extinctions. It follows from the derivation in the previous section that
the species abundances at any time then follow an inhomogeneous Poisson
process. This kind of dynamics is illustrated schematically in Fig.7.5.

It remains to derive the rate A(z) of the inhomogeneous Poisson process.
We have seen from our general derivation that the number of species with

abundance in the interval € is Poisson distributed with mean [, A\(z)dx =
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Figure 7.5: Schematic presentation of log population trajectories with speci-
ations and extinctions. The simulated model is homogeneous and the time

scale is arbitrarty.
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w o7 P(t)dt where P(t) is the probability that a species entering at time
zero has abundance in 2 at time ¢ > 0. Now, P(t)dt is the expected time
this species has abundance in Q during the time interval (¢,¢ + dt). Hence
Jo° P(t)dt is the expected total time the species has abundance in € which,

in a diffusion model, is the integral of the Green function over ). Hence

/Q)\(x)dx = w/QG(:C,:L‘O)d:C.

Since the integrands are non-negative and the equivalence holds for any in-

terval 2 we can conclude that
Az) = wG(z, o).

The inhomogeneous Poisson process has the property (exercise 22) that if the
number of points in €2 is N, then the location of the N points conditioned on
N = n are n independent observations from the distribution A(z)/ [o, A(u)du.
Choosing €2 as the interval (a,00), we see that the distribution of species

abundance in the community given the number of species at a given time is

f(@) = G, x0)/T

where T' = [° G(z,70)dz is the expected time a species stays in the commu-
nity. Hence, in this model the species abundance distribution f(x) is simply
the quasi-stationary distribution of species abundance.

For an extinction barrier at a an initial value 2y = a + § we have for a small
d that S(z¢) = S(a)+ s(a)d = 6 when the lower integration limits are chosen
at a and S(z) and s(z) are the functions used to express the Green function

in chapter 3. This gives in the limit as w — oo and § — 0 so that wd — wy

(7.4)

If § approaches zero and w is kept finite we see that all paths goes to extinction
immediately since A(z) then also approaches zero. This is due to the fact the

diffusion paths show large local fluctuations over short time steps, so with
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initial value very close to the extinction barrier practically all paths will go
extinct immediately. If the speciation rate is defined as the rate at which
new species entering at abundance a + ¢ reach abundance a+¢ > a+ 4, then
the speciation rate is in the limit as 0 — 0 is wd/e (exercise 23). This means
that wy is approximately the speciation rate for € = 1, that is, for example
the rate at which new species reach abundance 2 when the extinction barrier
isat a = 1.

Inserting the definition of the function s(z) we find

Az) = 2W0 o [ pun)fuu)du
v(x)

We see that the shape of the species abundance distribution for this class of
models strongly depends on the form of the density-regulation defined by the
infinitesimal mean.
When dealing with distribution of relative abundance among species we have
previously used the term ’frequency spectrum’ for the function f(p) defined
so that f(p)dp is the expected number of species with relative abundance in
(p,p+ dp). Since A(x)dx is the expected number of species with abundance
in (z,z + dx), it could naturally be called the 'abundance spectrum’. We
shall occasionally use this term together with the term "Poisson rate’ which
is more generally used for inhomogeneous Poisson processes.
The homogeneous gamma model
Consider now the model with logistic density regulation and constant demo-
graphic and environmental variance, that is, u(z) = rz — f2? and v(z) =
022 + o2z, and let a = 1. The carrying capacities in the corresponding de-
terministic model are then K = r/f. Equation 7.4 then leads to the Poisson

rate

Az) = bxil(x + C)Qr(lJch/r)/az716725‘%/02, (7.5)
where

Qe
b= 0'2(1 -+ 0)27’(14—05/7’)/‘73
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Figure 7.6: The frequency spectrum for log number of individuals, that is
eYA(e¥) as function of log individual number (log abundance) y = Inz for
different values of o2 for the homogeneous logistic model with environmental
and demographic stochasticity. The other parameters are wy = 0.1, r = 0.01,
02 =0.01, and 8 = 107°, giving K = 10%.
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and ¢ = 03/02. Fig.7.6 shows this abundance spectrum on the log scale, that
is eVA(e?) as function of y = Inz, for different values of the demographic
variance o2. The curves are skew to the right as the curves for the local
community in the neutral model. The area under the curves represents the
expected number of species. We see that an increase in demographic variance
dramatically reduces the species richness.

In view of Fig.7.6 it may seem very wrong to ignore demographic variance.
However, if we are dealing with very large communities all species that appear
in the samples, even if only by a single individual, will have a large number of
individuals in the community. However, the speciation and extinction rates
has to be adjusted in order to include the effect of demographic variance.
First, consider the model without such an adjustment, choosing @ = 1. With

0% = 0 the Poisson rate is then proportional to the gamma distribution

28/02
ANz) = %Lﬁsw?—le—?ﬂw/cr?’

2
O¢

where s = r — 02/2 is the stochastic growth rate of each species at small
densities. Hence, the species abundance distribution is the gamma distribu-
tion with shape parameter k = 2s/0? and scale parameter 23/0? with mean
approximately Ks/r = s/f3, censored at the smallest possible abundance 1.
This Poisson rate is approximately proportional to the rate in equation 7.5
for large abundances, that is, for z much larger than ¢ = 03/02. So, if we
want to use the gamma model as an approximation, ignoring species that are
very rare and unlikely to be sampled, the rate should be adjusted by a factor
so that the two rates are approximately equal for large abundances. In other
words, we approximate the rate given by equation 7.5 by a gamma model,
which is a good approximation for species that are not very rare. Using the
assumption of a very large community (K large) so that f = s/K is small,

the Poisson rate becomes approximately

2wo 2s/02—1 ,— 2
A _ sfog—1 2655/05. )
MU e 7
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Remembering that the gamma-distribution of species abundances correspond-
ing to this abundance spectrum was used by Fisher to derive his logarithmic
series distribution, we see that we actually get Fisher’s model for s = 0.
Accordingly, Fisher’s abundance model for large communities may also be
generated by a model with environmental and demographic stochasticity in
contrast to the infinite allele model with only demographic stochasticity.

The expected total abundance of all species in the community is EY} = ~
[ xA(z)dz which is approximately (1 + 03/02) twy/B for s = 0, provided
that we can approximate the integral from 1 by a lower integration limit
at zero. This is a valid approximation if g is small. For s = 0 we must
then require that 3 is much smaller than ¢2/2 = r, which means that K is
much larger than 1, which is an assumption we have already made. Defining
rescaled abundances x(1403/0?) 3 /wy, the expected sum of these abundances
are one. Then, we have seen before that the scale parameter in the gamma-

distribution is actually Fisher’s «, that is

Wo QB . 2&]0 _ 2w0

(1+03/02)Ba2 o2+  oF

This result also has common features with the result « = 2Nu/o? in the
ecological application of the infinite allele model. Fisher’s parameter is pro-
portional to the speciation rate in both cases, and inversely proportional
to the demographic variance. A major difference, however, is that a de-
pends strongly on the community size N in the infinite allele model, and will
approach infinity as N increases. In the homogeneous model with environ-
mental and demographic stochasticity, however, there is no dependence on
the community size, except that we have assumed that the carrying capaci-
ties are large. Although [ determines the expected size of the community, it
only appears in the scale parameter of the gamma model and will therefore
have no effect on the frequency spectrum for relative abundances defining
Fisher’s a.

The two models are very different when it comes to estimating speciation

rates. Consider a community where o has been estimated from data. The
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speciation rate in the homogeneous model then becomes wy = ac?/2 and for
the neutral model u = ac?/(2N). Hence, for extremely large communities
(large N) such as communities of tropical butterflies or beetles, the neutral
model leads to an extremely small speciation rate.

