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Part 1

Differential equations
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0.1 What is a differential equation?

A differential equation is an equation describing unknown functions through

their derivatives. For example

d
—y=2
da:y o

is a differential equation where the unknown function y is of the form y = 2 + C
for some C'. A slightly more sophisticated example is the equation

Y (z) = y(z)

which can be solved by the function e®. The land of differential equations is vast
and most of it hard to traverse. We will in this course take a scenic route through
the least rough parts of the theory and have a slight look at how modern technology
will come to our aid outside of this path.

The first step will be to tell you that we will be looking at only ordinary
differential equations, ODE for short. This means that all derivatives will be
ordinary, i.e.

d d> dr

%y(x), ﬁy(x), cee %y(x)
and not partial, i.e.
e t), St
8xu x, ’8tu x,t),
0? 0? 0? 0?

@U(ﬁ,t), @U(I',t), mﬂ(ﬂf,t), MU((E,t)

Equivalently, the unknown functions in this course will only be dependent on one
variable. If the variable is time, we will sometimes be using the dot notation, g,
to denote the derivative of .

Before moving we introduce two extra descriptive words which we will be using.
The order of a ODE denotes the largest degree of differentiation occurring in the
equation. For example y = ay which gives us exponential growth for a > 0
and exponential decay for a < 0, is a first order differential equation. The ODE
mx” = —kx + mg is a second order differential equation, describing a vibrating
string.

The notion of linear ODE’s tells us that the unknown function is given by
linear expressions in the equation. That is, ¥ = ay is linear, but ¢ = 3? is not. In
it’s most general form a linear ODE looks like

Y™ = a1 )y Y + ax() ™D 4 a1 ()Y + an(t)y + g(t)

where 3y is the ith derivative of y and a;(t) are functions over .
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Solutions

For a function y(t) to be a solution of a differential equation, it has to satisfy
the equation for every t in some interval I. This interval may be all of R. For
time-dependent systems it might also be natural to restrict to the interval of non-
negative numbers [0, 00).

Examples

Differential equations has a broad impact on modern science. They appear fre-
quently in mathematical models attempting to describe real-life phenomenon.

Newton's second law of motion states that:

When a body is acted upon by a force, the time rate of change of
its momentum equals the force.

Written as a differential equation, the same law states

m—uv = F

dt

where m is the mass of the object, v is the speed and F' is the acting force. In
this equation the unknown function may be the speed of the object v.

More involved differential equations may be found when working on electrical
circuits.

Let us look at the RL-circuit

R
NV
= 1(t)

V(t)t@ @ L

which has a resistance R, an inductance L, and a generator that supplies a voltage
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V'(t) when the switch is closed. The current I = I(t) in the circuit satisfies the

linear first-order ODE ar
L—+RI=V(
=+ (t)

The general solution for I is given by

1
I(t) = e ®/DY [c v V(t)e@/mtdt}

i

In the RLC-circuit

R L
— AN\ 2228

V(t)i@ I=1(t) —__C

The charge @ = Q(t) in the capacitor satisfies the second-order linear non-
homogeneous ODE

d? d 1
KAy

a2 a To? =V
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First order equations

1.1 First order linear ODE'’s

We start our journey with one of the simplest kind of differential equations.

© Definition 1.1.1

A first-order linear ODE is on the form
dy
4 ft)y =gt
o T fOy=9()

where f(t) and g(t) are known functions. Or, written with the dot-notation

g+ f(t)y =g(t)

These kind of equations have a straight-forward solutions formula, using what
we call the integrating factor:

FO for F(t) = / F(t)dt

B Theorem 1.1.1 Solving first-order linear ODE’s
When solving

Yt f(tw = gt

for f and g continuous on a interval I, you
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1. Calculate
F) — eff(t)dt

2. Multiply e® with the equation. The equation now looks like

F(t),;

e"Oy(t) + MO f(t)y(t) = e"Vg(t),

3. The left hand side can now be recognized as the product derivative

4 (FOy(t))

so the equation is now

4. Integrating both sides gives

eFOy(t) = / eFOg(t) dt + C,

5. Solving with respect to y(t) now gives us the general solution

y(t) = e F® (/ eFOg(t) dt + C)

(1.1)
= F® /eF(t)g(t) dt + e FOC

It is best to learn the method, rather than to try and remember formula 1.1.

H Example 1.1.1
Let us illustrate the method by an example. We solve the following ODE

which is on the form g+ f(t)y = g(t) with f
by calculation the integrating factor:

—~

t)=—1% and g(t) = &. Let us start

FO _ 6f71/4dt _ L4t
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Observe that we set C' = 0 in the undetermined integral [ f(¢)dt. We only need
an antiderivative of f in the exponent, so we can do this in general. We multiply
the equation with our factor and get

14t - Ryl o |
e~y _ ¢ 1/4t1y 0 1/4ztg
d, 1
@& aja N L 1y
zi (") =5
1
Wy, /§6—1/4tdt

1
6—1/4ty _ _56—1/4t +C

1
y(t) = —5+ Cel/*

Observe that we have a solution for every value of C.

We solve the equation

Yy =ay
where a > 0.
This can be written as
y —ay =0,
and we multiply this by e=%, giving

ey (t) — e “ay(t) = 0,

and thus q
= (e y(®) =0
After integration, we have
e y(t) = C,
or rather
y(t) = Ce™,
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We now consider the problem

Y (t) — cos(t)y(t) = e™".

We multiply by
e—fcost dt _ e—sint

giving
c(;t (e*Sinty(t)) =1

After integration, we get
e My(t) =t + C,

os the answer is
y(t) — 2fesmt + Cesmt.

Often we know what the unknown function evaluates to for a particular point
in time. For example if we are looking for the current I = I(¢) in an electrical
curcuit, we might assume that at ¢ = 0 there is no current at all, i.e. I(0) = 0. If
we have such constraints on the solution we have an initial value problem, or

IVP for short.

Find the general solution of
o1 2
y+ 2 U= t*+1

for t > 0. Find also the solution to the initial value problem we get when also
assuming y(1) = 1.

Integrating factor:
F) ef 1dt _ et g

Multiplying t and the equation gives us:
ty+y=t>+t
d
— (ty(t)) =+t
= (ty(®) = £ +
ty(t) = / (t* +t)dt
1 1

1
t)=-t*+-t+-C
y(t) = ;" + 5t + 5
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Which is the general solution. Now, if y(1) = 1 we see that

1

The particular solution for the initial value problem is thus

1 11 1
==t ot — = +2t+1
ylt) = "+ 5t + 5 = ¢ +2t+1)

1.2 Existence and uniqueness

In the last example we saw that when adding an extra constraint on the ODE we
got a unique solution. This holds in general and we put it in a nice little box to
commemorate it.

& Theorem 1.2.1

Assume that f and g are continuous functions on the open interval I. Let %,
be any number in I and assume that yq is any number in R. Then there exists
exactly one solution of the differential equation

dy

" +fty=g), tel

such that y(t9) = yo.

This result tells us that two solutions of a first-order, linear ODE never in-
tersects. So, if we plot every solution, we obtain a collection of curves that ”sits
beside eachother”. Here we give such a plot for a collection of solutions to the
ODE of example 1.1.1:
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. . 1, 1
Solution curves of =3

This is an example of a direction field, which may be useful to get a geometric
intuition on how the solutions of a ODE behaves.

1.3 Direction field

Let us illustrate direction fields through another example. Consider the ODE
y=ay

Let y = y(t) be a solution to this equation. If (¢g,0) is a point on the graph of
the solution, then we can know from the differential equation that the slope of the
solution curve in (tg, o) is given by o = aye. If we draw a short line segment in
the given point with this slope, we know that the solution cruve has this segment
as a tangent. Now, if we draw a such line segments for a grid of points, we can
get an idea of how the solutions behave.

Since each line segment is a tangent of a solution, we can use them to sketch
possible solution curves. For each point, we know there will only correspond one
possible solution.
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Y y(t):260'2m
P A A B A N
y(t) = e
P B A A
LA S SR S S 2 v YA S SR SN & SN SN §
F AR S S SN SN SN S § F AR S S 5 SN S §
P P e y(t)20,5€0'2z
P s P A A
P O A S Y P O S - y<t):()’2560.2117
e
= — t
RN S N -~ e S e e ~ y(t)2—072560‘2$
. e W W W W w w ~ W WNOw e e 0
R LT
AN N A N U NS AN R AR Y AN y(t)__075€
AR NN U U NN A VN U ¥
AN N U U U N N A N Y D U U Y
U N S S S S NN y(t) = —e02e
N S S N NN
y(t):_260.2x

Direction field of y = 0.2y with different solution curves sketched.

H Example 1.3.1
Let us sketch the direction field of

y=y—t

and some solution curves of it.

The general solution of the ODE is

y(t)=Ce' +t+1
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and the directional plot with some solution curves is

D N N N

\\ D N N N N

Equilibrium points
Can we determine the behaviour of the ODE
&(t) = f(z(1)),
without solving the problem explicitly? How does the solution depend on the

initial data?

© Definition 1.3.1 Equilibrium Point
If f(to) = 0, ty is an equilibrium point. These are points at which &(tg) = 0,
so z(t) stays at x for all t.

B Example 1.3.2

Consider f(z) = —z(x — a), for some a € R. Then f(z) = 0 for x = 0 and
x = a. Thus both of these are equilibrium points. Assume a > 0.
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What about if we are outside of these equilibrium points? We wish to examine
the behaviour in these situations.

/] N\

0 d

Plot of f from Example 1.3.2.

T T T

0 ]

Plot of increasing and decreasing regions
for the solution given some initial data, from Example 1.3.2.

Upon plotting f, we see that there are 3 regions, in which there 2 different
behaviours are exhibited. For a choice of x5 € R we have for ¢ near 0 that

= 29 <0: Then &(t) = f(xo) <0, so we are moving to the left,
= 0<x9<a: Then &(t) =~ f(xy) > 0, so we are moving to the right,
» a < zo: Then @(t) = f(xq) <0, so we are moving to the left,

These regions are plotted here

x(t)

ZEOZ]_ ———————————————————

%=05//////////
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We name the equilibrium points based on the behaviour of the solutions near
these points:

» the point g = 0 is an unstable equilibrium point. If the solution starts
near here, it will move away over time,

= the point zq = a is an stable equilibrium point. If the solution starts near
here, it will move towards this point over time.

1.4 Separable ODE

© Definition 1.4.1
An ODE is separable if it can be written on the form

(1) 5 (u(1) = p(1)

with known functions ¢ and p.

The word separable comes from the ability to separate the parts depending on ¢
and the parts depending on y on each side of the equality sign.

=
The ODE
y = —sin(t)y + sin(¢)

is separable, since we can rewrite it as

13(@ = Sln(t)
If y(¢) is a solution of this, we get
y'(t) :
= sin(t
1—y(t) Z

Integrating with respect to ¢ on both sides gives

/ flit)tdt: / sin(t)dt
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where the right hand side is recognized as — cos(t) + D; for some constant C'.
What about the left hand side? Well, we can try to substitute y(t) with y and
get y/(t)dt = dy, so we have

1
/7dy:—1n]1—y|+D2.
-y

Hence, we have
In |1 —y| =cos(t)+ D

where we have collected the constants into D, which gives us
1 — y = :l:eDecos(t)'

That is
y(t) = Ce® 4 1

where we have put the pluss/minus sign and e” into a new unknown C.

The above example also gave us the general solution strategy for solving sepa-
rable ODE’s.

A

Given a separable ODE ;
q(y(t))— (y(t)) = p(t)

1. Integrate with respect to ¢ on both sides,
d
[ aw®) ww)dt = [p(t)dr
2. Substitute y = y(¢) in the left integral, which gives /(t)dt = dy,
/q(y)dy = /p(t)dt

3. Do the integration, and solve for y.
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# Problem Set - Differential equations

1. Verify that both a) f(z) ==z (% e—lxl)
y1(z) = 5e® and yy(x) = 3e” b) f(z) = |z| — 1
solves . 2) = sin(x
) — oo ) J(x) = sinf)

Can you find more solutions? Sketch the so- 5. Solve the initial value problem

lutions in the xy-plane.
2. Verify that both Y + gy — cos(t)’ y (W> -0

B 2
y1(t) = 3¢ and g (t) = —2e

t 2

are solutions of by using integrating factor.

6. Use separation of variables to solve the

1" / -
y -y —6y=0 initial value problem
Is y(t) = 10y (t) + 2y2(t) also a solution?
3. Determine for which real values a € R y —t*/y=0, y(0)=1.
the function y(t) = arctan(t) satisfy the dif-
ferential equation 7. Solve the following ODEs

(t* + 1)y (t) + aty/(t) = 0

4. Find the equilibrium points and clas-
sify them as either stable or unstable for the

2) y(e) = 2

b) @) + % = %

T

ODE ) 8. Find an equation for a curve going
2(t) = f(=) through the point (2,3) and which has slope
where %

#. Solutions - Differential equations

1. We find v (¢) and y5(t) and check if they satisfy the equation.
vy (w) = 5e”

and we see that
so ¥ is a solution of

We also have
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so this is also a solution. In general, we have for every constant C' € R that y = Ce” is a
solution of the equation.
2. We start by finding the first and second derivative of y; and s,

Yy (t) = =6
yi(t) =127

and
yh(t) = —6e™
Yy (t) = —18¢™

Now, we see that

Yl (t) — yi(t) — 6y1(t) = 122 + 62" — 18~
— (124 6 — 18)
=e 2.0

=0
so 11 solves the equation. Also

vy (t) — yh(t) — 6ya(t) = —18e> + 6e™ + 12
=e ?(—18 4+ 6+ 12)
=e 2.0

=0

so Y2 also solves the equation. Now, we can see that for any constants ¢; and ¢, we have that
y(t) = cry1(t) + coyo(t) gives us

y'(t) =y (t) = 6y = (cumn(t) + c22(t)” — (crya(t) + c292(t))" — 6(cayn(t) + caya(t))
= (Y (1) = vi(t) = 6y1(t)) + ca(ya (1) — (1) — 6ya(t))
=040
=0
so in particular, if ¢; = 10 and ¢, = 2, we have that y(t) is a solution of the ODE.
3. By differentiation, we get that

1 ot
y'(t)

!
= T 9 t) = T T o9
v YOSy
so if y solves the differential equation, we get that

—2t 1
1 t =0.
&+ )<(1+t2)2>+a1+t2 !




CHAPTER 1. FIRST ORDER EQUATIONS 21

Thus,
—2t+at

1+ ¢2 =0
For this to be satisfied for all ¢, we see that a = 2.
4.a) The function is zero in the points, x = 0 and x = £1n(2). These are the equilibrium
points of the differential equation. Below is a drawing of f, and the qualitative behavior of
the solutions to the differential equation.

log(2) log(2)

A
A
~

% % % x(t)
—log(2) 0 log(2)

o If our initial data is on the interval (—oo, —In(2)) the solution will go to co as t — oo.
e On the interval (—1In(2),0), the solution tends to the equilibrium point 0.

e On the interval (0,1n(2)), the solution also tends to the equilibrium point 0.

« On the interval (In(2), 00), the solution tends to +oo.

From the list above, we observe that the equilibrium point 0 is stable, while +1In(2) are
unstable.
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b)

\L
N

~

Il
T

o N

stable unstable

N RN iy
1MW 1 .\//w

> # > # (1)
—1-7 0-m 1-m 2.7

T T T T
stable unstable stable unstable

5. Let us for the sake of being lazy, assume that ¢ > 0, then the integrating factor is

P ef 2/tdt _ 21n(t) _ 42

22
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and we have

2 cos(t)
t2 / t27 — t2
vt 2
pr (to(t)) = cos(t)
t*y(t) = [ cos(t)dt
t*y(t) = sin(t) + C
sin(t) + C
y(t) = 2
since, we have the condition y(7/2) = 0, we need to have C' = —1, so the solution of the
initial value problem is
sin(t) — 1
y(t) = T
Do note that this is only a solution for ¢ > 0.
6. We write the equation as
y—1/2y/ — tQ,

and we proceed to integrate it

"t 1
/ vt dt:/t2dt:7t3+0
Vy(®) s
On the left hand side we use the substitution u = y(t), which gives us
du =y (t)dt

and therefore the left hand side is

y/(t) dt = idU,ZQ u = 2y/2.
/\/@ /\/ﬂ Vu =2y

Thus, we have
1
2y1/2 = gtg + C

0=l

and therefore

With the initial data we have

y(t) = (1 + ét3)2
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7. a)We can rewrite the equation as

The integrating factor is given by

_3 —
eF(m) — ef 2dr _ e 31n\x|'

This gives us
d

de

Taking the integral on both sides, and using the substitution « = —In |z|, we obtain

(6731n\x|y(x)) _ _:16631n|:1:'

—31In|z|

1 1
ey (z) = /6_3ln|x| (_x> dx = /egudu = 563“ +o="° 3 +C

So, we have
1 1
y(z) = 3 + Cednlel = 3 + Clx?

Notice that the solutions before and after zero are independent since they are separated by
zero. The solutions are therefore given by

(CL’)— 1/3+01$3, x>0
o 1/3+025L’3, x <0

b) The integrating factor is given by
eF(x) _ ef2/zdz —9lngr = 1,2

We multiply both sides of the equation with this and get

d, o
%(37 y)=1.

We integrate both sides with respect to x and get

1 C
xzy:l‘—i-c = Y=+t
T X

8. This is the same as solving the initial value problem

, 2z

Tipg YO

Y
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which can be rewritten and integrated as

/(1 +y)dy = /Zxdx.

This gives
3

y+%:x2+00

after rewriting
P +3y—322=C

We use our initial data and have
C=3+3-3-3-22=24,
so the sought after equation is therefore

y® + 3y — 32% = 24.
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Second order equations

We now consider equations of the form

y'(t) + ar(t)y' (1) + ao(t)y(t) = f(1). (2.1)

These are second order linear ordinary differential equations.

B Example 2.0.1

2777
/////

///// Equilibrium

A box connected to the wall by a spring is moving without friction along a surface.
Hooke's law tells us that the restoring force in the spring is proportional to the
displacement, that is

F(y) = —ky,

where vy is the displacement of the box from the equilibrium state of the spring, k
is the spring constant, and F'(y) is the force acting on the weight from the spring.

