DEFINITION Limit of a Sequence
We say that the sequence {a,} converges to the real number L, or has the limit L,
and we write ’

lim a, = L, @

n—>o0

provided that a,, can be made as close to L as we please merely by choosing n to be
sufficiently large. That is, given any number € > 0, there exists an integer N such
that

la, — L| <e foralln=>N.

If the sequence {a,} does not converge, then we say that {a,} diverges.
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FIGURE 11.2.1 The point (n, a,) approaches the line
y=L as n— +oo.



THEOREM 1 Limit Laws for Sequences
If the limits

lima,=A and lim b,= B
n—o00 n->00

exist (so Aand B are real numbers), then
1. nllnc}o ca, =cA (c any real number);

2. n]ingo(an + bn) = A+ B;
3. lim a,b, = AB;

n—oo
4 ImP-2
n—>o b, B

THEOREM 2 Substitution Law for Sequences
If lim,_, o, @, = Aand the function f is continuous at x = A, then

Tm f(an) = f(A).

THEOREM 3 Squeeze Law for Sequences
If a, <b, <c, for all n and ‘

lim g, = L= lim c,,
n—>0Q n—0o0

then lim,,, o b, = L as well. |

THEOREM 4 Limits of Functions and Sequences
If a, = f(n) for each positive integer n, then

lim f(x) = L impliesthat lim a, = L.
X—>00 n—o



The sequence {a,}5° is said to be increasing if
mSamSazs - SanS

and decreasing if
a1 20,2032 - 20n 2 -

The sequence {a,} is monotonic if it is either increasing or decreasing. The sequence
{a,} is bounded if there is a number M such that |a,| £ M for all n.

Bounded Monotonic Sequence Property ‘
'Every bounded monotonic infinite sequence converges—that is, has a finite limit.
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DEFINITION The Sum of an Infinite Series
We say that the infinite series

o0
Z a, converges (or is convergent)
n=1
“with sum S provided that the limit of its sequence of partial sums,
| S = lim S,
n—>0Q

exists (and is finite). Otherwise we say that the series diverges (or is divergent). If
~a series diverges, then it has no sum.

Thus the sum of an infinite series is a limit of finite sums,

fo'e) N
S = E a, = lim E a,,
: N—00

n=1 n=1

provided that this limit exists.



DEFINITION Geometric Series
The series Y .-, a, is said to- be a geometric series if each term after the first is

a fixed multiple of the term immediately before it. That is, there is a number r,
called the ratio of the series, such that

an.1 =ra, forallnz0.
THEOREM 1 The Sum of a Geometric Series
If |r| < 1, then the geometric series in Eq. (5) converges, and its sum is

> a
S=Zar"= 1——r"

n=0
If |r| 21 and a # 0, then the geometric series diverges.

THEOREM 2 Termwise Addition and Multiplication .
If the series A = Y a, and B = }_ b, converge to the indicated sums and c 1s a

constant, then the series ) _(an + bn) and Y ca, also converge, with sums

1. }:(a,, +b,) = A+ B;

| 2. an,, = CcA.
THEOREM 3 The nth-Term Test for Divergence

If either

lim a, #0

n-»o0

or this limit does not exist, then the infinite series Z a, diverges.
THEOREM 4 |
The harmonic series diverges.

THEOREM 5 Series that Are Eventually the Same
If there exists a positive integer k such that a, = b, for all n > k, then the series

S a, and Y b, either both converge or both diverge.



THEOREM 1 The nth-Degree Taylor Polynomial
Suppose that the first n derivatives of the function f(x) exist at x = a. Let P,(x)
be the nth-degree polynomial

4 ( )(x— ay’ +- -+

" (q
= f@ + f'@(x—a)+ fn()

(x —a)".

THEOREM 2 Taylor’s Formula |
Suppose that the (n + 1)th derivative of the function f exists on an interval con-
taining the points a and b. Then

f® = f@ + f@b-a+ 520 o
ARG ; f(”)() a1 L@
g Cmar e e e ma) e 6 m

for some number z between a and b.

THE MEAN VALUE THEOREM

Suppose that the function f is continuous on the closed interval [a, b] and differ-
entiable on the open interval (a, b). Then

f® - f@=[f@©- -b-a

for some number c in (a, b).
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