Choosing o = 20 and ¢ = 1 we find from the homogeneous model that wy =
10, which means that 10 new species enter the community each year. This
may seem a very large rate, but most of these species are likely to go extinct
very soon and have abundances so small that they are never seen in practice.
If we for example require that a species should have n representatives in the
community before we consider it as established, the rate will be ac?/(2n)
(exercise 24), so in the above numerical example with n chosen as 100 there
are on average 10 years between speciations, while the event that new species
reach the abundance of 1000 only occur once in 100 year. This also underlines
the importance of a precise definition of speciation. This result, that a large
number of new species formed will never reach abundance above some few
individuals before they almost immediately go extinct, has an interesting
analogy in genetics that will be treated in some detail in chapter 8. Using
a rather simple model C.B.S. Haldane showed in 1927 that new beneficial
mutations with a small advantage s > 0 (multiplicative growth rate 1 + s)
will reach fixation in the population with probability approximately 2s. That
is, a fraction 1 — 2s of the mutations will go extinct, and most of them will
go extinct after only a few generations. Therefore the rate of fixation of
beneficial genes will be much smaller than the rate of mutation. This is an
analogy to the above result that most new species, with no or only a small
advantage relative to the rest of the community, will go extinct during some
few generations.

Now let us assume Poisson sampling, that is, the number of individuals rep-
resenting a species with abundance x in the sample is Poisson distributed
with mean vz, where v is a measure of sampling intensity. The numbers z;,
J =1,2,... of species with j representatives in the sample are the indepen-

dent Poisson variates (exercise 25) with means proportional to the terms of
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Expected infomation index E(H,)
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Figure 7.7: The expected information index E(H;) in the gamma model as
function of the shape parameter k = 2s/c? for different values of a = 2wy /o3

a negative binomial distribution. Accordingly, the observed abundances is a

sample from the truncated negative binomial distribution (exercise 26)

E(1—w)* T(k+n) |

pj:l—((l—ql)kf(gf—jl);!w]’ j=12... (7.7)
where k = 2s/0? and w = v/(v + 28/0?). Notice that this is a well defined
distribution also for negative shape parameters k& > —1. This means that
species may invade and lead to a stationary model even if they have negative
stochastic growth rates. However, k = 2s/0? must be larger than —1, that is,
the corresponding deterministic growth rate 7 = s + 02/2 must be positive.
The parameters k£ and w can be estimated by maximum likelihood using the

above zero-truncated negative binomial distribution.
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For this extended negative binomial species abundance distribution with £ >
—1, including Fisher’s model with k£ = 0, one can show that the frequency
spectrum is

['(a+1)
Flk+DlNa—k

a—k—1

flp) = WWI—M

leading to the expected value of Simpson’s index (exercise 27)

E+1

E(Hg) =1—
( S) a+1

and the expectation of the information index shown in Fig.7.7 (exercise28)
E(H;) =V(a+1)—¥(k+1).

The homogeneous lognormal species abundance model
It is known from chapter 3 that the Ornstein-Uhlenbeck process has normal
stationary distribution and by a transformation it is equivalent the model
with Gompertz type of density-regulation and constant environmental vari-
ance having the lognormal stationary distribution. This indicates that the
Gomperz type of density regulation will lead to the lognormal species abun-
dance distribution. For this model it is preferable to work on the log scale
y = Inz, using infinitesimal mean and variance p(y) = s —yy and v(y) = o2,
where s = 7 —02/2 is the stochastic growth rate at small densities. Choosing
the extinction barrier at a = 0 on the log scale we find from equation 7.4
A) = e ey (73)
which is proportional to the normal density truncated at y = 0. Hence, the
corresponding species abundance distribution is the lognormal distribution

truncated at x = 1. From this we find the expected number of species

2w
ES = / z)dr = —20 s*/(oe) \/7r02/7® \/2/’7/%

where ®(-) is the cumulative standard normal distribution.
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As for the gamma model the effect of introducing a demographic variance

% The Poisson rate can

can be investigated by choosing v(z;03) = 02 + o2e”
then be evaluated by numerical integration. In Fig.7.8 this rate is shown for
three different values of 7 for a model with weak density regulation. Notice
that the curves are close to the normal distribution even for o3 = 1, the
effect of increasing o2 being mainly a decrease in the number of species in
the community. Since the speciation rate wy is a factor in A\(x) the number of
species is also proportional to this parameter. This means that it will be hard
in practice to separate the effects of o3 and wy. This also indicates that it may
be a useful approach to work with the model with 02 = 0 that gives exactly
the (truncated) normal distribution of log abundances, as long as we realize
that it is impossible to estimate wy from that model. Actually, wy needs
to be chosen very small in order to compensate for the lack of demographic
stochasticity that would have driven many rare species to extinction.

Provided that practically the whole normal distribution of log abundance
is above zero so that the truncation at zero can be ignored, the mean and
variance can be estimated by maximum likelihood under the assumption of
Poisson sampling using the Poisson lognormal distribution. This distribution

is in general terms defined as

for i = 0,1, ..., where In ) is normally distributed with mean g and variance
o?, or

bt = [ L
o —00 Z' 2T

where u = (In(@Q) — p) /o is the standardization of In (). This is the Poisson-

_ 2
e 2 du,

lognormal distribution with parameters (i, 0?). The special case 0? = 0 is
simply the Poisson distribution with mean e*.

Over-dispersion in the sampling relative to the Poisson distribution can be
modeled by introducing a variable V' ensuring that InV is normally dis-
tributed with mean —#%/2 and variance 6% so that EV = 1. The values of
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Figure 7.8: The Poisson rate on the log scale for the homogeneous model with
the Gompertz type of density regulation for different values of the environ-
mental variance o3. The other parameters are s = 0.05, v = 0.01, o2 = 0.01
and wy = 0.1.
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V' are independent between species and samples and the number of individ-
uals observed of a species with abundance x = e¥ are Poisson distributed
with mean vzV, when conditioned on V. The unconditional mean is then
vz but the variance is larger than the mean, increasing with 62. The distri-
bution of the number of individuals among species in the sample is now the
Poisson-lognormal distribution with parameters (z + Inv — 62/2,6%).

Applying this sampling distribution to to the lognromal model given by equa-
tion 7.8 with mean = s/ and variance p* = ¢2/(2v) and writing z; for the

number of species with 7 representatives in the sample, we find (exercise 29)
Ez = pi(n + Inv — 62/2, p*> + 6*)ES.

As for the gamma model the observed abundances constitute a sample from
the corresponding zero-truncated distribution p;/(1 — pg). The parameters,
n+Inv—62/2 and p? +6? of this distribution can then be estimated by max-
imizing the likelihood function numerically. So, in order to find the parame-
ters n and p? of the abundance distribution we need to have some estimates
of the over-dispersion 02 as well as the sampling intensity v. The expected
number of species in the community, ES, can be estimated as S/(1 — po),

where S is the observed number of species.

7.7 Heterogeneous models

We have seen that there are two very different approaches to analyzing the
distribution of species abundances in communities. The first one, introduced
by R.H. MacArthur, was the niche theory, where species divide the available
recourses between them according to their competitive ability. The relative
abundances of species are then determined by all traits that act together
to determine the carrying capacity of each species. Ignoring stochastic fluc-
tuations in species abundance through time, the set of relative abundances

are then just carrying capacities relative to the total carrying capacity of
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the community. The second approach was the neutral theory, where every
temporal change in species abundances are purely random, actually pure
ecological drift determined only by demographic stochasticity. There are no
carrying capacity for a given species and no differences in traits that make
their dynamics differ. The total community size, however, is kept constant,
so there is a density dependence acting on the total number of individu-
als in the community. The homogeneous models presented in the previous
section included environmental stochasticity as well as density regulation,
but was still based on the assumption of all species having the same kind
of dynamics. Apparently, none of these approaches can be quite realistic
descriptions of communities since species are known to have different traits
affecting their dynamics, as well as often being subject to rather large tem-
poral fluctuation that most conveniently are described by environmental as
well as demographic stochastic terms. Now we define a class of dynamic
stochastic abundance models that are naturally classified between the two
above most extreme types, including the niche concept indirectly by open up
for species having different dynamics and different carrying capacities, but
also including temporal stochastic fluctuations in species abundance.