26
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If y(t) is the position of the box, then the acceleration of the box is y”(t), and
from Newton's second law of motion we have

—ky =my’,

where m is the mass of the box. This is a second order linear differential equation.
Note that as any good physicist we have assumed that we work in a frictionless
vacuum®.

/////////////////////////////

Y

Now, let us assume that the box is connected to the ceiling. Then the gravi-
tational pull will act with a constant force mg downwards. The total force is

F(y,y') = —ky —mg,

and Newton's second law of motion gives the ODE

my" + ky = mg.

“https://xked.com/669/

In general we may not be able to find a solution to initial value problems
of second order ODEs, but we will be working on second order ODE’s with
constant coefficients, which do give us unique solutions:

y'(t) + ary'(t) + aoy(t) = f(1)

We will assume that y is two times differentiable, and defined on all real num-
bers. In practice, y will only be defined over some interval, but the methods will
stay the same.

We will in addition assume that ag is nonzero. If one of them is zero, we can
easily reduce the problem to a first order equation.

The ODE’s are sorted into two categories the homogeneous

y'(t) + ary'(t) + aoy(t) = 0
with zero on the right hand side, and the inhomogeneous
y'(t) + a1y (t) + aoy(t) = f(1)

where f(t) is a continuous function different from zero.
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2.1 Homogeneous Equations

Differentiation is a linear operation, so we obtain at once a result which is often
called the superposition principle.

& Theorem 2.1.1 superposition principle
If y1(t) and y2(t) are both solutions to

y'(t) + ary'(t) + ay(t) = 0

then any scaled sum of them is also a solution, i.e. ¢;y; () + cay2(t) is a solution
for all real numbers ¢; and ¢,.

Proof. Let y;1(t) and y5(t) be two solutions. Take any scaled sum of them ¢y, (t) +
c2y2(t). Then

(e (t) + o (t))”
=c1yy (t) + coyy (t) differentiation is linear

Now use that both y;(t) and y,(t) are solutions:

(c1y1 + cay2)” + ar(cryn + c2y2)' + as(ciyr + cayp)
=ca(y) + a1y + azyn) + c2(ys + arys + azy)
=c,-0+¢y-0=0.
The function y(t) = c1y1(t) + coy2(t) is also a solution. O

We have seen that as soon as we have one or two solutions to our equation,
we can use the superposition principle to generate an infinite amount of them.
Let us now find a way to generate these first two solutions. We try first with an
exponential function y(t) = e™. Substituting this into the equation gives

0=y"(t) + a1y’ (t) + aoy(?t)
=re" + a;re” + age”
=" (r? + ayr + ap)

Since €™ is non-zero for all ¢ and r, we see that we need r? + a;r + ay = 0. We
call this quadratic equation the characteristic polynomial to the ODE, and we

know that the roots are given by
—ay /a2 — dag

2

We know that these roots may be on one of three forms: two real roots, one double
root or two imaginary roots. Let us look at each of these cases separately.

r =
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Two real roots

From the discussion above we see that when we have two different real roots, r;
and 7y, of the characteristic polynomial, we have the two solutions

y1=e and yp = e

From the superposition principle we also know that any scaled sum of these are
also solutions to the ODE. In fact, we have that

y(t) = ciya(t) + coya(t) = cre™" + coe™

is the general solution of the ODE. We will not show that these are all the possible
solutions though. Hopefully you trust me, or find some suitable references to
consult.

i

a) Find the general solution to

y”_y/_6y:0

The characteristic polynomial of the equation is 7> — 7 — 6 which have the roots

1++/1+24 {—2
r=——— =S
2 3

so the general solution is

= 016_2t + CQe?’t

b) Find the general solution to

y(&)" —y(t) = 0.

The characteristic polynomial 72 —1 has the roots = 1 and » = —1. The general
solution is therefore
y(t) = cre’ + cpe ™.
Do notice that in the general solution we have two unknown values ¢; and ¢y,
so in order to find a solution to a initial value problem of a second order ODE we
will need two conditions to get only one possible solution.
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H Example 2.1.2

a) Solve the initial value problem

y'(t) —y(t) =0

with conditions

We found the general solution

y(t) = cre’ + cpe ™.

and after differentiation

Y (t) = cre’ — coe™,

When imposing the conditions on this, we obtain the following two equations

I = y0) = a + o
I = y(0) = a — ¢

Solving these gives ¢; = 35 and ¢, = 3. The solution is

1 1
y(t) = Eet + ie’t.
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b) Solve the initial value problem

y' —y —6y=0

with conditions

We found the general solution
y = cre 2 + cpet
and obtain the equations

2 = y0) = a + c
1 = y(0) = —2¢; + 3

Which gives ¢; = 1 and ¢, = 1, so the solutions is
y(t) = e 2 4 ¥

Y

Double root

If we have only one real root r1, then we only get one solution from the character-
istic polynomial, namely

y1 ="
To get a general solution to the problem we need to find another, independent

solution as well. We won’t dwell to long on what this other solution may be, but
instead reveal that it is y, = te"*. To verify this we observe that since r; is the
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only root of the polynomial, we have
2 +ar+agr = (r—r)? =1 —2rir+1r3
so a; = —2r; and ag = r. The ODE can thus be written as
Y —2ry +riy =0
Before substituting y, on the left we calculate the derivatives of s,

yh =e"t + rite’?

yh =2rie"t + rite™t
Now, we get

Yy — 2riyh + riys = (te™)” — 2r (te™t) + riemt
= 2rie" 4 rite™t — 2r (et 4 rite™t) + riet

=0
We now have two solutions
=€t and  yp = te™!
to the ODE, and as with the case of two real roots we tell at once that
y(t) = cre™" + cote™

is the general solution. Those who can’t accept this without a proof is once again
asked to consult some suitable reference.

a) Find the general solution to

y()" +2y() +y(t) = 0.

The characteristic equation is
r?24+2r+1

hhich only has one root r = —1. Then the general solution is

y(t) = cite™ + cpe .
b) Solve the initial value problem

y' — 4y +4y =0
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with the conditions

33

4+ 416 — 16 5
Pr = =
2

The general solution is
y(t) = cre® + cote®

and the derivative of this is
Y (t) = 2c1® + cpe® + 2cpte® = 2c1€* + c(1 + 2t)e*
We obtain the following equations

0 = y(1) = ce® + cz€?
2 = (1) = 2ce? + 3cpe?
which solves to ¢; = 2e2

problem is therefore
y(t) = 2e*7% — 2te? 2

Y

4 4

2 4

; — t
-3 -2 -1 1 2

921

44

—6 4+

c) Solve the initial value problem
v +y +0.25y=0

with the conditions
y(0) =3, ¢(0)=-35

and ¢, = —2e~2. The solution of the initial value
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—14++/1-4-0.25 1 0.5
r = = —— = —U.
2 2

The general solution is

and the derivative of this is
Y (t) = coe™ "% — 0.5(cy + cat)e™ O,
Substituting ¢ = 0 and using the initial condition we get
y(0)=c;1 =3, ¢y (0)=c3—05c;=-35 = c3=-2
The solution of the initial value problem is therefore

y(t) — 3670.575 - 2t670.5t

—14

Two complex roots

Now, the last case is two complex roots. We have implicitly assumed throughout
that our differential equation is real-valued and specifically that a; and aq are real
numbers. Then we know that the roots are complex conjugate of each other,

rr=a-+1b, ro=a—1b
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We know that

a+ib)t __ ateibt a—ib)t __ _at _—ibt
= , =

el e and e e®e

are solutions to our ODE, but as we are mostly interested in real-valued solutions
we want to dismiss the complex ones. The first step to do this is to recall Euler’s
formula which tells us that

e = cos(b) + i sin(b).

After a bit of algebraic manipulation we see that

ibt |, —ibt ibt __ ,—ibt
¢ +2€ = cos(bt), and % = sin(bt).
i

From this, we obtain the following two real-valued solutions

P R
n (t) _ 56(a-i-zb)t + §e(a b)t

e 4 emibt
2
= ™ cos(bt)

=€

and
1 . 1 .
1) = — (a+ib)t _ — (a—ib)t
Ba(t) = oz 2
b —ibt

— eate 6

21
= ™ sin(bt)

The general real-valued solution of the ODE having complex roots a 4 ib to
the characteristic polynomial is on the form

y(t) = e™[cy cos(bt) + co sin(bt))].

Once again, if you want a proof that these are all the real-valued solution you
should consult some suitable reference.

a) Find the general real-valued solution of

y(®)" +y(t) = 0.

The characteristic polynomial 72 + 1 have the complex roots r = i and 7 = —i.
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That is a = 0 and b = 1, so the general solution is
y(t) = ¢y cost + cosint.
b) Find the general solution of

y'+2y +4y=0

The characteristic polynomial 72 + 2r 4 4 have the complex roots 7 = —1 4 i+/3.
Thatis a = —1 and b = /3, so the general solution is

y(t) = e7t[ey cos(V/3t) + cosin(V/3t)]
c) Solve the initial value problem
y" + 0.4y +9.04y =0

with the conditions

~ —04++0.16—-36.16 [ —0.2+ 34
"= 2 — ) —0.2-3
That is, a = —0.2 and b = 3, so the general solution is

y(t) = e %[c; cos(3t) + ¢y sin(3t)]

At once we observe that the condition y(0) = 0 forces ¢; = 0 since cos(0) = 1.
To determine c; we know differentiate the resulting expression

Y (t) = co[—0.2e7 %% sin(3t) + 2¢ " cos(3t)].

By substituting in t = 0 and using the second condition we get 3/(0) = 3¢y = 3
sp co = 1. The particular solution is

e "2 sin(3t).

y(t) — 3670515 _ 2t670.5t
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0.5 A |

—0.5 1

c) Solve the initial value problem
y" — 0.2y +16.01y =0

with the conditions
y(0) =1, ¢'(0) =4.1

37

0.24++/0.04 —4-16.01 0.1+ 42
r = = .
2 0.1 -4

That is, a = 0.1 and b = 4, so the general solution is

y(t) = e®[c; cos(4t) + ¢y sin(4t))
From the condition y(0) = 1 we see that ¢; = 0, so we have

y(t) = e*[cos(4t) + ¢y sin(4t)]
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and in order to obtain ¢, we differentiate:
y'(t) = e®[(4cy + 0.1) cos(4t) + (0.1cy — 4) sin(t)].
Substituting ¢t = 0 we get
y'(0) =4y +0.1 = 4.1
so ¢o = 1 and the particular solution is

y = e*[cos(4t) + sin(4t)]

cos(4t) + sin(4t) = Acos(4t — @)

by arctan(1/1) = 7/4, hence our solution can also be written as

y(t) = V2% cos(4t — 7 /4)

38

Now, since the cosine and sine has the same period given by 4, we can rewrite the
expression in the bracket as a cosine with some amplitude and a phase shift, i.e.

for some amplitude A and some phase ¢. As will be remarked in the sum-
mary the amplitude A is given by /12 4+ 12 = /2, and the phase ¢ is given
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& Theorem 2.1.2

The general solution of
y//+a1yl+a020

depends on the roots of the characteristic polynomial
2
r° + air + ag.
The general solution is

cre™t 4 coe™t if there are two real roots 7; and r5.
y(t) = ¢ cre™t 4 cote™? if there are is a double root r;.
e™[cq cos(bt) + ¢y sin(bt)] if there are two imaginary roots a = ib.

A

If we get a particular solution to a second order ODE consisting of some exponen-
tial and a function on the form acos(ct) + bsin(ct) we will often like to rewrite
this part to get a single cosine-function A cos(ct — ¢).

We do this by first remembering that if we have a right triangle with catheti
(or more commonly; legs), of length a and b

‘b“L
S b

¢ N

a

then the hypotenuse has length v/a? + b?> = A by the Pythagorean Theorem, and
the angle between the hypotenuse and the leg of length a has angle ¢ given by
¢ = arctan 2 From the definition of cosine and sine, we have

a= Acos(¢) and b= Asin(¢).

Now, using the identity cos(u 4+ v) = cos(u) cos(v) F sin(u) sin(v) we observe
that

acos(ct) + bsin(ct) = Acos(¢) cos(ct) + Asin(¢) sin(ct) = Acos(ct — ¢)
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However neither a nor b is necessarily positive, but the formulas will hold true
up to possibly a difference of 7 in the angle ¢, i.e. the angle ¢ lie in the same
quadrant as the point (a,b). To summarize

acos(ct) + bsin(ct) = Acos(ct — ¢)
where A = /a2 + 0% and ¢ = arctan 2 (+) lie in the same quadrant as (a,b).

2.2 Inhomogeneous equations

Let us now look at the inhomogeneous case, that is equations on the form

y'(t) + ary/(t) + aoy(t) = f(2) (2.2)

where f(t) is a continuous function, not everywhere equal to zero. We will write
yp(t) for solutions to (2.2) and call them particual solutions.

Assume that we have found a particular solution y,(t). If y(¢) is some other
solution to (2.2), then y(t) — y,(¢) is a homogeneous solution, that is, a solution
to the corresponding homogeneous equation,

y'(t) + ary/(t) + aoy(t) = 0.

& Theorem 2.2.1

Every solution to the inhomogeneous equation is on the form

y(t) = yp(t) + yn(?)

where y,,(t) is a particular solution and y(t) is a solution to the corresponding
homogeneous equation.

In order to find all the solutions we therefore get the following strategy: find
one particular solution and then add the general solution of the homogeneous case.

Finding a particular solution

There is an analytic way to find a particular solution which we will give shortly.
However, there is a much easier method that works for a surprising amount of
cases which we will focus on.
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A

Let y1(t) and yo(t) be two independent solutions to the homogeneous equation.
Then the particular solution can be found as

(
Yp(t) = y2(t) / 1 (O)ya(t) — ya (D) (¢)

Now, let us move on to the method we love and adore: The method of
undetermined coefficients.

The idea: Look for a solution that looks like the right hand side function f(t)
of (2.2) with general coefficients. Determine these coefficients by substituting this
into the problem. If the right hand side is of the same form as the solution to the
homogeneous problem, multiply by t as in the case with a single root.

This method relies on you seeing examples and know what to look for in each
case. It really is a method relying on intuition.

Let f(t) = K # 0 be a constant and consider the inhomogeneous ODE
y'(t) + ary/(t) + aoy(t) = K

with ag # 0 not zero. We try with a particular solution y,(t) = ¢ which is also a
constant. Substituting into the equation

i

We consider the equation
y" + 2y + 2y = —2e 'sint. (2.3)
The characteristic polynomial is

r? 4+ 2r 42
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and so the roots are given by completing the square,
(r+172%+1=0.

So we have two roots .+ = —1 £ 4. The basis for the homogeneous problem
solution space is thus

y1(t) = e "cost, and y(t) = e 'sint.

If the right hand side was not already part of the solution for the homogeneous
problem, we would try for the particular solution

yp(t) = Ae ' cost + Be 'sint
and determine A and B. Instead we will try
yp(t) = Ate ' cost + Bte 'sint.
Substituting this into (2.4), we find that
2¢ (B cos(t) — Asin(t)) = —2e "sint,
and so we find B =0 and A = 1. Thus the general solution is

y(t) = yp(t) + c1y1(t) + cay2(t)
=te 'cost + cie b cost + coe tsin t,

where ¢; and ¢, are arbitrary constants.

E=
Consider the ODE

y'(t) +y@t) =¢".
We try y,(t) = ce’ with a constant c. Substituting y,(¢) in the equation, tells us
that ¢ = 1/2.

We consider the inhomogeneous ODE

y"(t) — y(t) = cost.
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We try y,(t) = acost + bsint with constants @ and b. Note that we have to
include both cost and sin ¢ even when f(¢) only contains cos¢. Substituting y,(t)
in the equation:

cost = yg(t) — yp(t)
= (acost + bsint)” — (acost + bsint)
= —acost —bsint —acost — bsint

= —2acost — 2bsint.

The left and right hand side is only equal for all ¢ if a = —% and b = 0. The
general solution to the inhomogeneous equation is

1
y(t) = cite’ + et — 5 cos t.

i

Consider the inhomogeneous ODE
" / 2
y () +2y'(t) +y(t) =" - 1.

The right hand side f(¢) is a polynomial. Thus we try with a polynomial of the
same degree as f(t): y,(t) = at* + bt + ¢ with constants a,b,c. Note that we
include the part bt even though it do not appear in f(¢). Substitute y,(t) in the
equation:

t2 =1 =y (t) + 2up(t) + p(t)
= 2a + 2(2at + b) + (at® + bt + ¢)
= 2a + 4at + 2b+ at® + bt + ¢
= at® + (4a + b)t +2a +2b +c.

The left and right hand side are only equal if

l1=a
O0=4a+b
—1=2a+2b+c.

Hence a =1, b= —4 and ¢ = 5, that is

y,(t) = t* — 4t +5.
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The general solution of the inhomogeneous ODE is therefore on the form
y(t) = cite™" + cpe™t + 12 — 4t + 5.
5
We consider the equation
y" + 2y + 2y = —2e 'sint. (2.4)
The characteristic polynomial is
r? 4+ 2r + 2
and so the roots are given by completing the square,
(r+1>+1=0.
So we have two roots 7+ = —1 4+ 4. The basis for the homogeneous problem

solution space is thus
y1(t) = e "cost, and y(t) = e 'sint.

If the right hand side was not already part of the solution for the homogeneous
problem, we would try for the particular solution

yp(t) = Ae ' cost + Be 'sint
and determine A and B. Instead we will try
yp(t) = Ate ' cost + Bte 'sint.
Substituting this into (2.4), we find that
2¢ " (Bcos(t) — Asin(t)) = —2e 'sint,
and so we find B =0 and A = 1. Thus the general solution is

y(t) = yp(t) + crya(t) + c2ya(t)
=te 'cost+ cie ' cost + coe tsint,

where ¢; and ¢, are arbitrary constants.

