DEFINITION Parametric Curve 543 -4
A parametric curve C in the plane is & pair of functions

x=f@), y=g(),

that give x and y as continuous functions of the real number ¢ (the parameter) in
.some interval /.
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e The area under the curve:

W

b
A:‘/ ydx.
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e The volume of revolution around the x-axis:

b
Vi =/ ny*dx.
a

e The volume of revolution around the y-axis:

b
Vy.—_/ 2rxydx.

* The arc length of the curve:
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The area of the surface of revolution around the x-axis:
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! Sy z/ 2nyds.
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The area of the surface of revolution around the y-axis:
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S =/ 2 x ds.
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'DEFINITION  Vector - 1A -I35

' A vector v in the Cartesian plane is an ordered pair of real numbers that has the
| form (a, b). We write v = {(a, b) and call a and b the components of the vector v.
D EFINITION Equality of Vectors

‘The two vectors u = (14, up) and v = (vl, V) are equal provided that u; = v; and
uz = V3.

DEFINITION Addition of Vectors
~fThe sum u + v of the two vectors u = (uy, up) and v = (v, v7) is the vector
' u+v={(u + v1, Uy =+ V7).
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DEFINITION  Multiplication of a Vector by a Scalar
If u = (11, up) and c is a real number, then the scalar multiple cu is the vector

|
!
l} cu = (cuy, clip).
1. at+b=b+a,
2. a+(b+c)=(@a+b)+c,

3. r(a+b)=ra+rb,
4. (r+s)a=ra+sa,

S. (rs)a=r(sa) = s(ra).
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The Dot Product of Two Vectors A I8 - F8Y
The dot product of the two vectors

a=a1i+agj+a3k and b:bli—l-sz-}—b;;k

is the number obtained when we multiply corresponding components of a and b anq
add the results. That is,

a-b=a1b1 +ar b, + asbs. ¢

Thus the dot product of two vectors is the sum of the products of their corresponding
components. In the case of plane vectors a — (a1, a2) and b = (b, by), we simply
dispense with third components and write a-b = q;b; + axbs. '

a-a=|af’
a-b=b.g,
a-(b+c =a-b+a.c¢
ra)-b=r@-b) =a.(p).

 |[THEOREM 1 Interpretation of the Dot Product

If 0 is the angle between the vectors g and b, then

a-b = |a| |b]cosé.
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The cross product (or vector product) of the vectors a = (a;, as, asz)and b =
(b1, by, b3) is defined algebraically by the formula -

|
| <
: , axb= (a2b3—cz3bg,a3b1 _—a1b3,alb2—azb1).

\
THEOREM 1 Perpendicularity of the Cross Product
‘The cross product a X b is perpendicular both to a and to b.

Adaxb
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THEOREM 2 Length of the Cross Product -
Let 6 be the angle between the nonzero vectors a and b (measured so that

0£6 <w). Then -
o la X b| = |a] |b|sin6.

COROLLARY Parallel Vectors

Two nonzero vectors a and b are parallel (6 = 0or6 = 7)ifand onlyifax b =0
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L (o), (L1) oe (-3:5).

ixj=k, jxk=i, and kxi=j.
JXi=-k, kXj=-i, and ixk=-j.

THEOREM 3 Algebraic Properties of the Cross Product
If a, b, and ¢ are vectors and k is a real number, then

1. axb=—(bx a);

2. (ka)xb:ax(k:b):k(axb);
Joax(b+c=(axb)+(@xeo);
4. a-(bxc)=(axh)-c

‘ S.ax(bxc)=(a-c)b—(a-b)c
THEOREM 4 Scalar Teiple Products and Yolume
The volume V of the parallelepiped determined by the vectors a, b, and ¢ is the
absolute value of the scalar triple product a- (b X ¢); that is, '

V=la-(bxo).
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