Suppose that species entering the community do not have the same dynamic
parameters, but a set 6 of parameters generated independently at invasion for
each species by some distribution 7(#). Then, the speciation rate for species
with 6 in some small (multidimensional) region (0,6 + df) is wom(0)df. The
abundance of these species at time ¢ = 0 then follow an inhomogeneous
Poisson process with rate, say A(z;0)7(0)d0 = (wom(0)d0)G(z, x¢;0), where
G(z,10;0) is the Green function for the diffusion with parameters 6. Since
Poisson processes are additive, the Poisson rate is the sum of the Poisson

rates for all 6 (exercise 30), which in the continuous case is

Az, 20) = / Mz, 203 0)7(8)df. (7.9)

Fig.7.9 shows a schematic presentation of some pathes in such a heteroge-

neous model. This type of model can be used to study the effect of het-
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Log population size

Figure 7.9: Schematic presentation of log population trajectories with speci-
ations and extinctions. The simulated model is heterogeneous and the time

scale is arbitrarty.

erogeneity in dynamic parameters, a heterogeneity determined by variation
in traits among species. For example, even closely related species are often
known to have rather different growth rates and density regulation, as well as
different demographic and environmental variances. This makes it possible
to study a number of different types of species abundance models. Here we
illustrate this by considering the heterogeneous lognormal abundance model
generated by normally distributed growth rates among species. Some other
examples are left as exercises (31 and 32).

The heterogeneous lognormal model

Now we choose 6 in equation 7.9 as the stochastic growth rate s in equation
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7.8 and assume that species entering the community has stochastic growth
rates generated from a normal distribution with mean s, and variance 72.

This leads to the Poisson rate (exercise 32) on the log scale

Ay) = 20(’2068077/03e—(y—n)Q/(?pQ)7 (7.10)
where 1 = 1so/7, p* = Yo?/(2y) and ¢ = [1 — 272/(y0?)]~!. This model
is stationary only if 72 < %027. Otherwise, the number of species and indi-
viduals in the community will approach infinity. However, as we have dis-
cussed previously in this chapter, the overall density regulation of the total
community size will necessarily regulate the parameters so that stationarity
requirement is fulfilled.

Although the distribution of s among invading species is normal with mean s,
and variance 72, the distribution of s among species present in the community
is different. This is due to the fact that the value of s strongly affects the
lifetime of the species. Species with a large stochastic growth rate are more
likely to stay in the community for a long period of time. It turns out
(exercise 34) that the distribution of s in the community is still the normal
distribution, but with mean sty and variance 7%¢). Both of these parameters
are larger than the corresponding parameters at invasion.

The carrying capacity of a species with stochastic growth rate s is K = e*/7,
which is lognormally distributed among species at invasion as well as in the
stationary community. Using well known properties of the lognormal distri-
bution we find that even the coefficient of variation of K among species is
larger in the community than at invasion (exercise 35). The fact that nature
tends to select the species with the largest fitness can here be interpreted as
choosing those with large values of s through this parameter’s effect on the
time to extinction. The above result shows that this 'selection process’ does
not necessarily reduce the heterogeneity of the community, and may actu-
ally make the community much more heterogeneous than the heterogeneity

recorded at invasion.
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7.8 Species area curves

7.8.1 Introduction

More than 20 years before Fisher’s log series model was published, the
botanists H.A. Gleason and O. Arrhenius investigated community patterns
by plotting the number of plant species recorded within areas of different size
against their size. Typically, the number of species increases with the size of
the area, and two different mathematical curves were soon proposed, species
number and log species number, respectively, being proportional to log area.
These initial contributions were based on choosing areas within a much larger
area containing the total community. Accordingly, one can claim that the
areas are a kind of random samples of areas within the community. However,
since species do not distribute themselves at random but may show large de-
gree of clustering as we have discussed in chapter 6, different species having
small and large density at different locations, these samples are not random
samples of individuals from the community. Random samples of individuals
will produce somewhat different curves, sometimes called rarefaction curves.
Even the sampling of areas may be performed in different ways that may give
somewhat different curves. One may start with a small sample and enlarge
this by adding new areas to it, or one may sample many different disjoint
areas of different sizes. A fourth way of producing curves of species number
increasing with area or individual number relates to subdivided populations,
such as for example island. Curves are then produces by plotting species
number of each sub-population against its area or individual number.

The first attempt to establish a mathematical connection between the species
abundance distribution and the species-individual curve was done already in
Fisher’s original paper in 1943. He showed that the curve based of ran-
dom sampling of individuals, such as the sampling by many light traps as
performed by his colleges, led to a number of recorded species being ap-
proximately proportional to the log of the number of individuals sampled.

A number of large empirical studies based on different sampling techniques
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has later been performed by ecologists, and many theoretical models have
been prosed to explain observed patterns. Here we consider a few such mod-
els, including some that relate to the stochastic theory of species abundance
distributions.

One problem related to these curves is how to estimate the total number of
species in the community. Since most communities of interest are extremely
large, one can only hope to find a small fraction of its individuals in samples.
This fact, combined with the empirical observation that one usually find a
large number of species that are rare with only one or two individuals in the
samples, makes this problem very difficult. Fisher’s model, for example, says
that the number of singletons actually stays constant approximately equal to
a as the sample size increases, all the time revealing species not previously
observed. The parameter o may sometimes be as large as 40. Although
modeling of species abundance distributions is important in trying to reveal
the true number of species, estimates of species numbers will always remain
rather uncertain. The uncertainty is a combination of statistical standard
errors in the estimator of species number and the uncertainty in what is the
correct shape of the left tail of the species abundance distribution.
Although it is extremely difficult to estimate the number of species, it is
possible to get a rather reliable estimate of the total abundance of the species
not represented in the sample. To se this we consider a community with
s species with relative species abundances py, po, ..., ps and assume Poisson
sampling. Then, the number of representatives of species i, i = 1,2, ..., s,
in the sample, are independent Poisson variates X; with mean vp;, where
v now is the total expected number of individuals in the sample, v = EN.
Accordingly, N is an estimator of v.

Let I; be an indicator of the event that species 7 is not represented in a large
sample, while J; indicates that it is represented by exactly one individual.
Then, the unknown total abundance of unobserved species, which we want to
predict, is the stochastic variable U = Y p;I;. Now, the variable U= > Ji/v
has the same mean as U (exercise 36). Accordingly > J;/N = z;/N, where
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z1 is the number of singletons in the sample, can be used to predict U. In
order to assess the uncertainty in this prediction we evaluate the variance of
(U — U), which turns out to be 02 = (2Ez, + Ez;)/v? (exercise 37), which
can be estimated by 6% = (223 + 21)/N?. Hence, an approximately 95%
prediction interval for the total relative abundance of the unobserved species
is [z21/N — 26, 21 /N + 26].