44
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Consider the equation

y'(t) +2y'(t) +y(t) ="

t

We can't have the particular solution y,(t) = ce™, since it is also a solution to

the homogeneous equation:

y"(t) + 2y (t) + y(t) = (ce™)" +2(ce™) 4 ce™*
=ce 't —2cet+ cet

We tried in the example above to add on a factor ¢ to remedy this, but here this
is also a solution of the homogeneous equation. Then we add on another factor
t and try y,(t) = ct?e™":

e =y, (t) + 2y, (t) + yp(t)
= (ct?e™)" 4 2(ct?e™") + ct’e”!
=cet(t* — 4t + 2+ 4t — 282 + 17

= 2ce !,

since e* # 0 for all ¢, we need ¢ to be equal to 1/2. We are left with y,(t) =
%tze_t. The general solution of the inhomogeneous ODE is then on the form

1
y(t) = cre "+ cotet + §t2e_t.

Even though this method is to some degree based on intuition, we list a few
good guiding rules here.

A

1. Basic rule: If f(t) in (2.2) is one of the functions in the first column in
Table 2.2, choose the trial solution y,(t) in the second column.

2. Modification: If a term of you choice for y, (%) is a solution of the homoge-
neous ODE, multiply it with ¢. If the solution correspond to a double root,
multiply with #2.

3. Sum rule: If f(t) is a sum of functions from the first column of Table 2.2,
choose y,(t) as a sum of the corresponding trial solutions.
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Ke aec
K cos(wt)
or a cos(wt) + bsin(wt)
K sin(wt)

p is a polynomial;

p(t) q(t) q is a polynomial
of same degree

p(t) cos(wt) p is a polynomial;
or q(t) cos(wt) + r(t) sin(wt) q & r are polynomials
p(t) sin(wt) of same degree
Ke cos(wt)
or e“*la cos(wt) + bsin(wt)]
Ke sin(wt)
e“p(t) cos(wt) p is a polynomial;
or eq(t) cos(wt) + er(t) cos(wt) g & r are polynomials
e“p(t) sin(wt) of same degree

Table 2.1: Method of Undetermined Coeflicients

% Problem Set - Second order ODEs

1. Find the general solution of the equa- has a particular solution on the form
tions
yp(t) = Ate " cos(t) + Bte ' sin(t)

a) y' —y —2y=0 o o
, Show that this is in fact a solution if A =1
b) y"+y=0 and B =0

2. What is the general solution of the (plug the expression y,(t) = te™* cos(t) into
y' — 3y + 2y = e*

4. Find a particular solution to each of
the equations

Y’ + 2y + 2y = —2e "sin(t), a) y' —vy — 2y = te

3. The equation
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b) y" +y = cos(t) 6) Solve the initial value problem
5. Solve the initial value problems y'—4y' +13y =0, y(0)=1andy (0)=5.
a) ¥y —y'—2y =0, y(0)=0andy'(0)=1 Rewrite the solution to the form

b) v +y=0, y (g) =1 and ¢/ (g) =0 y(t) = Ae™ cos(bt — ¢)

% Solutions - Second order ODEs

1.a The characteristic polynomial is

which has the roots

so the general solution is
yn(t) = cre® + coe”
1.b The characteristic polynomial is
r?+r=0

which has the roots
. 0+v0—-4

4+
5 ]

so the general solution is given by
yn(t) = e®[ci cos(t) + cysin(t)] = ¢ cos(t) + cysin(t)
2. The characteristic polynomial is
r? —3r+2

which has roots

3+v9—-8 3+1 {2
7‘: = =
2 2 1

so the general homogeneous solution is
yn(t) = cre® + coet

Now, since we observe that e3 do not solve the homogeneous equation, we try to solve the
non-homogeneous equation with a particular solution on the form

yp(t) = Ae”
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We put this into the equation and get
yn(t) — 3y (t) 4 2y, (t) = 9A® — 9Ae™ + 24¢™
= 243

which tells us that y, is a particular solution if A = % Thus, the general solution is

1
y(t) = yn(t) + y,(t) = cre® + cpe’ + Eest
3. We start by finding the derivatives

y,(t) =te " cos(t)

y,(t) =e~" cos(t) — te~" cos(t) — te" sin(t)

Y, (t) = — ™" cos(t) — e~'sin(t) — e~ cos(t) + te™ cos(t) 4 te™" sin(t)

— e 'sin(t) + te ' sin(t) — te " cos(t)
= —2e " cos(t) — 2e " sin(t) + 2te " sin(t),

and therefore
Yy (t) + 2y, (t) + 2y, (1) = — 2e™" — 2e~" sin(t) 4 2te ™ sin(t)
+ 2e~" cos(t) — 2te=" cos(t) — 2te " sin(t)
+ 2te" cos(t)
= — 2e 'sin(t)
which shows that y, is a solution of the equation.
4.a We know from 1.a) that the general solution of the homogeneous case is given by

yn(t) = c1e?t + coet

and since te' can’t be found as a solution of this, we will try with a first degree polynomial
times e’ as our particular solution,
yp(t) =(At + B)e'
y,(t) =Ate' + Ae' + Be'
=Ate' + (A + B)é'
y,(t) =Ate' + Ae' + (A + B)e'
=Ate' + (2A + B)e!

We put this into the equation and get

y'(t) — ' (t) — 2y(t) = (Ate' + (2A + B)e') — (Ate' + (A + B)e') — 2(Ate' + Be')
= —2Ate' + (2A+ B— A— B —2B)¢.
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We know that this should be equal te! + 0, so we obtain the equations

—2A =1
0=2A+B—-—A—-—B-2B
=A—-2B
by comparing the two expressions. The first equation tells us that A = —%, and after putting
this into the second equation we get B = % = —i. The particular solution is
1 1
yp(t) = —§t€t - Zet

We could also evaluate the equation
te! = —2Ate' + (2A+ B — A— B — 2B)é'
for two values of ¢, say t = 0 and t = 1 to obtain two equations

t=0: 0=2A+B-A-B-2B
t=1: e=-24e+(2A+B—-A—-B—-2B)e

and solve these two for A and B.
4.b We know from 1.b) that the homogeneous solution is given by

yn(t) = ¢y cos(t) + cosin(t)
and since cos(t) is a homogeneous solution, we try the particular solution

yp(t) = At cos(t) + Btsin(t)

y,(t) = Acos(t) — Atsin(t) + Bsin(t) + Bt cos(t)
= (A + Bt)cos(t) + (B — At) sin(t)

y,(t) = Bcos(t) — (A + Bt)sin(t) — Asin(t) 4 (B — At) cos(t)
= (2B — At) cos(t) — (2A + Bt)sin(t)

We put this into the equation and get

Y +y=(2B — At)cos(t) — (2A + Bt)sin(t) + At cos(t) + Bt sin(t)
=2B cos(t) — 2Asin(t) = cos(t)

which tells us that A =0 and B = % Our particular solution is therefore

lt) = Stsin(t)
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5.a We know that the general solution is

yn(t) = cre® + coe?

We use the information to find the equations

CclL+ cy = yh(O) =0
2c1 — o =y, (0) =1

By combining these two equations we get that 2¢; + ¢y = 1, that is ¢; = % This in turn gives
us ¢y = —é. The solution of the IVP is therefore

5.b We know that the general solution is
yn(t) = c1 cos(t) + cosin(t)

This tells us that y(7/2) = ¢ = 1. After differentiating we have

’(W>— csin<ﬂ>—|—cos<7r)— c; =0
Y\g) =~ o3 2) = T4 T

Thus our solution to the IVP is
y(t) = sin(t)

6. The characteristic polynomial is
r? —4r 413

which has roots

4++16—4-13 4++/—36 {2+37;
’]": = =
2 2 2 —3i

so the general solution is
yn(t) = e*[cy cos(3t) + ¢ sin(3t)]

Using the first condition y(0) = 1, we get at once that ¢; = 1. After differentiating we have
y, (1) = 2 [cos(3t) + cysin(3t)] + e*[—3sin(3t) + 3¢y cos(3t)]
= e*[(2 + 3cy) cos(3t) + (2c5 — 3) sin(t)]
and using the second condition 3'(0) = 5, we then have 2 4+ 3¢, = 5. Thus ¢, = 1, and our

solution is
y(t) = e*[cos(3t) + sin(3t)]
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Now, to get this to the form y(t) = Ae?* cos(3t — ¢), we use the formulas

A=V1I24+12=12
and
¢ = arctan (1> = 17?
B 1) 4

which gives us

y(t) = V2e* cos <3t - iw)
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Numerical solutions of ODEs

More often than not there exists no analytical solution of ODEs. Here the com-
puter comes to our aid through numerical analysis. There are a great deal of
resources available! to explore numerical solution methods of ODE’s, so we are
going to settle with looking at one methods. In fact, we will also restrict ourselves
to the first order ODE’s.

Let us start the short exposition by looking at what conditions need to be met
for our ODE’s to have a unique solution.

3.1 Existence and uniqueness

A reasonable question to ask is: How do we know for sure that the solution exists
and is unique? We have two theorems for this, the first pertaining to just existence,
and the second to both uniqueness and existence.

& Theorem 3.1.1 Peano’s Existence Theorem

Let D C R? be an open set and f : D — R be a continuous function. Then the
initial value problem

{s’c(t) = f(t,z(t))
l‘(to) = Xy.

with (to,z9) € D has a solution on some open interval I containing .
The solution need not be unique.

1One resource is for example https://folk.ntnu.no/leith/teaching/tkt4140/

52
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© Definition 3.1.1 Lipschitz Continuity
f is Lipschitz continuous if there exists an L > 0 such that

|f(z) — f(y)| < L]z —yl,

for all z,y € 1.

Lipschitz continuity is a restriction on the growth of function. It states the slope
of a function can never grow too large.

& Theorem 3.1.2 Picard-Lindelof Existence and Uniqueness Theorem

Suppose f be locally Lipschitz (Lipschitz on some open set containing 0), then
there exists a unique solution of the initial value problem

{sfe(t) — f(t,a())

x(to) = -

on some open set containing 0 (i.e. on a set [0 — €,0 + €] for some € > 0).

3.2 Euler’s Method

Now that we have some criterion for the existence and uniqueness of a solution,
let us start by exploring Euler’s method of approximating such a solution.

y(t)

Figure 3.1: Solution curves of § — iy = %
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We consider an initial value problem

{y(t) = f(t,y(1)

y(to) = yo

We assume f has sufficient assumptions (i.e. those of Picard-Linelof) such that
there is a unique solution to this problem. Through each point (¢, y) in the ty-plane
there is a possible solution curve of the differential equation.

A possible way to approximate one of these curves is the following: We start
in a point (¢g, y9) and move h steps along the tangent of the solution curve in that
point. The point we are currently at is denoted (¢1,y;). We now go h steps along
the tangent of the solution curve going through that point and end up in (¢2, ys).
Once again we move h steps along the tangent of the solution curve in this point
and end up in (¢3,y3). When we iterate the same process further we are left with
a list of points

(t07 yO)a (tla yl)> (t27 y2), (t?n 93)7 R (tna yn)a e

Drawing line segments between these points gives an approximation of the solution
curve y(t) of the initial value problem, and if we let the step size h move towards
zero the approximation will converge to the solution.

Y

Y2

n
Yo

Let us summarize the method.

A

When using Euler's method with a step size of i to approximate a solution of the
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initial value problem
y(t) = f(t,y(t))
y(to) = Yo
we get a segmented line through the points (¢,,y,) given iteratively as
tn:to_'_n'ha yn:yn71+f(tn71>yn_1)h

with starting point (%o, o).

Proof. Directly from the definition of the derivative we have,

[y(tn + h) - y(tn)l ~ y(tn+1) - Z/(tn)
h h )

i(t) = lim

We define the approximate value of the function at time step t,, as

Yn = y(tn)

From this, using the fact that y = f(¢,y), we define the method by

Yn — Un
UL (4, g,

or after rearranging
Yntl = Yn + f(yn)

Let us use the Euler's method with step size h = 1 to approximate the solution
to the initial value problem

y=flt,y) =5+ 1y
y(0) = 3

We have earlier calculated analytically that the solution to this problem is

1 1
t) = —= + et
y(t) = —5 +et,

so we will also plot this and the approximated solution and see how close the
approximation is. The initial condition tells us that our starting point (g, yo)
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is (0,3). Let us calculate the first four points.

tv =1, y1i =yo+ flto,yo) - h
1 1 1 1
=5 (e ae )

L[S

ta =2, yo =y + f(ti, 1) b
3
:Z"i_(%"'”zl;'é)'l
_1Ir
16
ts =3, ys =yo+ f(ta,y2) - h
17
“ (o)
_ %
64

ty =4, ys =ys+ flts,y3)-h
93
5. (13-8) 1
_ ot
256

t5 :57 Z/5 :y4+f(t47y4)h
_ 497 1 1 497
—ﬁ+(§+1'ﬁ)‘1
_ 2613
1024

Now, let us plot these points and the exact analytical solution

y(t)
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- . _ 1
Let us also try with step size h = ok

o =32, oy =Y+ f(to, ) h
=1+ (i 1))}

ool

ta =1, yo =+ fti,;)-h
5 1,1 5\ 1
:--’- _+_._ o =
:% (8 1 )2
64
ts =15, y3 =y + f(t2,y2) - h

49 1 1 49 1
=24 (G+a-5) -
_ 413
512
ts =2, ys =ys+f(ts,y3)-h
__ 473 1 1 473 1
o] ARSI
__ 4513
T 4096

ts =25, Y5 =ys+ f(ta,ya) P
_ 4 4
— 8+ (141 89)
~ 1.302032

Now, let us plot these points and the exact analytical solution.

y(t)

And now let us plot both approximations, step size h = 1 in red and step size
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h = % in blue.

A

Observe on the last step in the example, we only get an approximate value for ys.
This is an example of the float point error one often gets when doing numerical
analysis. The computer can only store a certain amount of decimals, so for every
step after this we would get increasingly wrong estimations of y, on top of us
already doing an approximation of the actual solution.
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CHAPTER 4

Linear equations

A linear equation in one variable is on the form ax + b = 0 with a, b known values
and x unknown. Such an equation has a unique solution z = —b/a. In two
variables it is of the form ax + by + ¢ = 0 with an infinite amount of solutions,

namely the line
a
y=—-xr—c

b

which can be visualized as a line in the zy-plane.

Y

That is, for every number ¢ we have a solution of the equation given by

/ -
x =1, =——t—-.
YT T
In these cases we often call x a free variable. We could also have chosen y as a

free variable, and then the solutions would have been on the form
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for every number 7.
A linear equation in three variables is of the form ax + by + cz 4+ d = 0 and the
solutions will be points on a plane. Here we have two free variables, which we can

choose to be y and z. Then the solutions will be on the form
b c d
r=——t——-r——, y=t, z=r
a a a

for every pair of numbers ¢t and 7.

© Definition 4.0.1
A linear equation is of the form

1T+ asxo + -+ Gp_ 1Ty + apx, =0

where aq,as,...,a,_1,a, are known values, and z,29,...,2,_1,%, are un-
known. The numbers a;, for i = 1,2,...,n, are called the coefficients of the
equation.

When you stumble upon linear equations in the wild you will more often than
not have several equations describing the same unknowns x;. That is, you have
more than one constraint. This brings us to the concept of systems of linear
equations.

© Definition 4.0.2
A system of m linear equations in n variables is on the form of a collection of m
linear equations with variables x1, zs, ..., x,.

a11%1 + @122 + o+ e, =b

az1T1 + G2%2 + - + apTn, = by

Q121 + A 2X2 9 oo Amndn = bm

When working with some quantity flowing through a network, say electric current,
water or money, we can be interested in how much of the given quantity that
flows through a specific part of the network.

A network consist of junctions or nodes with branches connecting them.
Each branch has a given direction of flow and the underlying assumption is that
the sum of everything flowing into a node should equal the amount flowing out.
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This assumption is equal to Kirchoff’s current law, when the network is a curcuit
and the quantity is an electric current.

Let us look at the following network with some unknown quantities

A

B

A d

D

E

The unknown quantities here are a, b, c,d. In order to find these, we use the
assumption that what flows into the nodes A, B, C, D, E should equal what flows

out of them to set up a system of linear equations.

A:
B :
C:
D:
E .

Let us hold of on solving the system for a moment.

Find the line y = ax + b that intersect the points (5,8/2) and (2,5/2).

a+b=20
d—c=20
b+ c=20
e—a=10
d—e=10

By substituting the values in the line equation, we obtain the following system
of two linear equations with a and b unknown.

5a + b
2a + b

N Ot N |00

Now we can either use substitution to solve this set, or we can add and subtract
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the equations. Let us try both methods.
Substitution: From the first equation we have that

b:§—5a

substituting this value with b in the second equation gives us

8 5
26+ - —ba=—
a—+ 5 a 5
which in turn tells us that a = % Now, by substituting this in our expression for
b gives us b = % That is the line is given by
1 n 3
= —X —
v=gig

Adding and Subtracting equations: If we replace the second equation with
the equation we get by subtracting the original first equation from the original
second equation, we get

ba + b = 3B
-3¢ + 0 = -3

Now we can divide the second equation by —3:

5a + b =
a + 0 =

N = N 0o

before replacing the first equation, with the equation we get by subtracting five
times the second equation from the first

0 + b =
a + 0 =

Reading out from this resulting system we get that the line is given by

NI NN

63
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4.1 Finding solutions

The last method used above is the one we are mostly interested in. It uses the same
ideas as the method called Gaussian elimination, which is partly described through
three elementary operations on the equations that do not change the solutions.

A

The three following elementary operations on systems do not change the resulting
solutions.

1. Interchange any pair of equations
2. Multiply any equation by a nonzero number

3. Replace any equation by its sum with a multiple of any other equation.

Augmented matrix

When working with systems of linear equations there is a lot of symbols that can
confuse us and obfuscate what we are doing. Hence we would like to simplify them
and work only with the essential information.

© Definition 4.1.1
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The coefficient matrix of a system of linear equation

a1,1%1 + ai2T2 + -+ G1aT, =b
a21%1 + ageTy + -+ aApT, =by
Am,121 + Q222 G eco AmnTn = bm

is the array of numbers

a1 Q2 -+ Aip

A1 Q22 - Q2p
A= . .

