THEOREM 1 The Integral lest . N

Suppose that Y a, is a positive-term series and that f is a posmve;valued, d;
creasing, continuous function for x 2 1.If f(n) = a, for allintegersn 21, theq the
series and the improper integral

Zan and / f(x)dx
1
n=1

either both converge or both diverge.
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JRE 11.5.1 Underestimating the partial sums

FIGURE 11.5.2 Overestimating the partial sums
lan integral.

with an integral.

TH EOREM 2 The Integral Test Remainder Estimate
- Suppose that the infinite series and improper integral

> a, and / ” f(x)dx
n=1 1

| satisfy the hypotheses of the integral test, and suppose in addition that both con-
verge. Then

oof(x)dxéRné/oof(x)dx,

n+1

where R, is the remainder given in Eq. (5).



THECREM 1 Comparison Test
Suppose that > a, and > _ b, are positive-term series. Then

1. > a, converges if > b, converges and a, < b, for all n;
2. > a,divergesif > b, diverges and a, 2 b, for all n.

THECGREM 2 Limit Comparison Test
;;Suppose that )" a, and }_ b, are positive-term series. If the limit
dn

L= lm -

lexistsand 0 < L < +00, then either both series converge or both series diverge

THEOREM 1 Alternating Series Test
| If the alternating series in Eq. (1) satisfies the two conditions

1. a, 2 a,.1 > Oforall n and
2. Iim a, =0,

n—>o0

then the infinite series converges.

- THEOREM 2 Alternating Series Remainder Estimate

Suppose that the series > (—1)"*1a, satisfies the conditions of the alternating
series test and therefore converges. Let S denote the sum of the series. Denote
by R,=5§~ 5, the error made in replacing S with the nth partial sum S, of the
‘series. Then this remainder R, has the same sign as the next term (—1)"*a,, of
the series, and

0 < an] < dp41.
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DEFINITION Absolute Convergence
The series ) | a, is said to converge absolutely (and is called absolutely convergent

provided that the series
Zlanl = lag| + laz| + las| + - - - + lan| + -+

| converges.
'THEOREM 3 Absclute Convergence Implies Cenvergence
If the series S |a,| converges, then so does the series > ap.

THEOREM 4 The Ratio Test

Suppose that the limit

ap+1
Qp

p = lim
n—=oo

either exists or is infinite. Then the infinite series ) a, of nonzero terms

1. Converges absolutely if p < 1;
2. Divergesifp > 1.

©If p=1, the ratio test is inconclusive.

 THEOREM 5 The Root Test

- Suppose that the limit
| p = lim {/|a,l

1—>00

exists or is infinite. Then the infinite series > a,

1. Converges absolutely if p < 1;
2. Divergesif p > 1.

If p =1, the root test is inconclusive.