7.8.2 Rarefaction

The simplest species-individual curves are the so-called rarefaction curves
produced by calculating the expected number of species in a random sub-
sample of size, say n, from a real sample of size N > n. This gives an estimate
of the species-individual curve under random sampling of individuals from
the community because the sub-samples are also random samples from the
community, but the computations are only feasible for n < N. Let the
number of individuals in the sample be X, X5, ..., Xg, all of which are at
least one, >~ X; = N, and let J; be an indicator of the event that species 7 is
represented in a sub-sample of size n and write S,, = >_ J; for the number of

species in the sub-sample. Then

giving the expected number of species

Bs) =552 L)
n A
=

Notice, however, that this is not the expected number of species in a random
sample of size n from the community, but the expectation conditioned on
the real sample. Hence, unconditionally it is an unbiased estimator of the
number of species in a random sample of size n. Using the same technique
we can calculate the variance of S,, given the sample (exercise 38), but again,
this is not the variance of the estimator but the conditional variance given

the sample.
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7.8.3 Observed species number under random sam-

pling using abundance models

Now consider the abundance model with Poisson rate A(z), that is, the num-
ber of species in the community with abundance in the interval (x,z + dx)
is A(x)dz. Further, we assume Poisson sampling with intensity v so that
a species with abundance x is represented by a Poisson distributed number
of individuals in the sample with mean vz. Using the previous notation z;
for the number of species with j representatives in the sample, the z; are

independent Poisson variates with means

E(z;) = /aoo (va) e " Nz)dz,

7!

where a is the extinction barrier. The number of species in the sample is also

Poisson distributed, with mean

E(S) = / T (1 = e\ (z)dx, (7.11)

while the expected number of individuals sample is E(N) = v [° 2 A(z)dx. If
the abundances are scales so that the total expected abundance of all species
in the community is one, then E(N) = v, in which case v can be estimated
by N.

This species-individual curve takes a simple form for the gamma model with
a = 0. Scaling the total abundance to having unit expectation we have for
k>—1and a >0

ak+1

M@ =TT

Ik_l —ax

Performing the integration (exercise 39) then gives for k # 0

E(S) = - ll - <a+v)’“] (7.12)

and
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(7.13)

E(S) = aln (a i V)

for k = 0. Now, replacing v by its estimate N we see that the expected num-
ber of species is approximately proportional to log number of individuals for
Fisher’s model (k = 0) when the sample size is large. For shape parameters
k between —1 and 0 we see that the expected number of species is approxi-
mately proportional to N=* for large samples. Hence, in the case of random
sampling of individuals, the gamma model explains the linear logarithmic
relationship being approximately aln N for £ = 0 and the the linear rela-
tionship in a double logarithmic plot being approximately o**1/(—k)N = for
—1<k<O.

For other models such as for example the lognormal species abundance model,
the curves produced under random sampling can be evaluated by numerical

integration.

7.8.4 Island size curves

The dynamic models we have presented earlier, the neutral model with local
communities as well as the homogeneous and heterogeneous models with en-
vironmental stochasticity and density regulation, are all models that can be
used to calculate the (expected) number of species. However, the problem
that needs to be resolved in order to derive species-area or species-individual
curved is to find realistic descriptions of how the parameters in the models
depends on the area. For example, it seems realistic to assume that the
stochastic growth rate s at small densities is not affected by area. This
assumption may also be realistic for the environmental and demographic
variance. The two parameters most likely to be affected is the strength of

density regulation and the speciation or invasion rate.

Hubbell’s neutral model
Fig.7.3 shows examples of the abundance spectrum for Hubbell’s neutral

model. The area under these curves are the expected number of species in
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Figure 7.10: The solid lines are species-individual curves, expected number
of species ES against log local community size Inn, for Hubbell’s neutral
model. The curves are given for three different values of the parameter o
in Fisher’s model describing the total meta-community. The dotted lines
are the corresponding curves for random sampling of the same number of
individuals from the meta-community, that is ES = aln[(a + n)/a] with
slope approximately equal to « for large values if n. The other parameters
are N =107, 02 =1, and m = 0.001.
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the local community. Hence, by numerical integration we can easily find the
expected number of species as function of the size n of the local community.
Some examples of such curves, showing the expected number of species as
function of Inn, are shown in Fig.7.10.

Notice that the curves are approximately straight lines with slope « for rel-
atively large values of n. This is the same kind of linear relationship that
Fisher found under random sampling of individuals from the total commu-
nity, which was E(S) = aln[(a + N)/a]. It appears from the graph that
the curves has the same slope approximately equal to «, but the curves for
random sampling have much larger number of species for the same num-
ber of individuals. This may be understood intuitively by observing that
Hubbell’s local community is a kind of random sampling of individuals from
the meta-community. Actually, the new individuals entering the local com-
munity constitute such a sample, but the species dynamics, especially the
rare ones, will lead to a large number of local extinctions. Accordingly, we
should expect the species number to be much smaller than under random

sampling, as demonstrates in Fig.7.10.

The homogeneous gamma model

In the gamma model, for example, with infinitesimal mean rz — 2? = ra(1—
x/K), with K = r/f3, the area is a major limitation of resources. Therefore,
we must expect that the carrying capacity K increases with increasing area.
As long as we keep the stochastic growth rate s = r — ¢2/2 constant, the
density-regulating parameter § in this model must decrease with area.

A complete modeling, however, require that we also include information
about how area affect the invasion rate. Most likely, the rate will increase
slightly with area, but only extensive data on invasion that is very hard to
find, can tell what is a realistic functional relationship. Here, we only con-
sider models with constant rates. However, it will appear from the derivation
that any functional form for the invasion rate can easily be used to derive

mode general relationships.
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Figure 7.11: Species individual curves for the gamma model given by equation
7.5 in a double logarithmic plot. The curves are generated by varying the
parameter 3 determining the carrying capacities of each species. The curves
are shown for some different values of the environmental variance o2. The

other parameters are r = 0.01, 02 = 0.5, and wy = 0.1. The extinction

barrier is chosen at a = 1.
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The derivation of species-individual curves under the assumption that only
the density-regulation depends on the area is very simple in principle. The ex-
pected number of species E(S) = [ A(x)dz and individuals E(N) = [ zA(z)dx
both depends on the parameter determining the density-regulation and the
hence carrying capacities. Therefore, simply by varying this parameter only,
pairs of numbers [E(S), E(N)] can be found defining E(S) as function of
E(N). In Fig.7.11 we show such curves in a double logarithmic plot produced
from the gamma model with environmental and demographic stochasticity
producing the Poisson rate given by equation (7.5) using extinction barrier
at a = 1.

Notice that the curves look approximately as straight lines over rather large
ranges of IV, for example over ranges in In(/N) of about 2.3 corresponding to
a 10-fold change in N. The slope of these curves is in the range 0.2 to 0.4
which is quite typical for slopes estimated from empirical data.

The homogeneous lognormal model

Fig.7.12 shows species individual curves in a double logarithmic plot for the
homogeneous lognormal model produced in the same way as for the gamma
model. It appears that the curves are approximately straight lines and the
slope is approximately the same for different values of o3. This, together
with a number of other numerical calculations, suggests that we can analyze
the slope using the simplified model with no demographic stochasticity given
by equation (7.8), or the corresponding heterogeneous model with normally

distributed stochastic growth rates among species given by equation (7.10).

The heterogeneous lognormal model
Now considering equation (7.10) for the Poisson rate in the heterogeneous
lognormal model and introducing the parameter § = v — 27%/02 the Poisson

rate takes the form

Ay) = 240 p53/(002) ~(v=s0/5)/ 202/ (26)

2
U@
which is equivalent to the rate in the homogeneous model given by equation

(7.8) with the stochastic growth rate s replaced by the mean sy and 7 replaced
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Figure 7.12: The upper curve is the species individual curves for the ho-
mogeneous lognormal model given by equation 7.8 in a double logarithmic
plot. The curves are generated by varying the parameter v determining
the strength of density regulation. The other parameters are s = 0.01,
02 =0.001, and wy = 0.1. The three lower graphs shows the same curves for

three different values of the demographic variance. The extinction barrier is

chosen at a = 1.
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by 6. The mean and variance in this Gaussian function are n = s,/6 and
2 = 02/(20). Since the strength of density-regulation only affects §, the
species-individual curves for the heterogeneous model can be produced simply

by varying 0. The mean number of species in the community is

2
ES = [ Ma)do = 2200 [ro2/50(n/ ).

e

while the mean number of individuals is

2
- / Wo 52/ (s )me(sowz/@/a@(n//} +p).