Qm,1 Am2 *°° Qmn

consisting of m rows and n columns, where the columns contain every coefficient
of the equations, such that

= column one has the coefficients of z1,
column two has the coefficient of x5,

= row one has the coefficients from the first linear equation,
row two has the coefficients from the second linear equation,

Let us also introduce the following column vectors

s} b1
x=|"*| and b= i
, by
and define Ax to be equal to
a1 Q12 ot Qin | |71 1,171 + A12T2 + -+ - + Q1T
Q1 G2 -+ Qon| |T2 _ 2171 + Q29T + -+ + A2, Ty
Ami1 Am2 - Amnp L, Am 121 + A 2X2 SFoco=F Amndn

We can see that if A is the coefficient matrix of a system of linear equations and b

is the column vector defined above, then the matrix equation Ax = b encodes
the same information as the system.
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Remember that the network

A

D

gave us the following system of linear equations

A: a+b=20

B: d—c=20

C: b+c=20

D: e—a=10

E: d—e=10

this in turn gives us

A X

~—"=~

1 1 0 0 O0/|]|a
0O 0 —1 1 O0{|b
0 1 1 0 0]]c
-1 0 0 0 1/||d
0 0 0 1 —-1]]|e

A

If we have the matrix equation

20
20
20
10
10
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and translate it to a linear equation ax + by = 0, we might recognize that the left
hand side is nothing but the dot product of the two-dimensional vectors

B > L)

x
[abc}y:O
z

Correspondingly for

we see that the left hand side is equal to ax + by + cz which is the dot product
of the three-dimensional vectors

a i
b| and |y
c z

In fact, we have that the dot-product of n-dimensional vectors

T Y1
T2 Y2
x=|.| andy=
Tn Yn
is defined to be exactly
Y1
Y2
X y=|T1 T2 ‘o Ty | | =T+ Tay2 + o+ Tuln

Yn

Hence, we can see Ax as being given as

ap a; - X
as ag - X
X =
a, a, X
where a;, a,, ..., a, are the rows of A seen as vectors.

When we are doing elementary operations on systems of linear equations, the
only thing that changes in the corresponding matrix equation Ax = b are the rows
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in A and rows in b. The changes in the matrix equation is equivalent to those on
the system, and we can therefore work on the matrix equation instead of the linear
system. Also, since x do not change, we can omit this in the calculation.

© Definition 4.1.2
The augmented matrix of the system of linear equations
a1 A @els A cec A @glh; =
a21%1 + ATy + -+ aApT, =by
Am, 121 + A, 222 G eco AmnTn = bm
is given by
11 Q12 -+ Q1p by
Q21 Q22 -+ A2p by
m,1 Qm2 *° Omn bm

The vertical line tells us what is on the right and left of the equality signs in the
corresponding system. Now, the elementary operations can be formulated as

1. Interchange any pair of rows
2. Multiply any row by a nonzero number
3. Replace any row by its sum with a multiple of any other row.

Let us highlight this connection by going back to the equations in example
4.0.2.

We were solving the system

5a + b =
2a + b

N Ut |00

The augmented matrix of this system is

5 1
2 1

N Ut |00
— 1
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S5a + b 8 5 1|8
2 + b = 2 2 1|2
II=I1—1 5 4+ b = % TI=II—1I 5 1 %
—3a + 0 -3 5__3 0|3
[[:%.]] 5a + b g II:%JI 5 1 g
1 3
a + 0 5 1 0]
II=1-5-11 0 + b % I=I—5IT _0 1 %
1 1
a + 0 5 1 0|3

© Definition 4.1.3

A matrix is in row echelon form if the following is satisfied:
1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row is in a column to the right of the leading entry
of the row above it.

3. All entries in a column below a leading entry are zeros.

If a matris in echelon form also satisfies the following conditions, then it is in
reduced row echelon form:

4. Each leading entry in each nonzero row is 1.
5. Each leading 1 is the only nonzero entry in its column.

The leading entries in the row echelon forms are called pivot elements and the
columns they appear in are called pivot columns.

The following matrix is in row echelon form

5 2 4 2
0313
0020

and the following matrix is in reduced row echelon form
1 000
01 01
001

o
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If this had been the reduced row echelon form of the augmented matrix of a
linear equation

a1121 + a12%2 + ajzry = by
2171 + Qg2%2 + ag3rs = by
as 11 + as2r2 + aszrs = b3

then we can read out from the reduced row echelon form

1 0 01]0
01 01
00 10

that the solution is given by x1 =0, zo = 1 and x3 = 0.

Solution strategy
A

The general solution strategy for solving systems of linear equations is to
1. Find the augmented matrix of the system.
2. Use the elementary row operations to find the reduced row echelon form.
3. Read out the solution.

One can also in step two choose to only find the row echelon form and use
substitution to find the other solutions.

Exactly one solution: If all the columns on the left of the vertical line contain
a pivot element in the reduced row echelon form, then you have a unique solution
to the system.

Infinite solutions: If you have columns on the left of the vertical line that
contain non-zero entries, but are not pivot columns in the reduced row echelon
form, then they correspond to free variables and you will have an infinite amount
of solutions.

No Solutions: If you in the course of reduction get a row with only zero
entries on the left of the vertical line, but non-zero entries on the right, then the
system is called inconsistent and there will be no solution. This correspond to the
equation 0 = 1 which is ludicrous.

In example 4.0.2 we got a unique solution to the system. Now, let us look at
the network in example 4.0.1 and observe that here we obtain an infinite amount
of solutions.
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=

In example 4.0.1 we found the following matrix equation
1 1 0 0 0] |a 20
0 0 -1 1 0] |b 20
0O 1 1 0 0] |c|]=120
-1 0 0 0 1]]|d 10
0 0 0 1 —1] (e 10

we solve for (a, b, ¢, d, e) by reducing the following augmented matrix into reduced
row echelon form

1 1 0 0 0 |20 11 0 0 0120

0 0 -1 1 020 00 -1 1 020

0 1 1 0 o020 =001 1 0 020
10 0 0 1|10 01 0 0 1130

0 0 0 1 —1]10 00 0 1 —1[10
11 0 0 0 |20] 11 0 0 0] 20
01 0 0 1130 01 0 0 1] 30
Hell g 1 1 0 0 |20 ML g g0 1 0 1 | —10
00 -1 1 020 00 -1 1 0] 20
00 0 1 —1/[10] 00 0 1 -1/ 10

1 100 0| 20] 1 100 0| 20]
0100 1] 30 0100 1] 30
V=IVHEIT g 01 0 —1|—10 Y=VVElg 001 0 —1|—10
0001 —1/| 10 0001 —1] 10
0001 -1/ 10| 0000 0| 0|

1 00 0 —1|—10]

0100 1] 30

=g 0010 =1 —10

0001 —1/| 10

0000 0| 0|

From the reduced form we read out that e is a free variable and the general
solution of the system is

a=-10+t b=30—t, c=—10+¢t, d=10+¢, e=1
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for any number ¢, or written in vector form

a —10+t¢ —10 1
b 30 —t 30 —1
cl=|-10+t| = |—10| +¢t | 1
d 10+t 10 1
e t 0 1

where ¢ times a vector means that we multiply each entry with ¢ and addition of
vectors is component wise.

A 20 B

—10 4 ¢y 010 + ¢

D t E

The minus sign in the network tells us that the quantity moves in opposite direction
of what is indicated by the arrow.

i

Let us try to solve the following system

rz— 2y=1
—5x + 10y = -1
We reduce the augmented matrix
1 =211 1 =21
-5 10 | -1 0 0 [4
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The last matrix correspond to the system

z+2y=1
Oz +0y =4

The equation 0z + Oy = 4 is equal to 0 = 4, which can't be true, no matter the
value we give x og y. The system has no solutions.

Let us look at a few more examples to warm up our thinking cap.

i

We wish to solve the system

2]31 + 31’2 + x3 = 16
3£L'1 —f- ) —I— 41’3 = 27
41131 + 2z + x3 = 18.

Re-writing this as an augmented matrix, we have

2 3 1|16

3 1 4127

4 1 1118

Performing the row operations,

2 3 1|16 2 3 1 16 ]
31 4|27 % 0 -7 5| 6
4 1 118 T 0 —5 —1|—-14]
2 3 1 16 |
IIT=7-TIT—5-IT 0 -7 5 6
0 0 —=32|-128]
. 2 3 1]16]
IIT=—L.1I1 0 -7 =g
0 0 1| 4]
2 3 0] 12]
T 0 =7 0/-14
0 0 0 1| 4 |
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Rewriting this as a system, we have

21‘1 + 33172 + 0[E3 = 12
OZL‘l — 71’2 + 0$3 = —14
01[’1 + O.IQ + 1.CE3 = 4.

Thus 3 = 4, x5 = 2. Plugging these into the first equation, we have x; = 3.
Written in vector form we have

We are given the following system to solve:

T1 +3.CE2 +21’3 +3.’L’4 =16
$1+3$2+3$3+ 134:21
2ZE1 + 61‘2 —|—4ZL‘3 + 6£L‘4 = 3

As usual we make the augmented matrix and start reducing,

132 3[16] [132 3|16
133 1[21|~[001 =25
2 6 4632 (000 0/0
130 7|6
~10 01 —25
000 0|0

The last matrix correspond to the following system

{xl +3x9 + 724 =06

[L’3—2I4:5

We have chosen to ignore the equation corresponding to the row of zeros. This is
becuase it only tells us that 0z + Ox5 + 0z3 + Ox4 = 0, or in other words 0 = 0.
This equation is satisfied regardless of the values for x;, so it doesn’t really tell us
anything useful.
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After moving everything except x; and x3 to the right, we have:

T = —31'2 — 71’4 + 6
T3 — 2134 +5

That is, x5 and x4 are free variables. We can therefore find solutions of the

system by setting x5, and z4 to be whatever we should please, and then using the

equations to find what z; and x3 needs to be.
For example, for o = 0 and z4 = 1, we get:

T1=-3-0—-7-146=—1

.:CQZO
z3=2-1+5=7
374:1

In order to describe all possible solutions, we set x5 = s and x4, = t, for s
and t arbitrary numbers. Then the general solution is:

1 =-35s—Tt+6

To = S
T3 = 2t +5
Ty = t
or written as vectors
A 5]
2l =10| +s +t
T3 5 0 2
Ty 0 ].

e

If we have a system of more variables than equation, and the system is solvable,
will we always have free variables? Why?

Hint: We can at most have one pivot element in each row. Count rows and
columns.

Some degree of freedom

When we are reducing a matrix, we have a certain degree of freedom. However,
we can’t do anything other than the three types of row operations. In what order
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and which rows we operate on are up to us though.

We are reducing the following matrix:

7

Tt w O

2 41
8 2 0
9 2 4

=

Here we need to exchange the upper row with one of the other to get a pivot
element in the right position. We can freely choose which row to move to the
top.

We do also have some freedom when choosing the free variables. We can do as
in example 4.1.6, that is to choose those variables which correspond to columns
without pivot elements in the reduced form, but we can also choose other variables.

In the example 4.1.6 we ended up with the two variables x5 and x4 being free.
We could also have chosen x; and x3 to be free.
We reduced the system to the following:

T = —31’2 — 71’4 + 6
T3 =2x4+5
Solving the second equation for x:

.%3—5
Ty = 9

Substitution into the first equation gives:

—I — 7134 + 6
Ty — 3

= =~ — oa+

3 3 6 6
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Now, by setting x1 = s and x3 = ¢, we obtain the following general solution:

1 =S
1 7t+47
Ty = ——8 — — —
737 6 6
T3 —
1 5
Ty = —Tg — —
g g
Or in vector form:
1 0 1 0
al 2], 14|
zs| — | 0 + s 0 +1 1
Ty —g 0 %

At first glance this looks different from what we had in 4.1.6, but it describes
the same solutions. (If you let s = —1 and ¢ = 7, we have the same solution as
when we had zo = 0 and z4 = 1 in example 4.1.6).

A

Do note that even if we have an infinite amount of solution, every variable can’t
necessarily be chosen as free. For example, if a system of three variables is reduced
to

z+y=3
22 =28

Then either x or y can be chosen as being free, but z can not be free.
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Vectors and matrices

5.1 Vectors

We now introduce the most common vector, the ones used to model the real
world. An abstract notion of a vector needs to be based off the properties that
these vectors satisfy.

© Definition 5.1.1 Vector in R

Let n be some natural number, i.e. positive integer. Denote by R” = RxRx---R
the set of all n-tuples of real numbers. We write these in a few common notations.
For v € R",

U1

(%) .
» v=| | (column vector notation),

Un
. V= [vl Vg v vn} (row vector notation),
» v=(vy,0,...,v,) (coordinate notation).

Vectors are usually denoted by a bold lowercase letter, v in typed texts. If written
by hand it is common to denote vectors by an arrow above, v, or a line below, v,
instead of boldtype.

78
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A

Unless explicitly told otherwise we will by a vector mean a column vector. Also,
to save vertical space we will often write out column vectors as list of numbers.
That is v = (1,2, 3) will be the same as

We wish to explore some properties of vectors. Let u,v € R" and o € R. Then
the following properties hold

U1 [0 %05
(%) QU2 . . .
e av=a| . | =| . | (scalar multiplication),
Uy, oy,
Uy (1 Uy + U1
U9 V2 U + Vg L.
e ut+v=|_ | +| | = ) (vector addition).
Unp, Un, Up + Up

We also have some geometric properties of vectors. Note that vectors have a sense
of direction and length,

 the dot product/inner product of two vectors is given by (u,v) =u-v =
U1V + UV + . .. UpUnp,

« The magnitude/length of a vector is given by |v| = \/U% +v3i4 02 =
VvV,

« the angle between two vectors, 6 is given by the relation u-v = |u||v| cos(6),

o two vectors are orthogonal if u-v = 0, or if the angle between them is a
right angle.

A vector on the form
1 Y1 azi + by,
T Yo axs + bys
ax+by=al| | +b|". | = :

T, Ym ATy, + OYm,
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is a linear combination of the vectors x and y. The numbers a and b is called
scalars. If we have n vectors x1,...,X,, then a vector on the form

a1X1 + asXs + - - + apX,

is a linear combination of the vectors x; with scalars a;.

If we have n vectors x1,...,X,, we define the linear span, or
span(xy, . ..,X,)
to be the set of all linear combinations of x4, ...,Xx,, that is every possible scaled
sum

a1X1 + ag9Xg + - - - + ap X,

11 1 4
The vector |16/ is a linear combination of |2| og |5]|. since
21 3 6
1 4 11
312 +21|5| =116
3 6 21
1 4
The span of (2| og |5| are all vectors i R? on the form
3 6
1 4
al2| +0b|5],
3 6

with ¢ and b numbers.

In R? and R? such sets can be easily visualized.
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a) The span of the set { [1

O] } is the z-axis in the zy-plane.

1
b) The span of the set ¢ |0,

on the form

for all values of a and b. This is the xy-plane.

Vector equations

Let us look back to the definitions leading up to augmented matrices, specifically
the matrix equation Ax = b. The left hand side of the equation was defined to be

ai1 Q2 o Gra | |21 1171 + Q1 2T2 + -+ - + A1 Ty
1 G2 -+ A2, | |T2 2,171 + A2 2%y + *++ + G2 Ty

m,1 Am2 *** Gmn T, Qm,121 + Qm,2T2 + -+ AmnTn
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and this can be split into a scaled sum of the column vectors of A

1121 + A12T2 + -+ + A1 Ty aj aio ain

2171 + Q29T + -+ + A2 T a1 a2 asp
: =Ti| . | tx2| . |+t Ty

Am,121 + Am 222 +-+ AmnTn Qm,1 Am,2 Am,n

A

Observe that Ax is the sum of the column vectors of A, scaled by the entries of
X, i.e.

T
T2

Ax = la; ay --- an:| .| = Ta; 1@y + -+ TRa,
xn

Thus Ax = b can also be seen as a vector equation.

This gives us a new way to look at systems of linear equations: The problem is
to find the scales x; such that the linear combination of the matrix columns equals
the right hand side.

The vector equation

1 2 —2 —5
z |1l +y|d9]+2| 9| =133
2 ) —1 0

is equivalent to the system of equation

T+2y—2z2=-5
T+5y+9z =33
2 +5y— 2=0

and has a unique solution:
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Verify yourselves that the following is in fact an equality

1 Z =2 )
T =215 +4]9 | =133
2 ) —1l 0

A

If the right hand side of a matrix equation Ax = b is zero, i.e. b = 0, then the
equation is called homogeneous, and if it is nonzero, b # 0, then the equation
is called non-homogeneous.

The general solution of a matrix equation Ax = b is given by the sum of
the general solution of the homogeneous case x;, and a particular solution of the
non-homogeneous case x,,

X = Xp + Xp.

Linear Transformations
When working with vectors we will often use a particular type of function on them

that behaves nicely. Let us indulge in a small description of these.

© Definition 5.1.2 Linear Transformation

We call a function 7' : R” — R™ a linear transformation if it preserves scalar
multiplication and vector addition, that is

T(ax + By) = oT'(z) + BT (y),

forany o, 8 € R and z,y € R™.

The following are some examples of linear transformations:

= |d: R? — R? [xll > [xll (Identity Mapping),
) )

« $:R?2 R [‘UI] — [@1

X2 X1

n T R?’ — RS,T($1,I2,I3> = (Il, 21‘2,1‘3),
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= P:R® = R? P(x1,22,73) = (21, 22).

You can confirm these are linear transformations directly using the definition.
We also introduce an examples of a mapping that is not a linear transforma-
tion.

= T:R? = R (21,29) = (2, 22).

Linear transformations are particularly nice functions, however in the forms
given they are not necessarily nice to work with. Is there a way we can write these
in a nice way?

5.2 Matrices

We have for some time now worked with matrices without really going into the
gritty details. Let us look a bit more closely on what they are. We will se that
vectors are a special type of matrices, and that the operations possible on them
extends nicely to matrices as well.

© Definition 5.2.1

A matrix is a rectangular array of numbers. A matrix A having m rows and n
columns is written as

11 Q12 - Qinp

Q21 Q22 -+ Q2p
A= | _ .

