THEOREM 1 Convergence of Power Series
If E a,x"is a power series, then either

‘1. The series converges absolutely for all x, or

2 The series converges only when x = 0, or

3. There exists a number R>0 such that D_anx" converges absolutelya}_ﬁif
1xl< R and diverges if Ix[ > R. N |

Converges? Converges?
Diverges? Diverges?
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FIGURE 11.8.1 The interval of

converdence if 0 < R = Iim l
oo | py

< CQ.

Z an(x — )" = ap+a1(x — ¢) + ar(x — c)® +

Pn=0

1. The: series in Eq. (9) converges absolutely for all x, or

- 2. The series converges only when x — ¢ = O—that i 15, when x = c—or

3. There exists a number R > 0 such that the senes in Eq. (9) converges abso-
lutely if |x — ¢| < Rand divergesif [x — ¢| > R

Converges? Converges?
Diverges? Diverges?
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FIGURE 11.8.4 The interval of
convergence of > 0 An(x — o).
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THEOREM 2 Taylor Series Representations '
Suppose that the function f has derivatives of all orders on some interval con-

taining a and also that
lim R, (x) =0
n— 00

for each x in that interval. Then

f(x) = Z f(i'l)(a) (x —a)" \

n!

n=0
for each x in the interval.

 THEOREM 3 Termwise Differentiation and Integration
- Suppose that the function f has a power series representation

[o 0] .
f(x)=zanx"=ao+a1x+a2x2+a3x3+---

n=0
with nonzero radius of convergence R. Then f is differentiable on (- R, R) and
fl(x) = Z na,x" ' = a; + 2arx + 3asx? + dagx> + - -. 17)
H=
+ Also,
" f di = i X ok a4 Lo 4. )

for each x in (— R, R). Moreover, the power series in Egs. (17) and (18) have the
- same radius of convergence R.

REMARK  Suppose that we had been asked in advance to approximate /105 accurate
to five decimal places. A convenient way to do this is to continue writing terms
of the series until it is clear that they have become too small in magnitude to affect
‘the fifth decimal place. A good rule of thumb is to use two more decimal places in
the computations than are required in the final answer. Thus we use seven decimal
places in this case and get



| - (—1)m Fy2n-1 ] | ] |
an ' x = e =y — A3 S 1T LY
lan  x = Z; T =X = 3T A+ 5A X7+ g
=
N
! 1
i ] b) ] B} ] E (—l)’l+
3 4 N
Ind+x)=x—-x"+=x"— 2" 4 ...+ ¥+
+ ) 2 3 4 i
i J!
f :
| |
: |
' : n=9 n="=¢
{ I
! |
| |
] ]
|
| i
i | y=tan~! x
| x| |
4
\ ! |
: ]
| | | p
_ml :
! 4 i' n=3
! |
|
! |
: I n="7
| |
} :
| |
| !
| |
I
| :
x=-1 . v

THEOREM 1T Adding and Multiplying Power Series

I.I . - .
- Let > a,x" and > b,x" be power series with nonzero radii of convergence. Then

oo 00 oo
. zanx” + Z bpx" = Z(an + by)x" (4)

=0 =0 n=0
and
0 0 o0
(Z a,pc”) (Z bnx") = Z Crnx"
n=0 n=0 n=0
= aobo + (aob1 + arbo)x + (aghy + aiby + azbg)x® + -, (5
where

Cn = agb, + arb,_1 + abpy + -+ + an-1b1 + a,by. (0)

The series in Egs. (4) and (5) converge for any x that lies interior to the interval-
of convergence of both 3" a,x" and ¥ b,x".
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EXAMPLE 3 Assume that the tangent function has a power series representalion

tanx = ) a,x" (it does). Use the Maclaurin series for sin x and cos x to find «y. «
a;, and as.

_ 1,3 2,54 17.7 1382 11 4 .
tanx = X + 3% +i§x + 335X +2835x + 5ot T

f) © X = Sin X
A

2
% =) O X

(’X — 5/(/:" X)

/Q/L"M (- cosx)3

zE()ppgave 93 (1997-12-10: SIF5003 oppgave 8)
‘Bestem konvergensintervallet for potensrekken

o
g nx”,
n=1

- og finn et endelig uttrykk for summen i konvergensintervallet.

FINN TAYLORXEWXA Tio ,{;(x];g\,\x oM
PONKTET =2  o¢ BEsTeM kowv. gade



o0 (\'_I)nxn

Zn(n—-l)'

n=2

Finn konvergensomradet til denne rekken. La f(x) vere
summen til rekken nér x ligger i konvergensomradet og
finn en rekkeutvikling for (x).

Visat f(x) = (1 +x)In(1 +x) — x.
Bruk a) og b) til 4 bestemme In(3/2) med feil < 1 /250.
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