0—2

To find an expression for the slope in the double logarithmic plot we use the
variable k = —In d so that n = see” and p* = o%e"/2. We can now study the
relation between ES and EN as k, and hence the density regulation given
by v, varies. Expressing InES and InEN by 7, p? and x and observing that
dn/dk = n, dp*/drx = p*, and then using the fact that 1/p? does not depend

on Kk, we get (exercise 39)

dlnES 1

S =5 [+t + G/p)]

and (exercise 41)

dnEN 1 1
-1 2/ 2 22
P 2{ +0°/p +G(n/p+p)]+n+2p

Here G(z) = z¢(z)/P(x) where ¢ is the standard normal density, that is,
the derivative of ®. From this we find the slope

L dInES 1L+n*/p*+G(n/p) (7.14)
dInEN 1+ n2/p02+Gn/p+p) + 20+ p° '

An interesting conclusion from this derivation is that the slope in the double

logarithmic plot depends on the parameters in the heterogeneous lognor-
mal model only through the mean and variance of the underlying normal

distribution of log abundances. Rather surprisingly, information about the

2

heterogeneity parameter 7¢ is not required. Therefore, since the mean and
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variance can be estimated from one single observation from a community
by fitting the zero-truncated Poisson lognormal model, then also z can be
estimated. We have previously seen that this requires that we have informa-
tion about the sampling intensity as well as a possible over-dispersion in the

sampling relative to the Poisson distribution.

7.8.5 Curves produced by quadrat sampling

In chapter 6 we studied the spatial distribution of individuals. The simplest
model for a given species is given by the homogeneous Poisson process, that
is, the underlying density is constant in space and individuals are randomly
scattered according to the given density of the species. If all species in the
community are described by this simple model, then for any species the num-
ber of individuals within any given area will be Poisson distributed with mean
value proportional to its density as well as the area. Accordingly, the number
of species within an area can be considered as a Poisson sample of individuals
from the community with a given sampling intensity. Increasing the area has
the same effect as increasing the sampling intensity. As a consequence, the
species-individual curves produced by varying the area are exactly the curves
we earlier have produced by random sampling of individuals.

On the other hand, if there is spatial variation in population densities de-
scribed by a spatial auto-covariance function so that individuals to some ex-
tent are clustered in space, the curves will necessarily be different. However,
it is difficult to make general models that cover all the different possibili-
ties. For example, species with different abundances may not have the same
type of spatial scaling. Here we exemplify by considering Fisher’s model and
the extended gamma model for the overall mean density and assuming that
the spatial coefficients of variation and autocorrelations are the same for all
species.

Let x|u(z), z = (21, 22), denote the mean abundance of a species at location

z where u(z) is a stochastic spatial field with mean Eu(z) = 1. Accordingly,
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the abundance x is scaled so that it is the expected number of individuals in
a unit area. Notice that this assumption makes the coefficient of variation of
density, as well as the spatial scaling, the same for all species. Assuming an
inhomogeneous Poisson process for the location of individuals, the number
of individuals of a species with abundance = within an area A is Poisson dis-
tributed with mean W = x [, u(z)dz = aU for a given u(z). For a randomly
chosen area, however, U will have some distribution , say f(u|A) depending
on the stochasticity of the field p(z). The expected value of U = [, u(z)dz
must be A because the field has mean 1. Writing o2 for the variance of
u(z) we have seen in chapter 6 that the variance of U is 02A?p(A), where
p(A) is the mean spatial correlation between for two points chosen at ran-
dom within A. The probability that this species is present in A is therefore
J(1—e ") f(u]A)du, giving the mean number of species in A for this spatial

model

ESspatml // —um U|A) ( )dde (715)
For homogeneous pattern with p(z) = 1 we have simply U = A and the

corresponding species-area curve is simply the same as the curve produced
by random sampling of individuals as pointed out above. With the whole
probability mass of U at A equation (7.15) is the same as equation (7.11) with
sampling intensity v = A. Hence, writing ES(v) for the the expected number
of species in the sample under random sampling of individuals expressed by

equation (7.11), we find

ES patiat(4) = [ BS(u)f(u]A)du

where f(u|A) denotes the distribution of [, p(z) depending of the properties
of the field pu(z). This expression is the sum of the expected contributions
from each species and is therefor unaffected by a possible dependence between
species. We arrive at the same expression for the curves when the fields p(2)

are independent or dependent among species. The variance of the species
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number found in areas of given sizes is, however, depends strongly on the
covariances between the indicator variables for the presence of each species.
Now, consider Fisher’s model with the species-individual curve given by equa-
tion (7.13) as an example. Using the second order Tailor expansion around

u = A we have

a+ A) B ac?A%p(A)

ESspatial(A) = aIn ( ot AR

!
The factor A%/(a + A)? in the last term increases from zero to 1 as A in-
creases, while p(A) usually decreases from 1 toward zero. Consequently, for
areas smaller than some intermediate value A* the curve has smaller slope
than the curve produced by random sampling, while the slope is large for
values above this. This is related to the concept of g-diversity. We see that
the value A* depends on the spatial scaling of the density field p(z). The spa-
tial effect is demonstrated in Fig.7.13 using a Gaussian form for the spatial
autocorrelation of p(z) and a function p(A) computed for squares A using
equation (6.11). We see that the spatial aggregation of individuals makes
the curve have small slope in the beginning and a large slope when In(A)
becomes larger than about In(I?), where [ is the standard error of for the
correlation function scaled to integrate to one. Notice that the coefficient of
variation in the spatial variation of ju(z) here is as large as v/3, which means
that the densities of all species are very small in some areas and quite large
in others.

Using the same approach for the random sampling curve from the extended
gamma model with approximately linear relation in a double logarithmic plot

for large areas A given by equation (7.12), we find

g 1_( a >k _Oék+1O'2A2ﬁ(A)
k a+ A 2(a+ A)k+2

ESspatial ~

which is exemplified in Fig.7.14. Notice that the curves in the case of spatial
patchiness are very close to straight lines for In(A) between 5 and 9. However,

they have much larger slopes than the line for random sampling, which has
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Figure 7.13: The second order approximation to the species area curve when
the spatial correlation for the density of all species is of the Gaussian form
p(r) = e /@) where r is the distance. The solid line is the species area
curve for constant densities for Fisher’s model given by equation (7.13). The
dashes line is the curve for scale [ = 10, and the dotted line for scale [ = 30.
The corresponding vertical lines are at In(A) = In(/?). The other parameters

are 02 = 3 and o = 30.
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Figure 7.14: The second order approximation to the species area curve when

the spatial correlation for the density of all species is of the Gaussian form

p(r) = e /@) where r is the distance. The solid line is the species area

curve for constant densities for the extended gamma model with £k = —0.5

given by equation (7.12). The dashes line is the curve for scale | = 10, and

the dotted line for scale [ = 30. The corresponding vertical lines are at
In(A) = In(I?). The other parameters are 6 = 3 and o = 20.
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slope —k = 0.5 for large areas. This indicates that large slopes found over
large ranges in empirical studies may to some extend be a result of spatial

segregation, that is, a result of S-diversity.

7.9 Temporal and spatial analysis of similar-
ity
7.9.1 Introduction

In the introduction to this chapter we defined Jaccard and Serensen’s index
for similarity between two communities. Since these two indices, that actu-
ally are equivalent, are based on counting the number of species in the two
communities, it is obvious from our previous discussion of species-area curves
that the estimation of the indices from samples must be difficult due to many
unobserved rare species in both communities. On the other hand, if we know
that the community can be described by a certain species abundance model,
the number of species can be estimated by fitting a species abundance distri-
bution taking the sampling into account, and calculate the number of species
from the estimated parameters in the model. This indicates strongly the pos-
sibility of also relating indices of similarity like Jaccard and Sgrensen’s index
in some way to abundance distributions, which we discuss further in 7.9.4.