Am1 Am2 ' Omn

The size of a matrix is the number of rows and columns, and we say that
a matrix A is of size m x n, or A is an m X n-matrix, if it has m rows and n
columns. Two matrices of equal size and with the same elements in corresponding
positions are equal.

A

Another useful notion when working with matrices is to consider the matrix being
built up of column vectors. If we let a; be the column vector consisting of the
elements of the jth column of a m x n-matrix A, then we can write A as

A=|a; as --- a,
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a1 .- Qa1 .- A1p
(78] ai,j ;i
a,m71 800 am,j bao Cme‘
=
Identity matrix:
1 0
Zero matrix:
0 0

Symmetric and anti-symmetric matrices:

a b 0 d
b c|” |—d O
for numbers a, b, ¢, d.
Upper- and lower triangular matrices:

b1

for numbers a,b,c,d,e, f.

e

Can you write down 3 x 3 (anti-)symmetric and upper/lower triangular matrices?

Let us look at some uglier matrices as well.
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A= (1) g i’ 2 rows and 3 columns (2 x 3)-matrix
3 8

B=19 8 3 rows and 2 columns (3 x 2)-matrix
0 1
1 10

C=12 31 3 rows and 3 columns (3 x 3)-matrix
0 4 1
2

D=1 3 rows and 1 columns (3 x 1)-matrix
4

1§ = [1 3 2} 1 rows and 3 columns (1 x 3)-matrix

Note that the matrix D and the matrix £ can also be seen as vectors. Hence
we give the following alternative definition of vectors.

© Definition 5.2.2 Alternative vector definition

A vector is a matrix having either only one row or one column. Matrices having
only one column (n x 1-matrices) are called column vectors and matrices having
only one row (1 x n) are called row vectors.

& Theorem 5.2.1

Let A be an m X n-matrix, a, 5 € R a number and x,y € R" vectors, then
A(ax + By) = aAx + Ay
Equivalently, the function Ty: R™ — R™ given by
Ty(x) = Ax

is a linear transformation.
That is, Any mapping defined by a matrix is a linear transformation.

Actually, we have that the linear transformations described this way gives us
every linear transformation.
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& Theorem 5.2.2

Let 7 : R™ — R™ be a linear transformation. There exists a unique m X n-matrix
A such that
T(x) =Ax, (x€R").

This matrix is given by
A=[T(er) T(es) - T(en)]

where e, is the ith standard basis vector of R™, which consists of a 1 in the
ith row and zero elsewhere.

1 0 0
0 1 0
el = 0 7e2 = O 9°0°0° ,en = 0
0] 0 1)

H Example 5.2.3 Matrices for some Linear Transformations

Consider the linear transformations from Example 5.1.4. We will rewrite these
using a matrix.

s |d: R? — R? has the matrix I = [(1) (1)]

» §:R?* —» R? S(x) = Az has the matrix A = [(1) (1)]

—_

0
» T:R?— R3 T(z) = bx has the matrix B = |0
0

O N O
— O

5.3 Matrix operations

Addition and subtraction

As with numbers, we can add and subtract matrices. This is done element wise
and only if the matrices are of the same size.
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123+251“_'1+22+53+1_374
732 "[930 |[7T+9 3+3 240/ |16 6 2
03] [28 -2 -5
71 -3 1=]4 0
59/ |0 3 5 6
0 3
F ; ;5]%— 7 1| = undefined
5 9

Addition on numbers is commutative, meaning that the order of the numbers
are indifferent.

34+79 =113
79434 =113

There is also a special number (additive identity) under addition which has no
effect on the other, namely zero.

340 + 0 = 340
0+ 59 =59

Both of these properties have their analogue for addition in matrices, since
addition on those are defined element wise.

& Theorem 5.3.1
Let A, B and C be matrices of equal size m x n, then

» A+ B = B+ A (Additive commutativity)
» (A+B)+C = A+ (B+C) (Additive associativity)
= A+ 0= A (Additive identity)

where 0 is the zero matrix of size m x n, that is the matrix with all elements
equal zero.

Scalar multiplication

If we have a number ¢ and a matrix A, then we can scale the matrix using the
operation scalar multiplication. This is done by taking the produkt of ¢ element
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wise on the matrix A, and we denote the resulting matrix with cA.

11 Q12 -+ Qinp ca11 Cayo - Chip

21 G292 - dzn Caz1 Cagzg -+ Cdagqn
cA=c| , ) ) =

m,1 Qm2 *° Gmn Chm1 CAm2 - COmnp

Let us look at the scalar multiplication of the matrices from example 5.2.2

1 2 3 36 9
3A_3031]_[093]
3 8 12 32
4B =419 8| = (36 32
0 1 0 4
11 0 2 2 0
20=212 3 1| =14 6 2
0 4 1 0 8 2
2 10
5D=5|1| = |5
4 20

8E:8[1 3 2|=[8 24 16}

This operation also inherit some good looking properties from multiplication
of numbers. Recall that when you multiply numbers with an addition of numbers
in parentheses you can either sum up the addition and then multiply or multiply
each summand and then add.

3-6=18
3(4+2)_{ 3:4+3-2=1246=18

6-4=24

(5“)4:{ 544 1-4=20+44=24

& Theorem 5.3.2

Let A and B be matrices of equal size m x n and ¢, d be two numbers, then

» ¢(dA) = (ed)A
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= ¢(A+B)=cA+cB

» (c+d)A=cA+dA

n 1A=A

Multiplication of matrices

Another operation of numbers which we would like to emulate for matrices are
multiplication. There is a naivé way of defining such an operation by doing it
element wise. This turns out to be of little to no benefit, so let us disregard that
idea at once.

Let us recall that linear transformations are uniquely determined by a matrix.
Therefore, when multiplying a vector x € R™ with a m x n-matrix, we can think
of it as a function from R™ to R™. We want to think of multiplication of two

matrices as the composition of two function, and therefore the following equality
has to hold:
(AB)x = A(Bx)

The linear transformation 75 (multiplication by B) acts first and then the trans-
formation T4 (multiplication by A). If A is a m X n-matrix and B a g X p-matrix,
then we need n = p for this to make sense, since Tz sends vectors in R to vectors
in R? and T4 sends vectors in R™ to vectors in R™.

Re 2, gp—pn 1A, pm

TaB

The composition of Tg with Ty will be Tyg. Before defining what AB has to
be for this to make sense, let us look at an example.

Let A and B be the following two 2 x 2-matrices:
3 -5 4 3
S I

We want to find the matrix AB such that (AB)v = A(Bv) for all vectors v i R2.
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We first look at multiplication with the standard basis vectors

b = [

We know from the definition of matrix multiplication on vectors that by multiplying
a 2 x 2-matrix with one of these vectors, we obtain either the first or second column

of the matrix.
1 4
2l - |}
1 3 —5| |4 2
A(ofaf) -2 7)< 1=
We want AB to be given in a way that satisfies
(AB)v = A(Bv)

for all vectors v. In particular:

am ] (2] - |2

Since multiplication with
1
0

gives us the first column of the matrix, we know that the first column of AB has

to be
2
22

()= 70 =L
m ] =4 (2[1) - i)

—_
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Then we see that the second column of AB needs to be:

b

2 4
AB = [22 13]

So the product of A og B is:

In general if A is of size m x n, B is of size n X p and x € RP, then
Bx = l’lbl + IL‘sz —+ -4 l‘pbp

for by, ..., b, the columns of B and x4, ..., z, the elements of x. Now using that
A(ax + By) = aAx + Ay, we have

A(Bx) = z1Aby + 29Axy + - - - + 2,Ab,

We recognize this as being equal to

T
4]
[Aby Aby - Ab,] = [4b; Ab, .-+ Ab,|x
Tp
and we conclude that AB = [Abl Aby - Abp}, or using the definition of
multiplication of matrix with vector, we have
a1b1 a1b2 tee albp
AB — aZ'bl 32.b2 a2pp
a,b; a,by --- a,b,

where ay,...a, is the row vectors of A.

© Definition 5.3.1

Let A be an m x n-matrix and B an n X p-matrix. Their product AB is an m X p
matrix where the element (AB); ; is

(AB)ij = @iabij + aiobo; + - + @inbn; = Z ; 1:by, ;
k=1

which is the same as saying that (AB), ; is the dot product of the ith row vector
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I of A and the jth column vector of B.

¢ n 5 < p >
A o - ( p ) A r
a1 Qi --- Qg T 7 abyy --- aby; abyp
bia by b1p
ba 1 b2,j by P ’
m @1 Qi2 --- Qip X n =m abiy -+ abj ab; ,
4t s a b1 bn,;j bnp
m, m, m,n ~ L . abm71 AR abmd * a/bm’p
TOW i X column j = (1, 7)-element

A possibly easier way of visualizing the process is the following.
Say we want to calculate the following product

3%x2

2X3 —A— 2x2
[123]71_[ab1
73259 c d

then we can organize the matrices as following

O QIO g O
QO W

1 2 3
7 3 2

The second matrix is placed in the upper right corner and the first matrix in the
lower left corner. In order to find the elements in the product, we take the dot
product of the row and column pointing in to the element.
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0 3
7 1
5 9
1 a b
7 ¢ d

a=1-0+2-7T7+3-5=29

o Lot 39 O
QL SO = W

b=1-3+2-14+3-9=32

|-B 3

This gives us

N
O = W

A

Be aware that matrix multiplication is only defined if the matrices has the right
corresponding sizes.
[mx ) - [fxpl=mxp

B Example 5.3.5
a) Calculate, if possible,
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1 1 0
2 3 1
0 4 1
1 2 315 19 5
7 3 213 24 5
[123}1;?_[51951
73 2 0 4 1 13 24 5
b) Calculate, if possible,
1 10 1 2 3
2 31 73 9
0 41

This is undefined since the number of columns in the first matrix do not equal the
number of rows in the second matrix.

We have seen that additive properties of numbers have corresponding properties
for addition of matrices. The same holds true for multiplication, except for one
crucial detail, namely commutativity, i.e. a X b = b x a. We have already seen an
extreme way it fails to commute in the preceding example, namely because of size
constraints, but as we will now see it is generally not true even for square matrices
(n x n).

i

0 110 0 |0 1 4 0 0 |0 0[]0 1
0 0/|0 1| [0 O 0 0 |0 1{1]0 O
However, we have a lot of other nice properties of matrix-multiplication.

& Theorem 5.3.3

Let A, B and C be matrices such that the operations described below is defined,
and d a number. Then

» Multiplicative associativity

A(BC) = (AB)C
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» Multiplicative distributivity
A(B+C)=AB+ AC and (A+ B)C = AC + BC

« (dA)B = d(AB) = A(dB)

Let now [, denote a n X n-matrix with 1's on the diagonal and 0's everywhere
else, then for A a m x n-matrix we have

» Al,=A=1,A. Thus [, is called the n x n identity matrix.

A

Let us stress the fact that for two matrices A and B, we do in general not have

AB = BA

Let A, B and C be the following matrices:
5 0 =2
= l?) 1 4 ]
2 1
1o = E ﬂ
2 4

A is of size 2 x 3 and B is of size 3 x 2, so AB must be of size 2 x 2. Let us
calculate this using the definition:

B:

5:24-0-14(—2)-2  5-14-0-0+(—2)-4
AB =
3-24+1-144-2 3-1+1-0+4-4
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Multiplying the same matrices, but in opposite order gives a 3 X 3-matrix:

(25413 20411 2(-2)+14
BA = [15+03 10401 1:(-2)+0-4
25+43 20441 2:(—2)+4-4

(13 1 0

= |5 0 =2
22 4 12

The product of B and C'is the 3 x 2-matrix

5 8
BC=1|1 2
14 20

However the product C'B is not defined, since C' is of size 2 x 2 and B is of size
3 x 2.
We could have calculated C' A, but AC is also not defined.

A

Another important remark is that cancellation of matrices are in general not pos-
sible. That is, if AB = AC, then we do not necessarily have B = C. For

T E R

b il o

However,

97

Matrix transpose

Before moving on to the more interesting concept of inverse matrices, let us as
an interlude mention a matrix operation which do not have an equal in number

manipulation.

© Definition 5.3.2
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Let ) )
11 A12 --- Q1p
Q21 QA22 --- Q2n
am,l am,2 e am,n

be a m x n-matrix. The transpose of A is the n x m-matrix

11 G21 --- Qm1
Q12 GA22 --- Am2
Q1pn A2n --- Amn

where the rows are the columns of A and the columns are the rows in A.

A square matrix A is symmetric if and only if A = AT,

B Example 5.3.8
If we let A be the matrix

5 0 —2
A= L’) 1 4 1 ’
then the transpose of A is:
5 3
AT=10 1
-2 4
& Theorem 5.3.4
For every matrix A we have:
(AT = A.

If A and B are matrices such that the product AB is defined, then:

(AB)T = BT . AT,

5.4 Invertability

98
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1

For every number a not equal to zero, there exist an inverse number a™" = % such

that a-a~' =1 = a'a. It is natural to wonder whether this property extends to
matrices. Let us limit the discussion to only square matrices, i.e. matrices of size
n X n for some n. The question is then: Given a square n X n-matrix A, can we
find a matrix B such that the following equalities hold?

AB =1, = BA.

Let us look at an example of such matrices.

Let A and B be the following 2 x 2-matrices:

I

Then we have
[4 =2 [-172 1] _[1 0] _
A'B_[S —1] [—3/2 2]_[0 1]_[2

R EREE

These matrices therefore satisfies

and

A-B=1,=B" A

© Definition 5.4.1
Let A be a matrix of size n X n. An inverse of A is a n X n-matrix B such that

AB = I, = BA.

A matrix is invertible if it has an inverse.

A square matrix do not necessarily have an inverse. The following three ma-
trices are examples of such.
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0 0 1 0 11
a=lod] =l o] e o=]f ]

are not invertible matrices.

& Theorem 5.4.1

If a matrix has an inverse, then the inverse matrix is unique. We denote this
matrix by A1

One reason to be interested in the invertability of matrices comes from the
solvability of linear equations. Remember that if we have a system of n linear
equations in n variables, then we can construct the corresponding matrix equation
Ax = b where A is the coefficient matrix.

& Theorem 5.4.2

Let A be a n x n-matrix, and b € R" a vector. If A is invertible then Ax = b
has a solution. The solution is unique and given by A~'b
Moreover, if Ax = c has a solution for every c € R", then A is invertible.

Simultaneous solutions of multiple systems

Assume that we want to solve multiple matrix equations

AXl = b1
AXQ = bg
Axt = bt

with the same coefficient matriz A, but different vectors on the right by, bs, ..., b;.
Then we could reduce the augmented matrix of each system individually:

4D
4P

4]b]
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Or we could observe that since the left hand side is equal for each of them, we are
doing the same thing multiple times except for what is on the right side. We can
save ourselves a lot of trouble if we combine all the augmented matrices into one:

[Alby by - by

and reduce that instead.

Let A be the following matrix:

We would like to solve the following systems:
—2 10 —4

We combine them all into a big augmented matrix and reduce

2 —2|1-2 10 —4 1 3|7 1 0

1 3|7 1 0 |2 —2| -2 10 —4
(1 3] 7 1 0
|0 —8|-16 8 —4
(1 3|7 1 0
0 1|2 -1 1/2
(1 01 4 -3/2
0 12 -1 1/2

The last matrix is in reduced row echelon form, and we read the solutions of the
systems from the right hand side of this matrix.

S S S b

Finding the inverse matrix

Now, let us find a formula for the inverse matrices. Assume that we have a n X n-
matrix A. We would ascertain whether it is invertible and if so find the inverse
matrix A~L
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We consider the equation

AX =1,

where X is an unknown n X n-matrix. Let
X1, X2, ..., Xp

be the columns of X, that is

X = [Xl Xg - xn},
then we can write the product AX as

AX = [Axl Axg - Axn}

Let us name the columns of I, as well:

I, = [el e ... en}

That means that e; is the vector in R™ with 1 in the ¢th row, and 0’s everywhere
else.
The equation AX = [, is now equal to the equations:

AX1 =€
AXQ = €2
Ax, = e,

By the technique described above we can therefore reduce the augmented matrix
[A‘el ey --- en}:{A‘In}
to solve for X.

We want to invert the following matrix if possible:

1 -1 -3
A=1(0 1 3
2 =2 =l

Following the ideas above, we would like to find a matrix X such that AX = I3
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0
AX3: 0
1

We make the combined augmented matrix for the systems and reduce:

by solving the three systems:

1 0
AXl = |0 AX2 = |1
0 0

1 -1 -3|{1 00 1 -1 =3/ 1 00
o 1 3]010~]0 1 3]0 10
2 -2 —1/0 0 1] |0 0 5|-201
1 -1 =3/ 1 00
~10 1 3]0 10
2
00 1|-201}
1.0 0/ 1 10
~10 1 3]0 10
(00 1|-2 0}
(1.0 0/ 1 1 0
00 1|-20 1

We obtain from this the following solutions:

1 1 0
X1 = |: 6/5 :| X9 = I:l] X3 = |:3/5:|
—2/5 0 1/5

Now, X is given by

1 1 0
X =[x1 % x3]= {6/5 1 3/5]
—2/5 0 1/5

We have found X by solving AX = I3, and if you try taking the product X A,
you will find that this also equals I3. We conclude that X is the inverse of A and
A is invertible, that is X = A~!

In the example we solved the equation AX = I3, and it turned out that X also
solved XA = I3, so we concluded that A=! = X. This actually holds in general.
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& Theorem 5.4.3

Let A be a n X n-matrix.
(a) A is invertible if and only if the reduced row echelon form of A equals I,.
(b) If A is invertible, we can find the inverse by reducing the matrix
411]

to reduced row echelon form and read out the right hand side. In other
word: The reduced row echelon form is on the form:

L] 47

Formula for inverting a 2 x 2-matrix

For a 2 x 2-matrix, there is an explicit formula for the inverse.

