#. Problems for fourth day

1. Write the set of equations on matrix form. 3.
Find the augmented matrix and solve by Gaus-

. AR a) Solve the set of equations
sian elimination.

a) 20— y+ z2=0
3+ y—62=0

dor —2y+22=0

5(71—23172—31'3:0

209 + x3 = —8
—T1+ Ta+2w3 =3 and
2c— y+ z=1
b) r+ y—6z2=4
{2x1+3x2+4x3:13 4oy — 2y + 2z =2
3x1 + 329 + 623 = 15 Explain the relation between the solutions.
o) b) Find values a, b, ¢ such that
r—4y+ 28z = -2 2r— y+ z=a
—x+ y— Tz=-31 3r+ y—6z2=0»
r+2y— 14z =64 dr — 2y +22 =c

don’t have any solution.
2. Which of these matrices are in row ech-

elon form? Which of them are in reduced row 4. Assume that we have given a set of equa-
echelon form? tion consisting of m equations and n unknowns.
a) Which of the nine cases in the following table is
possible?
1500
[0 0 0 11 m<n|m=n|m>n
0 solutions
b) 1 solution
1 0 oo solutions
0 1
0 —1

o O O
S O N
O =~ =



5. Determine whether the system of equa-
tions given by

1 0 110
1 2 315
1 -2 —-1]1
0 -4 —-1|-1

has a solution.

6. Consider a solved Sudoko puzzle as a 9x9-
matrix A. Calculate the product

T
A111111111]

7. Let A and B be matrices, and v a vector:

0 1 5 7
A=|2 3 -1 B:B : ?,] v=|2
80 2 4

Calculate (or explain why the expression do not
make sense):

a) AB d) B? g) BAv
b) BA e) A+ B h) BT
c) A2 f) (A+IL;)v i) viv

8. Find a 2 x 2-matrix A such that
1 3 1 -1
alo] =[5 wa b= 3]

o] = |5
#. Solutions for fourth day

9. Find, if possible, the inverse matrices of

a)

17

~1 1
b)

100

110

111
10.

a) For which values of a € R is the matrix

1 0 a
A=la 1 0
0 a 1
invertible?
b) Verify that
R
At = 3 -1 1 1
1 -1 1

when a = 1.

1. a The system of equations can be written on

1
0
-1

-2
2
1

A:

the form Ax = b, with

-3
1
2

0
-8
3

b:

Y



Gauss elimination yields

1 -2 =310 1 -2 -3| 0
0 2 1 | -8 ~1|0 2 1 |-8
-1 1 2 | 3 0 -1 —1] 3|
1 —2 =3] 0
~ 0 1 1 |-3
0 1 | 8]
1 —2 =3 0]
~ 0 1 1 ]-3
10 1 2 |
and we obtain x + 3, xo = —5 and xy; = —4 by backward substitution. The solution
il —4
X=|xy| = |—5
XT3 2
is unique.
1. b We have

By Gaussian elimination we get

2 3 4113 [2 3 4113
3 3 6|15 10 2|2
1 0 212
03 09
1 0 212
0103

we can choose x3 as we want, let’s say x3 = ¢, and then we get x1 = 2 — 2t and x5 = 3. The number
of solutions are infinite, and they are on the form

2—-2t
X

I
w
I
S WO
+
~
— O

for t € R.
1. c The system written as an augmented matrix is



1 -4 28 | -2
-1 1 =7]-31
1 2 14| 64

By Gaussian elimination we get

1 -4 28 | =2 10
-1 1 -7|-31|~|0 1 =7|11
1 2 —-14| 64 0 0

From row 1 we read directly that x = 42. Row 3 means
0z +0y+0z=0

or 0 = 0. This do not tell us anything about the values of x, y and z. We have a free variable
z = t, where t is a real number (we could also have chosen y to be the free variable). With z =t
we see in row 2 that y = 11 + 7t. The number of solutions are infinite, and they are on the form

42 42 0
x= (1147t = |11| +¢ |7
t 0 1

for t € R.
2. Matrix (a) and (c) are in row echelon form; (a) is in row reduced echelon form.
3. a We put the homogeneous system into an augmented matrix and eliminate:

2 —1 11]0] [2 =1 1 |0
31 —6/0~|0 5 210
4 -2 20/ [0 0 0 |0
1 -1 101 [1 0 —1]0]
~10 1 =3/0/~|01 =310
0o 0 00 (00 0|0

The third variable is free, we put it as x3 = t. Then we see in the second row that xo = 3¢, and in
the first row that z; = t. We have the solution

1
x=|3|t, VteR.
1



In the next system, the inhomogeneous one, we get a nearly identical augmented matrix, except
in the fourth column:

2 -1 1|1 2 -1 1 |1
31 —6|4]~|0 5 L3
4 =2 2102 [0 0 0 |0
1 -3 2|3 10 —-1]1
~0 1 =3|1|~|01 =3]|1
00 010/ [00 0]O0]

Again, we obtain a free variable x3 = t. The second row then tells us that zo = 1 + 3¢, and the
first row that x1 = 1+ ¢. In vector notation, the solution

1+t 1 1
z=|1+3t = [1| + |3|t, VteR
t o |1

3. b We must find a vector b = [by, by, bs]” such that the system AZ = b can’t be solved, where

2 -1 1
A=13 1 -6
4 -2 2
This happens if and only if we have an impossible equation in the reduced system. There are a lot
of possibilities, but we notice that in the third row of our matrix, which represent 4x — 2y + 2z,

is two times the first row. So let us try a vector b where b3 is not equal to 20,7 For example
b = [0,0,1]%,

2 -1 1|0] [2 -1 1 |1
31 —6/0~|0 5 210
4 -2 2|1 0 0 0 |1

Here we have a contradiction in the third row, for no values of z,y, z can solve 0z + Oy 4+ 0z = 1.
The vector b = [0,0,1]7 is therefore one of many possible answers to the problem.

4.

Let 1 denote possible and 0 impossible:

m<n|m=n|m>n
0 solutions 1 1 1
1 solution 0 1 1
00 solutions 1 1 1

Explanation: In each case we either find an example, or explain why no examples exists.



No solutions: Regardless the amount of equations and unknowns, we can always construct an
example with an equation that says 0 = 1.

Infinitely many solutions: We need to verify that we can always construct an example with a
free variable. In the case m < n we can take the 1 x 2 system = 4y = 0, where y is free. For m =n
we can add the equation 0 = 0 so we have two equations with two unknowns, and y still free. For
m > n we can add the equation 0 = 0 again.

Exactly one solution: For m = n we can take the system x = 1, which has a unique solution. If
you don’t accept this as a proper system you can add on y = 1. To obtain an example for m > n
we add on the equation 0 = 0. Now, we have to think, "What happens if we have more unknowns
than equations?”. We can construct the augmented matrix of the system, this is wider than it is
high, since we have more unknowns than equation. Thus we can’t get a pivot element in each
column. Each column without a pivot element gives a free variable. Hence the system has either
no solutions or infinitely many.

5.
1 0 1 0 1 0 1 0
1 2 3| 5| mr=rr+1r. |12 3|5
1 -2 —-1] 1 2 0 2 6
0 —4 —-1|-1 0 —4 —-1)|-1

If we add row two to row three, we see that we have x + y = 0 and 2x + 2y = 6, which can’t both
be true. Thus the system has no solution.
6. In a Sudoku puzzle every row has to contain exactly one copy of each number between 1 and

T
9, so when you multiply with |1 1 1 1 1 1 1 1 1] , you will in each term get a sum
14+24+34+4+5+64+7+84+9=145

in each entry, thus

1
=

45
45
45
45

= |45
45
45
45

45

— = = = = e e




Our solved Sudoku puzzle could for example be

9 4 8|5 7 6|3 21
75 1|19 3 2[4 86
36 2481|579
8 1 7/6 9 5/2 3 4
5 2 9|7 2 4]1 6 8
4 2 6(3 1 8|9 5 7
6 9 5|2 4 7|8 1 3
28 411 6 3|7 95
1 7 3[{85 9|6 4 2
Mismatchi izes. _
a) Mismatching sizes d) Mismatching sizes.  g) ?8(2)1
(—36 7 13 . o N
. b) 24 0 6] e) Mismatching sizes. 1o
' ST —11 h) |2 0]
B f) | 26 5 3
c) |14 11 5 ) 68 -
—16 —8 —36 i) 69
8. A [(1)] is the first column of A, while A [H is the sum of the columns in A, i.e.
3
A= [5 yl
where 3+2x = —10g 54y =0. Thus )
3 —4
[ =

9. a We put the identity matrix on the side of the matrix, and reduce it to reduced row echelon
form: )
1 710 1 710 10 =
[—1101]N[0811N[01 1

|

9. b The method from a) gives the inverse

00 |00 | =
oo\»—\oo‘

so the inverse is

00|00 |

o0 l—oo| |
=] 1,
| I

1 0 O
-1 1 0].
0 -1 1



10. a The matrix A is invertible whenever it has maximum rank (which is 3). By Gaussian

elimination we find

1 0 a 1 0 a
a1l 0|~ |0 1 a
0 a1 0 a 1
1 0 a
~ 10 1 —a?
0 0 1+a?

From the echelon form we see that A has maximum rank if and only if 1 + a® # 0, thus whenever
a # —1. Thus the matrix is invertible if and only if a # —1.
10. b Multiply the two matrices and check that you get the identity matrix.