Let (z;,v;), i = 1,2...s be the abundances of species i in two communities,
either two communities at the same time but at different locations, at dif-
ferent times at the same location, or different times at different locations.
When dealing with abundance models we have considered (xi,zo,...x5) as
well as (y1, 2, ...ys) as samples from a distribution, which is called the species
abundance distribution. These samples, however, are not in general indepen-
dent. If the time differences and spatial distances between the communities
are small, the two-dimensional species abundance distribution of (z;,y;) is
a bivariate distribution expected to have large correlation. In statistics the

correlation is the most widely used measurement for quantifying the similar-
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ity between samples like this. Consequently, any measurement of correlation
can be used as index of similarity between two communities described by
species abundance distributions.

Below be return to the heterogeneous lognormal model and discuss contribu-
tions to the correlation between abundances on the log scale from correlations
between noise terms, heterogeneity, density-regulation and migration. This
decomposition of the variance in the lognormal model can be utilized to

perform statistical analysis of spatial and temporal community data.

7.9.2 Spatio-dynamical species abundance models

The heterogeneous lognormal species abundance model given by equation
(7.10) was derived by assuming that the stochastic growth rates of species
were generated by a normal distribution at speciation/colonization. The
stochastic growth rates for the resident species when stationarity is reached
is also normal, although the parameters are different (exercise 33). Since
speciations are rare, we now assume stationarity and ignore speciations and
extinctions during some time interval under investigation. Then consider a
site z = (21, 29) with log abundance x(t, z) for some species at time ¢, and

dynamics given by
dx(t,z) = [s — ya(t, z)|dt + 0.dB(t, z)

where dB(t, z) is a temporal Brownian motion specific for site z. The stochas-
tic growth rate s is normally distributed among species with mean, say sg
and variance 72 (a redefinition of the notation sy and 7%t in exercise 33),
and the noise terms are independent among species. The noise terms are,
however, correlated in space with correlation depending on the distance be-
tween sites given by E[dB(t, 2)dB(t, z+w)] = p.(w)dt (exercise 42). We have
seen in 6.3.2 that the Moran effect holds for this model so that the stationary
distribution of [x(t, 2), z(t, z + w)] is the bivariate normal distribution with
correlation p.(w) and variances o = ¢2/(27). More generally we may con-

sider the same species at two different times as well as different locations and
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use the assumption that the stochastic growth rates are normally distributed

with variance 72. The correlation is then (exercise 43)

pe(w)e 1?4 72
o+ 12

p(h,w) = corr[z(t, 2),z(t + h, z + w)] = (7.16)

7.9.3 Decomposition of the variance

The lognormal model

The correlation p(w, h) between two communities can be estimated from data
under the assumption of Poisson sampling or Poisson lognormal sampling
from both communities with over-dispersion parameter 6? as defined in sec-
tion 7.6.2. This over-dispersion adds a term 62 to the variance parameter for
both marginal distributions, but have no effect on the covariance. Accord-
ingly, evaluating the terms of the bivariate Poisson lognormal distribution
(exercises 44 and 45) for the data from these two communities, the correla-
tion parameter that can be estimated by maximum likelihood (exercises 46
and 47) is

_ pe(w)e o + 72

- = 1

while the variance parameter is
v=0+71>+0%

If samples are available from a large number of communities at different
locations and different times, the correlations p*(w, h) can be estimated from
each pair of communities (exercise 47). The variance parameter v can be
chosen as the mean of all estimates of v. The correlation estimates are
preferably smoothed, for example by assuming a parametric form of p.(w), to
find estimates of 7y, p*(0,0) and p*(z, 00). The decomposition of the common
variance v of the lognormal species abundance distributions, that is, the

components o2, 72 and 62, are then found from the relations

0" =v([1 - p"(0,0)],
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Figure 7.15: Correlation estimates for samples of tropical butterfly commu-

nities from 25 sites over 5 years. The left panel shows correlation estimates

for zero time difference, while the right one has time differences one year.

The estimates are found by maximizing the likelihood function based on the

bivariate Poisson lognormal distribution given in exercises 43-48.
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o = v[p(0,0) — (2,00,
and

T = vp*(2,00),

following from equation (7.17). The spatial scale of the noise is given by
[ = 1/~. Examples of smoothed estimates are shown in Fig.7.15.

We have in the above analysis assumed a given environmental correlation
in the noise expressed by p.(r) that alone generates the same equal spatial
correlation in log population size. However, we have seen in chapter 6 that
other effects, in particular migration and permanent spatial heterogeneity,
also may have large effect on the field X (z). This will make the expression

for the correlation, such as the one given by equation (7.16), more complex.

Hubbell’s neutral model

It is impossible to compare the above spatio-temporal results for the log-
normal model to Hubbell’s neutral model because we have no spatial theory
for that model unless we also model distance-dependent migration between
islands. However, it is possible at least to make a comparison with the result
from the pure temporal analysis given by equation (7.16) with w = 0 and
pe(w) = 1.

In the neutral model the infinitesimal mean for a relative abundance p of
some species in the local community is p(p) = —m(p—q), where ¢ is its fixed
abundance in the meta-community. Also, due to immigration, the diffusion
for p is stationary. Then we can apply the result for linear infinitesimal means
shown in chapter 3.12, saying that the temporal autocorrelation is simply
p(t) = e~™. This is the autocorrelation for p as well as the absolute variance
x = np because the local community size is assumed to be constant. To find
the unconditional correlation not conditioned on ¢, we first need to derive the

distribution of ¢ for species that are present in the local community. We can
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find this from the two-dimensional frequency spectrum g(p; ¢)f(q) discussed
just before equation (7.3), expressing the expected number of species with
relative abundance in (p, p+ dp) in the local community and in (¢, ¢+ dg) in
the meta-community when multiplied by dpdq. Since the smallest abundance

for p indicating presence is 1/n the distribution conditioned on presence is
F(@) = cfla) | olia)dp,

where ¢ it the required scaling factor. Using this distribution for ¢ we find

the unconditional correlation

P 24 72

where now o = Evar*(p|q) and 72 = var*(q), where * indicates reference to

, (7.18)

the distribution f*(q) (exercise 49). Although these are the correlations on
the absolute scale while equation (7.16) refers to the log scale, the functions
appear to have very similar forms. The most interesting difference, however,
is the exponential temporal functions e~ in the heterogeneous lognormal

™ in the neutral model. That is, the temporal scale is 1/ and

model and e~
1/m, respectively. A rapid decrease will only occur in the lognormal model
under strong density-regulation, while in the neutral model only under large

migration (small degree of isolation from the main community).

7.9.4 Correlation and indices of similarity

We have seen that the correlation parameter in the bivariate Poisson lognor-
mal model can be estimated from data without having any information about
the sampling intensity for the sampling from the two communities. This is a
very important observation because sampling intensities are often unknown,
or partly unknown. In statistics correlations are generally defined for any bi-
variate distribution, so for all two-dimensional species abundance models, we
can use the correlation as an index of similarity. Using the normal distribu-

tion as an approximation when constructing estimates of correlation is also a
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well known technique that usually leads to reliable estimates. The same ap-
proach can be used for communities. Even if the binormal distribution does
not give precise description of the system, a number of empirical studies has
shown that it often is a good approximation. Therefore, fitting the bivariate
Poisson lognormal distribution and using it to estimate the correlation will
rather generally give quite a useful measurement of similarity.