& Theorem 5.4.4
Let

be invertible. Then

1 d —b
Al =
ad — be [—C a ]

,1_ab_1 d —=b| |1 0]
44 _lc d] ad—bc[—c al| |0 1_12

The product A='A = I, is calculated in the same way. O

Proof.
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# Problem Set - Linear Equations and Matrices

1. Write the set of equations on matrix form. 3.
Find the augmented matrix and solve by Gaus-

. AR a) Solve the set of equations
sian elimination.

a) 20— y+ z2=0
3+ y—62=0

dor —2y+22=0

171—23172—31'3:0

209 + x3 = —8
—T1+ Ta+2w3 =3 and
2c— y+ z=1
b) r+ y—6z2=4
{2x1+3x2+4x3:13 4oy — 2y + 2z =2
3x1 + 329 + 623 = 15 Explain the relation between the solutions.
o) b) Find values a, b, ¢ such that
r—4y+ 28z = -2 2r— y+ z=a
—r+ y— Tz=-31 3r+ y—6z2=0»
r+2y— 14z =64 dr — 2y +22 =c

don’t have any solution.
2. Which of these matrices are in row ech-

elon form? Which of them are in reduced row

Dl form? 4. Assume that we have given a set of equa-
echelon form?

tion consisting of m equations and n unknowns.

a) Which of the nine cases in the following table is
possible?
1500
[O 00 11 m<n|m=n|m>n
0 solutions
b) 1 solution
1 0 oo solutions
0 1
0 —1

o O O
S O N
O =~ =
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5. Determine whether the system of equa- 9. Find, if possible, the inverse matrices of
tions given by
a)

1 0 11]0 ]
1 2 3|5 l 1 ﬂ
1 -2 -1 1 N
0 —4 —1|-1
h 1 b)
tion.
as a solution 10 0
6. Consider a solved Sudoko puzzle as a 9x9- 110
matrix A. Calculate the product L1
T
A1 11111 1 1]
10.
7. Let A and B be matrices, and v a vector: ) For which values of a € R is the matrix
0 1 5 7
A=|2 3 -1 B:Ll)gg]v:z 1 0 a
-8 0 2 —4 A=la 1 0
0 a 1
Calculate (or explain why the expression do not
make sense): invertible?
a) AB d) B? g) BAv
b ify that
b) BA ¢) A+B h) BT ) Verily tha
c) A2 f) (A+IL;)v i) viv (T -1
At="1-1 1 1
8. Find a 2 x 2-matrix A such that 2 1 -1 1

81 ) B P

# Solutions - Linear Equations and Matrices

1. a The system of equations can be written on the form Ax = b, with

1 -2 -3 0
A=|0 2 1], b=|-8
1 1 2 3
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Gauss elimination yields

1 -2 =310 1 —2 =3 0]
0 2 1 | -8 ~1|0 2 1 |-8
-1 1 2 | 3 0 -1 —1] 3|
1 —2 =3] 0
~ 0 1 1 |-3
0 1 | 8]
1 —2 =3 0]
~ 0 1 1 ]-3
10 1 2 |
and we obtain x + 3, xo = —5 and xy; = —4 by backward substitution. The solution
il —4
X=|xy| = |—5
XT3 2
is unique.
1. b We have

By Gaussian elimination we get

2 3 4113 [2 3 4113
3 3 6|15 10 2|2
1 0 212
03 09
1 0 212
0103

we can choose x3 as we want, let’s say x3 = ¢, and then we get x1 = 2 — 2t and x5 = 3. The number
of solutions are infinite, and they are on the form

2—-2t
X

I
w
I
S WO
+
~
— O

for t € R.
1. c The system written as an augmented matrix is
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1 -4 28 | -2
-1 1 =7]-31
1 2 14| 64

By Gaussian elimination we get

1 -4 28 | =2 10
-1 1 -7|-31|~|0 1 =7|11
1 2 —-14| 64 0 0

From row 1 we read directly that x = 42. Row 3 means
0z +0y+0z=0

or 0 = 0. This do not tell us anything about the values of x, y and z. We have a free variable
z = t, where t is a real number (we could also have chosen y to be the free variable). With z =t
we see in row 2 that y = 11 + 7t. The number of solutions are infinite, and they are on the form

42 42 0
x= (1147t = |11| +¢ |7
t 0 1

for t € R.
2. Matrix (a) and (c) are in row echelon form; (a) is in row reduced echelon form.
3. a We put the homogeneous system into an augmented matrix and eliminate:

2 —1 11]0] [2 =1 1 |0
31 —6/0~|0 5 210
4 -2 20/ [0 0 0 |0
1 -1 101 [1 0 —1]0]
~10 1 =3/0/~|01 =310
0o 0 00 (00 0|0

The third variable is free, we put it as x3 = t. Then we see in the second row that xo = 3¢, and in
the first row that z; = t. We have the solution

1
x=|3|t, VteR.
1
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In the next system, the inhomogeneous one, we get a nearly identical augmented matrix, except
in the fourth column:

2 -1 1 ]1] [2 -1 1 |1
31 —6|4]~|0 5 L3
4 =2 2102 [0 0 0 |0
1 -3 2|3 10 —-1]1
~0 1 =3|1|~|01 =3]|1
00 010/ [00 0]O0]

Again, we obtain a free variable x3 = t. The second row then tells us that zo = 1 + 3¢, and the
first row that x1 = 1+ ¢. In vector notation, the solution

1+t 1 1
z=|1+3t = [1| + |3|t, VteR
t o |1

3. b We must find a vector b = [by, by, bs]” such that the system AZ = b can’t be solved, where

2 -1 1
A=13 1 —6
4 =2 2

This happens if and only if we have an impossible equation in the reduced system. There are a lot
of possibilities, but we notice that in the third row of our matrix, which represent 4x — 2y + 2z,
is two times the first row. So let us try a vector b where b3 is not equal to 20,7 For example
b = [0,0,1]%,

2 -1 1|0] [2 -1 1 |1
31 —6/0~|0 5 210
4 -2 2|1 0 0 0 |1

Here we have a contradiction in the third row, for no values of z,y, z can solve 0z + Oy 4+ 0z = 1.
The vector b = [0,0,1]7 is therefore one of many possible answers to the problem.

4.

Let 1 denote possible and 0 impossible:

m<n|m=n|m>n
0 solutions 1 1 1
1 solution 0 1 1
00 solutions 1 1 1

Explanation: In each case we either find an example, or explain why no examples exists.
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No solutions: Regardless the amount of equations and unknowns, we can always construct an
example with an equation that says 0 = 1.

Infinitely many solutions: We need to verify that we can always construct an example with a
free variable. In the case m < n we can take the 1 x 2 system = 4y = 0, where y is free. For m =n
we can add the equation 0 = 0 so we have two equations with two unknowns, and y still free. For
m > n we can add the equation 0 = 0 again.

Exactly one solution: For m = n we can take the system x = 1, which has a unique solution. If
you don’t accept this as a proper system you can add on y = 1. To obtain an example for m > n
we add on the equation 0 = 0. Now, we have to think, "What happens if we have more unknowns
than equations?”. We can construct the augmented matrix of the system, this is wider than it is
high, since we have more unknowns than equation. Thus we can’t get a pivot element in each
column. Each column without a pivot element gives a free variable. Hence the system has either
no solutions or infinitely many.

5.
1 0 1 0 1 0 1 0
1 2 3| 5| mr=rr+1r. |12 3|5
1 -2 —-1] 1 2 0 2 6
0 —4 —-1|-1 0 —4 —-1)|-1

If we add row two to row three, we see that we have x + y = 0 and 2x + 2y = 6, which can’t both
be true. Thus the system has no solution.
6. In a Sudoku puzzle every row has to contain exactly one copy of each number between 1 and

T
9, so when you multiply with |1 1 1 1 1 1 1 1 1] , you will in each term get a sum
14+24+34+4+5+64+7+84+9=145

in each entry, thus

1
=

45
45
45
45

= |45
45
45
45

45

— = = = = e e
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Our solved Sudoku puzzle could for example be

9 4 8|5 7 6|3 21
75 1|19 3 2[4 86
36 2481|579
8 1 7/6 9 5/2 3 4
5 2 9|7 2 4]1 6 8
4 2 6(3 1 8|9 5 7
6 9 5|2 4 7|8 1 3
28 411 6 3|7 95
1 7 3[{85 9|6 4 2
Mismatchi izes. _
a) Mismatching sizes d) Mismatching sizes.  g) ?8(2)1
(—36 7 13 . o N
. b) 24 0 6] e) Mismatching sizes. 1o
' ST —11 h) |2 0]
B f) | 26 5 3
c) |14 11 5 ) 68 -
—16 —8 —36 i) 69
8. A [(1)] is the first column of A, while A [H is the sum of the columns in A, i.e.
3
A= [5 yl
where 3+2x = —10g 54y =0. Thus )
3 —4
[ =

9. a We put the identity matrix on the side of the matrix, and reduce it to reduced row echelon
form: )
1 710 1 710 10 =
[—1101]N[0811N[01 1

|

9. b The method from a) gives the inverse

00 |00 | =
oo\»—\oo‘

so the inverse is

00|00 |

o0 l—oo| |
=] 1,
| I

1 0 O
-1 1 0].
0 -1 1
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10. a The matrix A is invertible whenever it has maximum rank (which is 3). By Gaussian

elimination we find

1 0 a 1 0 a
a1l 0|~ |0 1 a
0 a1 0 a 1
1 0 a
~ 10 1 —a?
0 0 1+a?

From the echelon form we see that A has maximum rank if and only if 1 + a® # 0, thus whenever
a # —1. Thus the matrix is invertible if and only if a # —1.
10. b Multiply the two matrices and check that you get the identity matrix.



CHAPTER 6

Linear independence and
subspaces

6.1 Linear independence

Linear independence in R?
If we have to vectors vi and vo in R?, both non-zero, there are two possibilities
[. They are parallel, i.e. v; = avy for some scalar a # 0. then
span{vy, va} = span{v;} = span{va}.
and we say that the two vectors are linearly dependent.
II. They are not parallel. Then
span{vy, va}

is a plane in R?® containing the origin. We say that the two vectors are
linearly independent.

In case II, we introduce a third non-zero vector vz. Once again we have two
possibilities:

II(a) vs lies in the plane spanned by vy and v, i.e. span{vy,vy}. Equivalently
vy = avy+bvsy. All vectors lie in the same plane, and we say that the vectors
V1, Vg, vy are linearly dependent.

II(b) v3 do not lie in the plane spanned by vy, and va. Then span{vy, va, v3} is
the whole of R?, and the three vectors vy, vg, vg are linearly independent.

113
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Linear independence in R”

© Definition 6.1.1
The vectors vy, Vs, .., v, are linearly independent if the equation

1V + Tovo + -+ ax,v, =0

only have the trivial solution z; = 2o = --- = x, = 0. Otherwise they are
linearly dependent.

A set of vectors are linearly independent only if the only way of combining
them into the zero vector is to choose all scales to be zero.

Consider
3 0
vi=|—2 and vy = |0
0 4

in R%. The equation
V1T + Volo = 0

that is
3 0 311 0
—2|z14+ |0 29 = | 22| = |0
0 4 41, 0

gives 31 = 0 og 425 = 0, so x1 = x5 = 0. The equation only has the trivial
solution, so vy and vy are linear independent.

Let u, v and w be the following three vectors in R3:

4 1 1
u= |4 v=|1 w= |1
9 0 1

These vectors satisfy the following equality:

u+5-v—9-w=0
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and is therefore linear dependent.

Checking for independence

To check if a collection of vectors vy, va, .., v,, are linearly independent, we solve
the equation
Vi1 + Ve g+ -+ Vv, x, =0

The left hand side can be recognized as a matrix with columns v; multiplied
with a vector with elements x;. The equation is therefore equal to

I 0

i) 0
Vi Vg eV .=

Tn 0

This can be solved as usual by reducing the augmented matrix

{vl Vo - Vn‘()]

i

Are these vectors linear independent?

3 2 8
u= > vV = g and W = sl
3’ 2 12
3 4 22

The equation is
u-r+v-y+w-z2=0,

Reducing the augmented matrix:

32 810 3 2 8]0
9 7 310 01 7]0
32 1210l T lo0 4]0
3 4 2200 0000

We see that we will obtain a pivot element in each of the columns, and thus no
free variables. Then we only have one solution: x = y = z = 0. We conclude
that u, v and w are linearly independent.
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The essential information in the reduction to establish linear (in)dependence
is the existence of free variables. Do note that we do not need to include the right
hand side in the reduction. There are only zeros in the right hand side from the
beginning, so they will stay zero regardless of the row operation done.

& Theorem 6.1.1

Let A be a matrix. The following statements are equivalent:
1. The columns of A are linearly independent.
2. The equation Ax = 0 is only solved by the trivial solution x = 0.
3. There are no free variables in the solution of Ax = 0.

4. When we reduce A, we get a pivot element in every column.

A

Theorem 6.1.1 gives us a good method of checking for linear indepence. If we
have vectors
Vi, V2, ..., Vp,

We check for indepence by:

1. Constructing the matrix A = [vl Vo ... V,| having the vectors as
columns.

2. Reduce A to reduced row echelon form.

3. If every column has a pivot element we conclude that the vectors are linearly
independent. Otherwise they are linearly dependent

Are these vectors linearly dependent?

5 3 2
v _ |10 v |7 g vi— |
5(° 5 6
0 4 8
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We reduce the matrix [vl Vo V3:|:

5 3 2 5 3 2
10 7 6 01 2
5 5 6| [0 0 0
0 4 8 000

The last column do not contain a pivot element. Hence vy, v, and v are linearly
dependent.

Are these vectors linearly dependent?

8 14 3 7
V) = 7 , Vg = —2 , V3= 1 , Vyu = )
4 5 0 11

We could reduce the following matrix:

8 14 3 7
7T =21 5
4 5 0 11

However, we do not need to in this case. We observe that we can’t get more than
three pivot elements. Thus there can’t be a pivot element in all the four columns.
The vectors vy, Vs, v3 and vy are linearly dependent.

& Theorem 6.1.2

Given n vectors vy, vg, .., v, in R™.If
1. one of the vectors is a linear combination of the other, or
2. n>m,

then the vectors are linearly dependent.

& Theorem 6.1.3

If we have n vectors vy, va, .., v,, in R", then they are linearly independent if
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and only if they span the whole of R", that is if and only if
span{vy, va,...,v,} = R"™
Proof. Let
A= |:V1 Vo ... Vn]

be the n x n-matrix with our vectors as columns. We know that the vectors are
linearly independent if and only if we obtain a pivot element in every column when
we reduce A. Now, since A is a square matrix this is the same as having pivot
elements in every row. That is equivalent with

Ax =Db

having solutions for all vectors b in R"™, which says that the columns of A span R™.
O

6.2 Subspaces

We have until now been talking about the Euclidean vector spaces R™, but
there also exist a whole lot more vector spaces. For example, if we instead of
looking at the product of real number lines

RPT=RxRx---xR

n copies

look at the product of complex number lines

C"=CxCx---xC

n copies

we obtain a new vector space C" consisting of vectors with complex entries

z1 a; + Zb1

Z9 as + Zbg
zZ=|.|= .

Zn, a, + b,

Here the scalar multiplication is given component wise with complex numbers and
addition of vectors is still defined component wise. More abstract examples of
vector spaces and the defining properties of them can be found in section ?77.

For now we will be interested in a more nicely behaved kind of vector space,
namely subspaces of Euclidean vector spaces.
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© Definition 6.2.1
A subspace of R" is a subset of vectors U C R" such that

1. The zero vector is contained in U,

0cU.

2. U is closed under scalar multiplication, i.e. if u is a vector in U and a is
any scalar, then au also lies in U,

ueclUanda e R = auel.

3. U is closed under vector addition, i.e. if u and v are vectors in U, then
their sum u + v is also in U,

uvel = u+vel.

We have already seen examples of such subspaces. The linear span of a set of
vectors is a subspace.

Let x1,Xs,...,X; be t vectors in R", then
span(xi, Xz, ..., %) = {a1X1 + asXo + - -+ + ayxy | a1, ...,a; € R}
is a subspace.

In the last section we studied linear dependency. As a continuation of that we
will now define the dimension of a subspace.

© Definition 6.2.2

The dimension of a subspace U, denoted dim(U), is the maximum number of
linearly independent vectors in U.
That is to say, if there exists n vectors vy, ...v, € U that are linearly indepen-
dent, but n + 1 vectors vy, ...v,1 € U are always linearly dependent, then the
dimension dimU = n. The dimension of {0} is 0.

A basis of U is a maximal (dimension n) set of linearly independent vectors.
If a set {vq,...,v,} is a basis of U, then any vector in U can be represented as
a unique linear combination of this basis. i.e. for any u € U there exists unique
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scalars a, ..., a, € R such that

u=aoqvy+- -+ a,vy,.

B Example 6.2.2
The vector space R? has dimension 2 and the two vectors

1 0
e = [O] and eq = [11
gives a basis of R

The vector space R? has dimension 3 and the three vectors

1 0 0
€1 = 0 5 €y — 1 and 0
0 0 1
gives a basis of R3.

The vector space R™ has dimension n and one basis is

1l 10 0
0] |1 0
0 ,10f,..., 0
0] 0] 1)

The bases given above are called the standard bases of R?, R? and R™.