The Jaccard and Sgrensen’s indices are often estimated directly from data by
substituting the number of species in the communities by the numbers actu-
ally observed. Estimates obtained in this way are of course very sensitive to
sampling efforts. In order to investigate this in some detail it is convenient
to count species that are ’likely to be observed’ rather than the observed
numbers. This will practically make no difference, but it facilitates the anal-
ysis. We do this by defining a species as likely to be present if its abundance
exceeds a given threshold. Hence, defining thresholds for both communities
there is a unique expected number of species ’likely to be observed’ in both
or in one of the communities corresponding to some unique fractions of re-
vealed species. The Sgrensen index was defined as L = 24/(2A + B + (),
where A was the number of species present in both and B and C' the num-
bers present in only one or the other community. Replacing A, B, and C' by
the above numbers of species with abundances exceeding the thresholds then
leads to an index not depending on any sampling assumptions other than the
expected fraction of species in the samples.

Returning to the bivariate lognormal species abundance model it is most
convenient to define thresholds referring to standardized log abundances. A
species with log abundance X is likely to be present if U = (X — u,.) /0, > a.
The fraction of species exceeding the threshold is then P(U > «) = 1 —®(«),
where @ is the standard cumulative normal distribution. Consequently, this
definition of 'presence’ through « refers to a sampling effort expected to
reveal a fraction p = 1 — ®(a) of the species abundance distribution. In
the same way we define 'presence’ in the other community by £ so that

V = —uy,)/o, > B, with corresponding fraction ¢ = 1 — ®() expected to
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Figure 7.16: Sgrensen’s similarity index as function of community correlation
p in the bivariate lognormal community model. Definition of the index is here
based on p = ¢, that is, sampling reveals the same expected fraction of species

in both communities. The curves are shown for different values of p = q.

be seen.
The two-dimensional distribution of (U, V) among species is the standard

binormal distribution with correlation p,
1 71L2—2puv+112

N = 2(1- 2)
f(uﬂvﬂp) 27"\/1_7p2€ ?

having marginal distributions with zero means and unit variances. Hence,
with s species altogether the quantities entering the expression for Sgrensen’s
index are A = s [[° [§° f(u,v; p)dudv, B = s [° 12 flu,v; p)dudv and C =
s [ J5° f(u,v; p)dudv. Inserting these into the expression for L, the species
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number s disappears and the index, say L, 4, appears to be a function of the

community correlation p only (exercise 50)

_ 2G(av, B; p)
P4 2G (o, B p) + G(—a, By —p) + Gla, =B —p)

where G(a, 8;p) = P(U > o,V > ), which can be written as the univariate

L

integral

Glon ) = [T - (s

This index for different thresholds p = ¢ is depicted as function of the commu-

) (v)dv.

nity correlation p Fig.7.16. The special case p = ¢ = 1/2, that is, when one
half of the species is expected to be observed in both communities, Sgrensens

index takes the simple form (exercise 51),

L0.5’0.5 = 1/2 + arcsin(p)/ﬂ

which is zero for p = —1, 0.5 for p = 0 and 1 for p = 1. This function is the
middle line in Fig.7.16.

7.10 Exercises

1. Show that the information index for a given number of s species takes its
maximum value Ins for p; =1/s, 1 =1,2...,s.

2. Show that Simpson’s index for a given number of s species takes its
maximum value (s —1)/s for p; =1/s,i=1,2...,s.

3. Show that the information index is unbounded even if there is a dominant
species with relative abundance 0.9.

4. Let Y; be the number of individuals in a sample representing species
i,i=1,2,...,8, Y Y; = N. Under the assumption that (Y1,Y5...,Y;) is
multinomially distributed with parameters (N, p1,ps,...,ps), find an unbi-

ased estimator for Simpson’s index.
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Hint: Find first an unbiased estimator for p?, using the fact that Y; is bino-
mially distributed.

5. Show that no unbiased estimator exists for the information index.

Hint: Consider a general estimator ]:II(N, Y1,Y,, ..., Y,) and study the math-
ematical form of its expectation.

6. Consider the diffusion with infinitesimal mean and variance u(p) = —up
and v(p) = p(1 — p)/(2N,) and initial state py = 1/(2N). Show that the
Green function is proportional to p~1(1 — p)M =1, where M = 4N, u.

7. For a ’frequency spectrum’ f(p) = cp~1(1 — p)M~1, show that c ~ M.

8. Show that the expected fraction of homozygotes in the neutral infinite
allele model is 1/(M + 1), where M = 4N, u, and that the expected value of
Simpson’s index for genetic diversity in the same model is M /(M + 1).

9. Let the species abundances y in the community follow the gamma dis-
tribution [p*/T'(k)]y*~te=*, and assume that a species with abundance y
is represented by a Poisson-distributed number of individuals in the sample
with mean vy. Then, show that the observed number of individuals for the
species represented in the sample follow a zero-truncated negative binomial
distribution.

10. Derive Fisher’s logarithmic series distribution from the zero-truncated
negative binomial distribution derived in exercise 9.

11. Consider the model in exercise 9 and show that the expected number
of species with n representatives in the sample approaches Fisher’s log-series
aw™/n as the shape parameter k approaches zero and the number of species
s in the community approaches infinity so that ks — «, where w = v/(v+p).
12. For the model in exercise 9 show that the marginal distribution of the
relative abundance of a given species is the beta-distribution I'(«) /[T'(k)T(a—
E)p*~ (1 — p)*~t, where o = ks.

13. Use the result in exercise 12 to show that the ’frequency spectrum’ in
Fisher’s model is the same as in Crow and Kimura’s neutral infinite allele

model.
Hint: Use the relation kI'(k) = I'(k + 1).
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14. In order to find E(H/) in Fisher’s model first define the function G(t) =
o p'(1—p)M~tdp.

Hint: Use the formula [y 2%~ (1 — 2)""'dz = Fp(?ii(bg) and evaluate 4 In G(t)
at t = 0.

15. Assume that the number of species with j representatives in the sample,

j =1,2,..., are independent Poisson variates with means r; = aw’/j. Show
that the total number of observed species S and individuals N are jointly
sufficient for @ and w and that the maximum likelihood estimator of « is
the solution of the equation S/& = In[(N + &)/a] and the estimator of w is
w = N/(N + &).

16. Find the maximum likelihood equation for M from Ewens’ sampling
formula.

17. Show that the likelihood equation for M from Ewens’ formula is approx-
imately the same as Anscombe’s formula for « in Fisher’s model, that is, the
solution is approximately the solution of S/M = In[(N + M)/M].

18. Let A(x) be the intensity of an inhomogeneous Poisson process and let N
be the number of Points in the interval €2 for some realization of the Process.
Show that, conditionally on N = n, the points in 2 are n independent
observations from the distribution A(z)/ [ A(u)du.

19. Show that the stationary distribution for the diffusion with infinitesimal
mean u(p) = —m(p — q) and variance p(1 — p)o2/n is the beta-distribution
with parameters 7¢ and 7(1 — q), where 7 = mn/o3. Find the mean and
variance of this distribution as well as E[p(1 — p)].

20. Use the result in exercise 19 to how that the expected value of Simpson’s
index for the local community is the index for the meta-community multiplied
by /(T + 1).

21. Use equation (7.3) to show that the expected value of the information
index on islands in Hubbell’s model is

E(Hrp) = [[¥(r+1) = ¥(rq+ 1)]a(l — q)* 'dg.

Hint: First find the expected value of —pIn p on the island for a species with

relative abundance ¢ in the meta-community. Use the technique similar to
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that in exercise 14.

22. For an inhomogeneous Poisson process with intensity A(z) on the interval

[a, b] consider the realization of points x1, z, . .., xy. Show that, conditioned
on N, the distribution of x1,xs,...,xy is a sample from the distribution
Az)/ 2 Mu)du.

23. Consider a diffusion with initial state o = a+0 > a. Find the probability
that the path reaches a + ¢ > a + § before reaching a is 0/ as ¢ — 0 (and
consequently 6 — 0). Let w be the rate of diffusions starting at a + § and
let the speciation rate be defined as the rate at which these diffusions reach
a + ¢ for the first time. Show that the speciation rate in the above limit then
approaches wd /e.