Subspaces of a matrix

© Definition 6.2.3

The null space of A is the space of all solutions of the homogeneous equation
Ax =0:
NullA = {x € R" | Ax = 0}

© Definition 6.2.4
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The column space of a real m x n-matrix
A= {al ap, --- an}
is the subspace of R™ spanned by the columns of A:

ColA = span{aj,ay,...,a,}

The column space of A is the collection of all linear combination of the columns
in A. A product Av of the matrix A and a vector v in R” is exactly a linear
combination of the columns in A, so we can descrive the column space as all
vectors on the form Av:

ColA = {Av | v e R"}

© Definition 6.2.5

Therow space of a real m x n-matrix

is the subspace of R"™ spanned by the rows in A:

RowA = span{ry,ra,..., Tt}

The row space of A is all the linear combination of the rows in A (considering the
rows as columns). This is equal to the column space of the transposed matrix:

RowA = ColAT
)
Let A be the following matrix:
121 2 0
2 4 3 7 1
A=11 22 5 1
3 6 6 15 3

Let us try to descrive the null-space, column space and row space of A.
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To find the null-space, we solve the equation

Ax = 0.
We do that by reducing A:
121 2 0 120 -1 -1
2 43 7 1 001 3 1
122 5 1 000 0 O
3 6 6 15 3 000 0 O

We obtain three free variables, and the general solution is:

-2 1 1
1 0 0
x=r|0|+s|-3|+t|-1
0 1 0
0 0 1
-2 1 1
1 0 0
NullA = span 0|, -3, -1
0 1 0
0 0 1

The vectors above is also linearly independent, so they form a basis for the null
space

Directly from the definitions we have that the column and row space is given
as the following sets:

(17 2] [17 [2] 0
2 4 3 7 1
ColA = span ool 1ol Is | Ih
3] 6] [6] [15] |3
(1] 2] J1] [3]
2 4 2 6
RowA =span | [1|, [3|, (2|, |6
2 7 5 15
o] (1] |1] [3]
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However, we might like to have basis and not only a spanning set. It turns out
that we can find these bases by reducing A.

We start by considering the column space. In the reduced row echelon form
of A, we have pivot elements in the first and third column. If we switch around
the columns in A such that the first and third column is placed in front and do
the corresponding switches in the reduced row form, we get:

1 1(2 2
2 3|4 7
1 2|2 5
3 6|6
Denote the columns of A by a;, as, a3, a4, a;. The reduced row form now tells

us that the columns without pivot elements, that is as, a, and a5, can be written
as linear combinations of the pivot columns, a; og aj:

8.2:2'81, a4:(—1)-a1—|—3a3, a5:(—1)-a1—|—1-a3.

Specifically, the columns without pivot elements is in the subspace spanned by the
pivot columns,
ay,ay, a5 € span{ay, as}.

The space spanned by all the columns in A, that is Col(A), is therefore equal
to the space spanned by only a; og as. In addition, the reduced row form of A
shows that a; and aj are linearly independent.

This shows that

SN W

1

2
(alaaB) - 11

3

is a basis of the column space ColA.

It is somewhat easier to realize how to find a basis of the row space. We
observe that if we perform an elementary row operation on a matrix, we still have
the same row space. This follows from the fact that the rows in the resulting
matrix from a row operation are linear combinations of the rows in the old matrix.
Also, we can always find a row operation that gives us the old matrix from the
new one.

Hence, to describe the row space of A it is enough to consider the row reduced
form of A. Here we can easily observe that every non-zero row is necessarily linearly
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independent. We have that

S
—w = OO

is a basis of the row space RowA.

A

The example above shows us a method of constructing a basis for the column
space of a matrix A:

1. Reduce A to reduced row echelon form.
2. ldentify the pivot columns.
3. The pivot columns gives a basis for ColA.

Warning: Rememeber that in the last step we need to use the columns in the
original matrix A. Row operations do change the column space.

& Theorem 6.2.1

Let A be an m x n-matrix, and let £ be the reduced row form of A. Then:

(a) The dimension of the null space, Null4, is equal to the number of free
variables we get when solving Ax = 0, which is equal to the amount of
columns without pivot elements in E.

(b) The dimension of the column space, ColA, is equal to the amount of
columns containing pivot elements in F.

(c) The dimension of the row space, Row(A), equals the amount of rows not
equal to zero in F.

& Theorem 6.2.2

Let A be a matrix. The column and row space of A has equal dimension

dim ColA = dim Row A
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This number, which is the dimension of both the column and row space is

called the rank of A.
rankA = dim ColA = dim Row A

Since every column in the reduced row form either contains a pivot element or
gives a free variable for the equation Ax = 0, we obtain the following result from
theorem 6.2.1.

& Theorem 6.2.3

Let A be a m x n-matrix. Then

dim NullA4 4 rankA = n.

Let us end this section by combining these results with results on invertability

& Theorem 6.2.4

Let A be a n x n-matrix. The following statements are equivalent

1. Ais invertible
2. The columns of A are linearly independent
3. The rows of A are linearly independent
4. rankA =n
5. Ax = b has a unique solution (x = A™'b)
6. Ax = b has a solution for every c.
7. The reduced row echelon form of A is I,
8. A has a pivot element in every row
9. Ax = 0 has only one solution, x =0

10. Col(A) =R"

11. Row(A) =R"

6.3 Determinant

One of the sought after properties of a square matrix (n x n) is invertability. If
a matrix A is invertible, then we know that every equation Ax = b has a unique
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solution z = A~'b. We will now explore a number which determines invertability,
namely the determinant. If we have n x n-matrix

a1; aiz -+ Aip

Q21 Q22 -+ A2y
A= . . s

Ap1 Ap2 - Qpn

then the determinant of A is denoted by either

@11 Q12 -+ Qip

Q21 Qg2 -+ Q2pn
det A or

an1 Ap2 - App

Determinants of 2 x 2-matrices

The determinant of a 2 x 2-matrix

a b
A=l
is defined as:
det A = a Z‘:ad—bc
B Example 6.3.1
detl; ﬂ:1~4—2-3:4—9:—5

Determinants of 3 X 3-matrices

For a 3 x 3-matrix
a1 G122 13
A= |aa az ax )
a31 a3z ass
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we define the determinant to be:

a1 G2 013
det A = o1 Q22 Q923

a31 dzz G33

Q22 Qa23 Q21 Q22

-+ 13
a31 as2

= a1l — a2

Q21 A23
a3; Aas3

az2 as3

We will present the general rule for arbitrary large matrices in a bit, but let us
observe that the rules at the moment are:

o the sign switches as + — + — +— horizontally (addition first)

o the smaller "sub-determinants” are obtained by deleting the row and column
which the coefficient of it lie in, i.e.

the "sub-determinant”
ag2 A23
az2 as3

is found by deleting the row and column containing a:

likewise, we obtain
Q21 (23
a31  ass

through deleting the first row and second column:

and lastly

ag1 A2
az1 asg
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is obtained by deleting the first row and third column:
Q21 (22
sy as2

4 6
79

H Example 6.3.2

5 6

4 5
8 9

1 2
det |4 5
7 8 7 8

O O W

gl o
— 1(45 — 48) — 2(36 — 42) + 3(32 — 35)
— 3412-9=0

Determinants: general definition

We define the determinant of an arbitrary big quadratic matrix in the same pattern
as the determinant of a 3 x 3-matrix.

© Definition 6.3.1

Let
a1 Qa2 - Aip
Q21 Q22 -+ A2p
A= . ) }
Ap1 Ap2 - App

be an n X n-matrix. The determinant of A is defined as follows.
1. fn=1, then A = [an}, and we define det A = ay;.

2. If n > 1, we introduce a few helping variables. For every i and j from 1
to n we set A;; to be the (n — 1) x (n — 1)-matrix we obtaing by remocing
row ¢ and column j from A, and we define

Cz" = (—1)i+j det Aij

to be the determinant of this matrix with a sign dependent on ¢ and 5. The
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determinant of A is defined as:

det A = Z alelj

j=1

The numbers Cj; in the definition are called cofactors of A.
One can now see that this definition reduces back to our already defined cases
for 2 x 2-matrices and 3 x 3-matrices.

i

Let A be the following 4 x 4-matrix:

NN =W
S O N O
Ot = = N
W O O =

We calculate the determinant of A. From the definition we have:

210 1 10
detA=310 1 0/—012 1 O
05 3 75 3

1 20 1 21

+212 0 0/—412 0 1

70 3 70 5

We calculate each of the 3 x 3-determinants needed (Note that we do not calculate
the second, since it will be multiplied by zero):

210

10 0 0 01
01 0]=2 -1 +0 =6
05 3 5 3 0 3 0 5
1 20

0 0 2 0 20
2 0 0)=1 -2 +0 = =12
70 3 0 3 7 3 7 0
1 21
20 1= Yoff Yurft Yoo
70 5
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Substituting these values into the expression for det A we have:

det A=3-6-—0-+2-(—12) —4-(—6) = 18

Cofactor-expansion

In the definition of the determinant we move through the first row in the matrix
and look at the numbers
a11, A12, ---, Q1p-
Each number a,; is multiplied with the associated cofactor C;, and at the end we
add all these products
However, we can also move along any other row with the same procedure and
get the same end product. Also, we can move along any column.

& Theorem 6.3.1

Let A be a n X n-matrix, where n > 1, and let A;; and C;; be given as in the
definition of the determinant. Then we have

det A= ariCr; = auCi
i=1

=1

forall kand [ suchthat 1 <k <nand1<[<n.

The method of finding the determinant through cofactors as in the theorem is
called cofactorexpansion. We say that we do the cofactor-expansion along row k
or along column I.

Let us now find the same determinant as in example 6.3.3, but in a more clever
way.

We have to make sure that the signs in the cofactors are correct. When we
expand along the first row (as in the definition), or along the first column, we
always start with a positive sign in the first part. However, when we expand along
a different row or column, it might be that we start with a negative sign. A good
rule of thumb is to use the following diagram to remember which sign each cofactor
has:

S
-+ -+
+ - + -
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Once again, let A be the following 4 x 4-matrix:

30 2 4
1 210
A:2010
705 3

We observe that the second column consists almost entirely of zeros, so it can be
smart to do the expansion along it. This gives us:

det A = —0 + 2

~N N W

2
1
5

N N =
[, Qi Sy—

3
1

= =N 0o

O O >

4

0/+0

3
21

2
3 2
_2'<4'7 5‘*3'|2 1)

—2-(4-3+3-(=1)) =18

I
)
-~ W

This is the same result as in example 6.3.3, but with less work, since we only
needed to find one 3 x 3-determinant.

Determinants and row operations

When doing row operations on a matrix, we get a new matrix. This matrix doesn’t
necessarily have the same determinant as the original. However, it turns out that
the determinant changes in controlled ways under row operations. We can exploit
this to ease our calculations.

& Theorem 6.3.2

Let A be a n X n-matrix, and let B be matrix we get by doing a row operation
on A. Then we have the following correspondance between the determinant of A
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Row operation

and B, based on which type of row operation done:

Result

Multiplication by a

number £ det B=Fk- -detA

Add a multiple
of a row to another

det B=det A

exchange two rows

det B= —det A

E=
We find det A, where

det A =

— g

= DN W

S O NN W

3.1.|

-2 3
0 5

=-3-1-(—2)-5=230

132

Here we started by doing row operations on the matrix, while simultaneously
keeping track of how the determinant changed.
First we multiplied the first row with 1/3. This made the determinant of the
new matrix 1/3 the size of the determinant of A, so we had to multiply it with 3
for the numbers to stay equal
After that we subtracted a multiple of the first row from the two other rows,
which resulted in no change of the determinant.
Then we exchanged the two bottom rows, which made the determinant change

sign.

At the end we expanded along the first column.

Triangulsere matriser
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We say that a n x n-matrix is upper triangular if all the numbers below the
diagonal are 0, that is:

ailr a2 aiz - Qip

0 axp ag --- ap
0 0 asz -+ as,
0 0 0 - apn

Similarly, a n X n-matrix is lower triangular if all numbers above the diagonal
are 0, that is:

a1 0 0 te 0
21 Q929 0 cee 0
azy aspx asz - 0
_anl Ap2  QApz - ann_

In example 6.3.5 we used row operations to get our matrix on the form:

1 1 4
0 -2 3
0 0 5

This matrix is upper triangular.

& Theorem 6.3.3

Let A be a (upper or lower) triangular n x n-matrix. Then the determinant of A
is equal to the product of the numers along the diagonal of A:

detA:aH 929 * A33 " Apn
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1 4
0 -2 3[=1-(=2)-5
0 5

A good strategy when calculating the determinant of a big and unpleasant
matrix, is to reduce it to an upper triangular form (and keep track of how the
determinant changes with the help of Theorem 6.3.2), and then calculate the de-
terminant of the triangular matrix using Theorem 6.3.3.

Some nice results on calculation

& Theorem 6.3.4

The determinant of a product of two matrices is equal to the product of the
determinants. That is: If A and B are two n X n-matrices, then

det(AB) = (det A)(det B).

& Theorem 6.3.5

The determinant do not change under transposition. That is: If A is a n x n-

matrix, then
det A = det AT

Karakterisering av inverterbarhet

We can also prove that a square matrix is invertible if and only if it has a nonzero
determinant, thus we can expand Theorem 6.2.4:

& Theorem 6.3.6
Let A be a n x n-matrix. The following statements are equivalent
1. Ais invertible
2. det A#0
3. The columns of A are linearly independent
4. The rows of A are linearly independent

5. rankA =n




CHAPTER 6. LINEAR INDEPENDENCE AND SUBSPACES

10.
11.
12.

. Ax = b has a unique solution (x = A~'b)
. Ax = b has a solution for every c.
. The reduced row echelon form of A is I,

. A has a pivot element in every row

Ax = 0 has only one solution, x =0
Col(A) =R"
Row(A) = R"”

135
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# Problem Set - Linear Indepence and Determinant

1. Given the vectors b)

= o] v=[i] =2 =3

determine which of the following sets are linearly c)

independent 0 21
0 0 4
a) {x,v} 000
b) {x,w} d)
c) {y,v} 0 1 5
2 3 -1
d) {y,w} -8 0 2
e) {Xv Yy, V} e)
2. Given the vectors [1 2 51
0
1 0 1
X — {2] Ly = {2] Cand v = {2] 4. Determine the determinant of the follow-
0 9 3 ing matrices
a)
a) Are {x,y, v} a linearly independent set? [1 0]
b) Is the vector 0 2
b)
4 2 2 4
W= 15 01 3
6 00 3
: c
in the subspace span{x,y,v}? ) 0 000
c¢) Solve, if possible, the vector equation 1 2 3 4
5 6 7 8
ax+by +cv=w 10 1 2 3
3. Find the Column space, Row Space and d)
Null space of the following matrices 10422
20 20 3
a) 01310
1500 00101
0001 00010
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e) 6. Let A be the matrix
B g] a b 00
c 000
5. Is the following matrices invertible? 000z
0 0y =z
a)
1 7 a) Find an expression of det(A)
-1 1 a,b,c,x,y, z as variables.
b) b) Determine for which values
1 0 O a” b7 C7 x7 y7 Z
1 10
1 1 1 the matrix A is invertible.
’ L] L] L]
% Solutions - Linear Indepence and Determinant
A set of vectors {vq,va,..., vy} is linearly independent if the sum
a1Vy + aaVg + -+ - + a4V
equals the zero vector only when ay,as,...,a; are all zero. This is equal to
ay
a2
Vi vy oo vt] .| =0
a
only having the trivial solution, i.e.
ai
a
‘| =o.
Gy
Thus, we can check linearly independence of a set {vy, Vs, ..., v;}, by reducing the matrix
|:V'1 Vo v Vt:|

with

and check if all columns have a pivot-element. We also remember that for quadratic matrices, n xn,
every column has a pivot element if and only if the determinant is nonzero. Hence, if we have n

vectors in R™, we can simply check the determinant of

[Vl Vo 0 V.
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[x V] = [1 2] ~ [1 O] —> linearly independent.

0 2 0 1
or
’x V‘ = ‘(1) g‘ =1-2-0-2=2%#0 = linearly independent.
b)
1 -1 1 -1 :
{x w} = [O 0] ~ [O 0] — linearly dependent.
or
’X W’ = |(1) _01 =1-0—-0-(—1) =0 = linearly dependent.
c)
1 2 12 :
{y V} = i 21 ~ [0 01 —> linearly dependent.
or
‘y V‘ = ’1 ;‘ =1-2—1-2=0 = linearly dependent.
d) {y, w}
1 -1 1 0 . .
{y W} = [1 0] ~ lo 1] =—> linearly independent.
or
‘y w‘ — 'i _01‘ =1-0—-1-(-1)=-1#0 = linearly independent.

112
Xy V=l
We have more columns than rows, and since the number of rows is the maximal amount

of pivot elements, we can’t have a pivot element in each column. Thus, the set is linearly
independent.

& Theorem 6.3.7
If we have vectors vy, vy, ..., Vv, in R™, and m < n, then the vectors are linearly dependent.

We can also state this as



A
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If U is a subspace of V, and V' has dimension m, then

dim(U) < m.
1 01
‘xyv’:2 2 2
0 2 3
2 2 2 2 2 2
=l o e

=1-(2:3-2-2)-0-(2:3-0-2)+1-(2:-2-0-2)
=24+0+4=6%#£0

The determinant is nonzero, so the vectors are linearly independent.

We see that U = span(x,y,v) is given by all possible sums of x, y and v, also since these
vectors are linearly independent we know they form a basis for the subspace U. Thus the
dimension of U is 3, and since U lie as a subspace of R?, we have R?* = U. Now,

weR=U

so W is in u.
Alternatively, we could observe that for w to lie in U, there must exist values a, b, ¢ such

that
ax +by +cv=w

or equivalently, that the equation
a

{va]b:w
c

has a solution. Now, we use that the determinant of the matrix is non-zero, so there exists a
unique solution of this equation. Hence w lie in U.