24. Consider a diffusion model with environmental variance only where the
density regulation is so small that it can be ignored for x < n. If we define
speciation to occur as a new species reach abundance x = n, show that the
speciation rate in the homogeneous gamma model is wy/n.

25. Under the assumption of Poisson sampling show that the number of
species z; with j representatives in the sample are independent Poisson dis-
tributed variables.

26. Show that the Poisson rate given by equation 7.6 combined with Pois-
son sampling leads to the zero-truncated negative binomial distribution of
observed abundances.

27. Find the expected value of Simpson’s diversity index for the model
defined by equation 7.6.

28. Find the expected value of the information index for the model defined
by equation 7.6.

29. For the lognormal model given by equation 7.8 with mean n = s/v and
variance p* = ¢2/(27), and sampling given by the Poisson lognormal distribu-
tion with overdispersion parameter 6 and intensity v, show that the expected
number of species with i representatives in the sample, ¢ = 0,1, ..., is pro-
portional to the terms of the Poisson lognormal distribution with parameters
(n+Inv—62/2,p* + 62).
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30. Let A\(z), ¢ = 1,2,...n be independent inhomogeneous Poisson pro-
cesses. Show that the set of points generated by all n processes together is
an inhomogeneous Poisson process with rate Y7 ; \;(x).

31. Construct a heterogeneous model from the gamma model given by equa-
tion 7.6 by assuming that the parameter (3, expressing the strength of density
regulation, is gamma distributed among species at invasion. Show that the
species abundance distribution then is the beta-distribution of the second
kind, that is

T(p+q) P!
L(p)T(q) (1 + bx)rta

fz) =

Find the parameters p, ¢ and b expressed by the parameter of the heteroge-
neous dynamic species abundance model.

32. Construct a heterogeneous model by assuming that the parameter o2 in
the model given by equation 7.8 has an inverse gamma distribution among
species at invasion. Show that the resulting species abundance distribution
on the log scale is Student’s T-distribution (the general form where the de-
grees of freedom is not required to be an integer). Find the parameters of
the distribution expressed by the parameters of the underlying dynamical
model. Also find the species abundance distribution on the absolute scale
and compare it to the lognormal distribution.

33. Use equation 7.9 to find the lognormal species abundance model resulting
from assuming that the stochastic growth rate s in equation 7.8 is normally
distributed among species at invasion with mean sy and variance 72.

34. For the model in exercise 32 show that the distribution of s among the
species in the community is normal with mean sg) and variance 72 when
stationarity is reached, where ¢ = [1 — 27%/(y02)] L.

35. For the model given in exercise 33 show that the coefficient of variation in
the carrying capacities among species is larger when stationarity is reached
than at invasion.

36. Consider a community with relative abundances pi, ps,...,ps, and as-

sume that the number of observed species X; of species i, for it = 1,2,... s
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are independent Poisson variates with mean vp;. Let I; be an indicator of
the event that species ¢ is not represented in the sample, and let J; indi-
cate that it is represented by exactly 1 individual in the sample. Show that
the total relative abundance of unobserved species U = > p;I; has the same
expectation as U=%" Ji/v.

37. For the model in exercise 35 show that var(U — U) = (2Ez, + Ez) /12,
where z; is the number of species represented by j individuals in the sample.
38. Consider a sample (X7, Xs, ... Xg) of S species from a community (that
is, X; > 0) and let J; be an indicator of the event that species i is represented
in a random sub-sample of size n < N. Find an expression for the variance
of the number of species S,, = > J; in the sub-sample conditioned on the
sample.

Hint: The covariances between the J; must be included. These can be cal-
culated by using indicator variables for events (J; = 1,J; = 1) = (J;J; = 1)
for i # j.

39. In order to derive the expected number of species in a random sample
under the extended gamma model first consider E(S) = g(v) as function of
the sampling intensity v. Find an expression for the derivative of g(v) and
evaluate it by integration. Finally use the fact that ¢(0) = 0 to find the
general expression for E(S) valid for £ > —1.

40. In the heterogeneous lognormal model given by equation (7.10) define
k= —Ind so that n = sge” and p? = ¢2¢"/2. Then show that

dlnES 1

S =5 [LH 0+ Gln/p)]

where G(z) = z¢(x)/P(x) and ¢ is the standard normal density.

41. For the model in exercise 39 show that

dln EN 1

1
_ = 2/ 2 19
=3 [1+7%/p +G(n/p+p)}+n+2p.

42. Consider two Brownian motions at location z and z + w and assume
that dB(t, z)dB(t, z +w) = p.(w)dt. Show that p.(w) then is the correlation
between dB(t, z) and dB(t, z + w).
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Hint: Consider first a discrete time step At. Then go to the limit.

43. Consider Ornstein-Uhlenbeck processes on the form dX(¢,z) = [s —
v X (t,2)]dt + 0.dB(t,z) and correlated noise given by E[dB(t, z)dB(t, z +
w)] = pe(w)dt. Show that

pe(w)e "ho? + 72
02 + 72

p(h,w) = corr[z(t, 2),x(t + h, z + w)] =

when s is normally distributed with variance 72.

44. Assume that the log abundances (X,Y") of species, is a sample from
the bivariate normal distribution with parameters (ji, f1,, 02, 05, p). Let the
sampling process be given by the Poisson distribution in both communities
so that the number of individuals of a species in the samples, say (N, N,),
under unit sampling effort are Poisson distributed with means e® and e¥

when conditioned on the abundances, and define the function

5 exp(uon+ pun — e~ (MotH)
b, 0% u) = oy :

Then show that the bivariate Poisson lognormal distribution P(N, = n,, N, =

n,) can be written as

Q(nmnyﬁilaag;/ﬁ%fia/)) = /—oo /—oo hnz(/ubz,aw,U)hny(,uy,Uy,U)f(U,U;,O)dUdU

where f(u,v; p) denotes the binormal distribution with zero means, unit vari-
ances and correlation p.

45. Consider the bivariate Poisson lognormal model given in exercise 44
but assume that the sampling effort for the two communities are v, and v,
that is, IV, and N, are Poisson distributed with means vyeX and l/yey when
conditioned on the abundances. Show that the distribution of (N, N,) is
now the bivariate Poisson lognormal distribution g(ng,ny; g, + Inv,, u, +
Iny,, o2, Uf,, p).

46. Generalize the sampling model in exercise 44 by assuming that N, con-

ditioned on the abundance X and a variable V is Poisson distributed with
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mean Vv,eX, where In V are normally distributed with mean —6?/2 and vari-
ance 02 so that EV = 1. The sampling variable V takes independent values
for each Poisson sampling. With the same assumptions for N,, show that the
bivariate distribution of (N,, N,) then is the Poisson lognormal distribution

q(Ny s e + I v,y + vy, 02 + 6,02 4 6, p*), where

* POL0y

SN DI

47. Use the result in exercise 42-45 to derive equation (7.16).

48. In the one-dimensional case we usually consider the species abundance
distribution truncated by omitting the zero class since the number of species
in this class is unknown. Discuss how unobserved species should be treated
in the estimation procedure in the two-dimensional case.

49. Derive equation (7.18).

50. Derive the expression for Sgrensen’s index when the standardized log
abundances for two communities (U, V') has the standard binormal distribu-
tion with correlation p.

Hint: Use P(U > o,V < ) = P(U > a,—V > —f) and the fact and the
symmetry property that (U, —V') is standard bivariate normal with correla-
tion —p.

51. A classical result for the standard bivariate normal distribution, due to
W.F. Sheppard in 1898, is that the probability of an observation taking a
value in the first quadrant is 1/4 + arcsin(p)/(27). Use this result to find an

analytic expression for Sgrensen’s index for p = ¢ = 1/2.