CHAPTER 6. LINEAR INDEPENDENCE AND SUBSPACES 140

c) We construct the augmented matrix and reduce

1 0 14 1 0 1| 4
2 2 25| ~10 2 0]-3
0 2 3|6 0 2 3] 6
[1 0 1| 4]
~10 2 0]-3
00 3| 9
(1 0 1] 4
~ 100 0|3
00 1]3
[1 0 0] 1
~ 101 0|3
00 1] 3
so the solution is )
a 1
b = |-
c 3

and
3
W:x—§y+3v

3.

a) This matrix is already in reduced row echelon form, so we can read out at once that the basis
of the column space is
1{ (0
o1

i.e. Col(A) = R2. The basis of the row space is

To find the basis of the null space, we choose x5 and x3 as our free variables and get the
general solution of the homogeneous equation as

1+ 51‘2 =0 1 =5t
i) =1 T2 =
e
T3 =S T3 =S
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or on vector form

T1 -9 0
To| 1 0
P B N e P
T4 0 0
and a basis for the null space is
ST,
1 0
0|1
0 0

Basis Col(A):

Basis Row(A):

Basis Null(A):

0
0 21 010
0 0 4, ~1(0 0 1
000 000
Basis Col(A):
o1 1]
o, |4
_0_ _O_
Basis Row(A):
ol Tol
. 10
._1_ _4_

Basis Null(A):

141
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Basis Col(A):

B

Alternatively, since the matrix has max rank, we could have chosen the basis

(1] [0] [O]

of, 1], |0

0] 0] [1]
Basis Row(A):

(11 [0] [O]

0l,[1],]0

0] 10] [1]
Basis Null(A):

0

Basis Col(A):

142
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Basis Row(A):

Basis Null(A):

10

’0 2| 12
2 2 4
01 3=2-1-3
00 3

(1] (2) g 2 2 3 4 1 3 4 1 2 4
5 6 7 8:0-6 7 8—-0-15 7 8 +0-]/5 6 8
101 2 3 1 2 3 10 2 3 10 1 3

O OO N -
O = O O
— W N

_ O = O N
— O W N

We start by choosing row 5, and by the checker pattern

+
+
+

+ I+
I+ 1+
+ I+
I+ 1+
+ I+

143
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we get first that

10 4 2 2

1 0 4 2
2020 3

20 2 3
013 10=-1-

0130
00101 00 1 1
0001O0

We now choose the second column, and using checker pattern

+ - + -

- + - +

+ - 4+ -

- + - +

we get

1 0 4 2 14 9
20 2 3

=—1-12 2 3
01 30 01 1
0011

We choose the third column, and using the checker pattern

+ - +
—_ + —
+ - +
we get
1 4 2
4 2 1 2 1 4
2 2 320-’ ‘—1-‘ ‘-I—l-' ’
01 1 2 3 2 3 2 2
= 1)+ 1(-6) = -5
And in conclusion
1 0 4 2 2 10 4 9
2 0 2 0 3
2 0 2 3
01 31 0=-1-
0130
00101 00 1 1
00010
1 4 2
=(-1)-(-1)-12 2 3
011
= (1)(-1)(-5) = 5

144
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5 9
|2 3’—15—18——3
5.
a)
1 7

The determinant is nonzero, so the matrix is invertible.

b)

1 00
11 0=1-1-1=1
1 11

The determinant is nonzero, so the matrix is invertible.

6. a We follow the second column:

Y b

— b0 0 z|+0-10 0 2/ —0lc 0 0o|+0lc 0 0

000 0y = 0y 2l 0y 2 00z
00y - y y y
0 =z 0 =z 00
g el ]

—b-c-(—zy) = bcxy

6. b The matrix is invertible as long as b, ¢,  and y is nonzero. a and z can be whatever.
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Diagonalization

7.1 Eigenvectors

We have seen that when multiplying a matrix with a vector we often get a com-
pletely different vector as output.

b 3B

However, every matrix has a collection of vectors which output is particularly nice.
These are the so called eigenvectors of the matrix. Look for example at

1 3113 |9 _ 3 3
4 =3 (2| [6] |2
The matrix gave us the same vector, scaled by a number, 3.

© Definition 7.1.1

Let A be a n X n matrix, x € R™ a non-zero vector and A € C a scalar. x is an
eigenvector of A with eigenvalue ), if

Ax = \x

146
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A

Note that we need x to not be the zero vector for it to be an eigenvector. There
is nothing special about A0 = A0 since A0 is always 0.

Also note that we have that A can be a complex number. In fact the definition
of eigenvectors is also interesting if we let both the vector and matrix to be
complex-valued as well, however, we will restrict ourselves to only letting the
eigenvalue being possibly complex for now.

Let us observe that if we have an eigenvector x to a matrix A, then any multiple
of x is still an eigenvector with the same eigenvalue.

A(ex) = c(Ax) = c(Ax) = A(ex)
Hence, it is really easy to find A"x as long as x is an eigenvector of A.

Arx = A" Ax) = A" (Ax)
= AA"x) = AM(A"H(Ax)) = MA"?(x))
= N (A" *x) =

= A\"x

Let A be the matrix

and v be the eigenvector

with eigenvalue 3. Find A%v.

ool Tl

This is in fact the property we are most interested in here in this course. Let us
look at how we can use this fact to find A™y for any y as long as A has a sufficient
amount of linearly independent eigenvectors.
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The matrix A given by

s 3

has eigenvector v of eigenvalue 3 given by

v 3
|2
and eigenvector u of eigenvalue —5 given by
u— |
=14
u and v are linearly independent (check) and any vector x can be written as a
linear combination of them. Find A°x for

~

We first want to write x as a linear combination of u and v, that is, we want

to find @ and b such that
—1 3 1
o[3]+03]=a

to find a and b, we reduce the augmented matrix

-1 3|1 1 0|—3
2 2(0] |0 1] %
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and get a = —1/4 and b = 1/4. Now,
1 31" [t 3]°( 1[-1] .1

4 -3 0] |4 -3 412" 4

1 371

T4 \4 -3) |2

Finding eigenvectors

Now, how do we find eigenvectors? Let us look at the defining property:
Ax = A\x
In this equation we can move Ax to the left hand side and get
Ax —Xx =0,

or equivalently

(A=X)x=0

where [ is the identity matrix. So we are looking for non-zero solutions to (A —
A)x = 0. By Theorem 6.3.6, we know that this is equivalent to det(A — A\I) = 0.
When writing out pa(A) = det(A—X\), we get a polynomial of order n with variable
A, which we call the characteristic polynomial of A.

We know therefore that the eigenvalues of A are given as the roots of pa(\).
To find the eigenvectors associated to these, we need to solve (A — A\I)x = 0 for
all the eigenvalues A, or equivalently determining the the null space Null(A — \T).

& Theorem 7.1.1
Let A be a n X n-matrix.

(a) The eigenvalues of A are the solutions A of the equation

pa(A) =det(A — AI,) = 0.

(b) If \is an eigenvalue of A, then the associated eigenvectors are given as the
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non-trivial solutions of the equation

(A—=X\,)-x=0.

i

Let us now use theorem 7.1.1 to find the eigenvalues and eigenvectors to the
matrix
1 3

The eigenvalues are found by solving
det(A — \I3) =0,

Let us first see how the matrix A — A\l looks like:

1 3 A0 1—A 3
A_M?_LL —3]‘[0 A]_[ 4 —3—)\]
The characteristic polynomial is

pAO\):det(A—)\[Q):'l_/\ 3 ‘

4 —3-)\
—(1-A)(-3—-))—3-4
= A2 42\ — 15.

This means that we can solve the second order equation
N 4+20-15=0

to find the eigenvalues. We solve it as usual and get:
—244/22—-4.(-15)
5 =—-1+4

We therefore have the eigenvalues: 3 and —5.
We find the eigenvectors associated to 3 by solving the equation (A —315)x =
0. We solve it by reducing the matrix (A — 315):

e [2 3[R

4 —6 0 0
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We get a free variable and the solution is

oo

for all numbers t. The eigenvectors corresponding to 3 are therefore all vectors in

span ol [
except the zero vector.

We find all eigenvectors to —5 by solving the equation (A + 5I;)x = 0. We
can solve this equation by reducing the matrix (A 4 515):

6 3 2 1
A+l = [4 2] ~ lo 0]
We get a free variable, and the solution is

e[

for all numbers ¢. The eigenvectors corresponding to the eigenvalue —5 are there-

fore all the vectors in
1
wn{| ]

except the zero vector.

© Definition 7.1.2

A diagonal matrix is a quadratic matrix where all numbers outside of the diagonal
are 0, that is a matrix on the form:

[a;; 0 O 0]
0 929 0 0
0 0 ass 0
L0 0 0 O

The eigenvalues of a diagonal matrix are easily obtained
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& Theorem 7.1.2

The eigenvalues of a diagonal matrix are the numbers along the diagonal.
Proof. The characteristic polynomial of the diagonal matrix A is
det(A—X-1,) = (a11 — N)(aga — A) -+ (@pn, — N).
So the numbers aq1, . . ., a,, are the solutions of the equation det(A—A\-1,,) = 0. O

We can also note that the eigenvectors gives yet another condition for the
invertability of a matrix

& Theorem 7.1.3

A n x n-matrix A has 0 as an eigenvalue if and only if it is not invertible.

We can add this to our running theorem 6.3.6 and thus have
B Theorem 7.1.4
Let A be a n x n-matrix. The following statements are equivalent

1. Ais invertible

2. det A#0

3. A do not have 0 as an eigenvalue

4. The columns of A are linearly independent

5. The rows of A are linearly independent

6. rankA =n

7. Ax = b has a unique solution (x = A~'b)

8. Ax = b has a solution for every c.

9. The reduced row echelon form of A is I,

10. A has a pivot element in every row

11. Ax = 0 has only one solution, x =0

12. Col(A) = R"
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| 13. Row(A) = R"

A last useful result we can note is that the eigenvectors corresponding to dif-
ferent eigenvalues are linearly independent:

& Theorem 7.1.5

Let A be a n x n matrix. Let vy, va, .., v; be eigenvectors of A associated to
different eigenvalues A1, Ao, .., A\;. Then the vectors vi, vo, .., v; are linearly
independent.

i

We find the eigenvalues of

A:

-8 0 6
12 4 -6],
—20 0 14

and the corresponding eigenvectors.
The characteristic polynomial of A is:

—8—XA 0 6
det(A— M) =| 12 4—-X —6
20 0 14—2X

—8—A 6
—20 14-2A

= (4-N)((-8-N)(14-X) +6-20)
=(4— N\ —6)X+38)

:(4_)\>.’

We find the eigenvalues of A by solving the third degree equation
(4—X)(A2—6X+8)=0.
This equation is equivalent to

4—-XA=0 or A2 —6A+8=0.
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The second degree equation A\ — 6\ + 8 = 0 have solutions

4+ /62 —4-
az 62 8:311,

so we have two eigenvalues: 2 og 4.
We find the eigenvectors by solving the equations

(A — 2]3)X =0 og (A — 4]3)X =0.

For A = 2 we reduce the matrix A — 215:

—8-2 0 6 10 0 6
12 4-2 —6 |~|12 2 —6
—20 0 14-2 [-20 0 12
10 0 6] [-5 0 3
~l12 2 =6/ ~|6 1 -3|.
0 0 0] [0 0 0

The first row gives the equation —5x1 + 3z3 = 0. This is satisfied for example
when 1 = 3 and x3 = 5. These two values gives in the second equation that

x9 = —3. The result is that the eigenvectors of 2 are the non-zero vectors in
3
span<{ |—3
5

To find the eigenvectors of 4 we reduce A — 415:

—8—4 0 6 —12 0 6

12 4—-4 —6 |~|12 0 —6

—20 0 14—4] |-20 0 10
20 1] [-201

~2 0 -1/ ~|0 0 0f.
20 1] [0 00

Here we have that both x5 and x5 are free variables. If we choose x5 = 1 and
x3 = 0, we get x1 = 0. If we choose x3 = 2, we have from the first row that
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x1 = 1. In this case x5 can be chosen freely, so we can choose x5 = 0. This gives
us that the eigenvectors of 4 are all the non-zero vectors of

0 1
spanq¢ |1], (0
0 2

A

In an effort to declutter our arguments we often use the notion of eigenspaces
of a matrix. If A is an eigenvalue of A, then the eigenspace, E), of X is exactly
the null space we have used to find the eigenvectors:

Ey = Null(A — \I)

The dimension of an eigenspace FE), is called the geometric multiplicity of
A

The power of (A — )\;) in the characteristic polynomial p4(\) of a matrix A,
is called the algebraic multiplicity of A, i.e. if

paN) = (A =1 A =4 (A +1)
then the eigenvalue 1 has algebraic multiplicity 2, the eigenvalue 4 has algebraic

multiplicity 3 and the eigenvalue —1 has algebraic multiplicity 1.

7.2 Diagonalization

Consider the diagonal matrix

3 0
p-lp o).
It is easy to multiply D with vectors in R? or C2. But, it is also easy to multiply
D with itself for example D® can be found as

3° 0 243 0
5— . . . . = —
D°=D-D-D-D-D [0 (_5)5] [0 _3125].

If we try the same with A, that is to find A® for

13
]
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the calculations are more cumbersome.
Now, recall that we found that A have eigenvalues \; = 3 and Ay = —5 with

eigenvectors
3 d 1
vi= |, an Va= | |-

This means that we have
Avy = 3vy og Avy = (=5)vs.

Rewriting these two equations by having the eigenvalues as the diagonal in a matrix
D and the eigenvectors as the columns in a matrix P we get:

30 3 1
p=ly S - 4

such that
AP = PD.
Observe that P is invertable with inverse
112 1
-1 _
proif 1)
We can therefore multiply both sides of AP = PD with P~! and get
A= PDpP!.
Now we can calculate A* for all k with the formula
n times
A¥ = (PDP Y (PDP™Y) ... (PDP™)
=I, =1, =I,
—— —— —— ’
= PD(P'P)D(P'P)---D(P'P)DP™!

= ppFpt

© Definition 7.2.1

A n x n-matrix A is diagonalizable if there exists a diagonal matrix D and an
invertible matrix P such that

A=PDP

We say that P diagonalize A in these cases.
Not all matrices are diagonalizable. We need a method to check whether we
can diagonalize A.
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& Theorem 7.2.1

A n x n-matrix A is diagonalizable if and only if A has n linearly independent
eigenvectors.

Proof. We only show that enough eigenvectors implies diagonalizibility. Assume

A has n linearly independent eigenvectors vy, vs, ..., Vv, and corresponding eigen-
values A1, Ao, ..., \,. For every eigenvector we have
AVk = )\ka.

As above, we can organize these n equations into a matrix equation

AP = PD,
where ) )
A0 0 0
0 X O 0
10 0 0 An |
and
P=|vy vy --- Vn] )

Since vy, vo...Vv, are linearly independent, the n x n-matrix P is invetable.
We can therefore find an inverse P~! and we have

A= PDP

We conclude that A is diagonalizable.

A

Generally, if a n x n-matrix has n different eigenvalues, then it is diagonalizable
since each eigenvalue has at least one eigenvector and we know that eigenvectors
belonging to different eigenvalues are linearly independent.
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We have already looked at the matrix

8 0 6
A=1]12 4 -6,
—20 0 14

and know that the eigenvalues to A are 2 and 4. The eigenvectors of 2 are the

non-zero vectors in
3

span<{ |—3

5

The eigenvectors of 4 are the non-zero vectors in

0 1
span¢ |1], (0
0 2

We observe that we have three linearly independent eigenvectors

3 0 1
Vi = -3 , Vo = 1 0og vz = 0f.
5 0 2

This means that A is diagonalizable with the diagonal matrix

and invertable matrix

3 01
P=1-3 1 0].
5 0 2

The matrix

have eigenvalues
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with the nonzero vectors in span [1] as eigenvectors to 4, and the nonzero

. 1 . .
vectors In span{ i as eigenvectors to —1.

This means that A is diagonalizable as a complex matrix with diagonal matrix

i 0
o=y %
and invertable matrix )
p=|" 1.] .
1
E=
We consider the matrix
11
A=l

The eigenvalue of A are 1:

detqlgA 1iAD = (1- N>

The eigenvectors of 1 are the non-zero vectors of the zero space to the matrix

01
an= Y]

. 1 : : :
This is the vectors spanned by [0] We can't construct two linearly independent

vectors from only one, so in particular we see that A do not have 2 linearly
independent eigenvectors and is therefore not diagonalizable.

We can also formulate our findings on diagonalizability in terms of the algebraic
and geometric multiplicity of the eigenvalues:

& Theorem 7.2.2

Let A be a n x n-matrix. If the algebraic multiplicity and geometric multiplicity
of each eigenvalue of A is equal, then A is diagonalizable.

Proof. Let
pa(N) = ap\" + ap AN a )+ ag
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be the characteristic polynomial of A. It has degree n since A is a n X n-matrix.
Now, by the fundamental theorem of algebra we can decompose p4(A) as follows

paN) = AN = X)X = A)%2 - (A = M)

where A is some constant, Aj, ..., \; € C are eigenvalues (potentially complex) of
Ayand g +as+ -+ ap = n.

Now, since the geometric multiplicity of \; equals the algebriac multiplicity «;,
we can pick a set of a; linearly independent eigenvectors belonging to \;. Since we
know that eigenvectors belonging to different eigenvalues are linearly independent,
we can collect the sets of linearly independent eigenvectors of each eigenvalue into
a big set of linearly independent eigenvectors.

Further, since ay +as+- - - +a; = n, we have then found n linearly independent
eigenvectors of A, and we conclude that A is diagonalizable. ]

Symmetric matrices

A particularly nice family of matrices when it comes to diagonalizability is the real
valued symmetric ones. We will see in a bit that they are always diagonalizable.

© Definition 7.2.2
A real valued matrix is called symmetric if A = A7

The matrix
1 -5 7
-5 2 =13
7T —13 3
is symmetric.

& Theorem 7.2.3

Let A be a symmetric n x n-matrix. Then A has n real valued eigenvalues and
A is diagonalizable.

7.3 Jordan form (optional)
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A

The readability of this section is not tried optimized, venture on with caution.

What do we do if there aren’t enough linearly independent eigenvectors to diago-
nalize a matrix A? In this case we would still like to construct an invertible matrix
P such that

A=PpPJjp!

for a matrix J as diagonal as possible. Such a matrix, it turns out, is a Jordan
form matrix and is found through the construction of additional generalized
eigenvectors which is put alongside our original eigenvectors into P.

A matrix of Jordan form can be seen as a big n x n matrix J subdivided into
smaller [; x [; matrices J; along the diagonal, and zeros elsewhere,

Ji
J =
Ji
the jordan blocks are on the form

A 10 0 0]
Ao 10 0

J; = '
Ao 10
Ao 1
I A1

with only zeros below the diagonal.

Suppose A has t linearly independent eigenvectors. Then it is can be written
as PJP~! for a Jordan form matrix with ¢ blocks Ji,...,.J;. Each block has an
eigenvalue on the diagonal with 1’s in the entry right above. The matrix P consists
of the generalized eigenvectors of A.

© Definition 7.3.1

Let A be a n X n-matrix and \ an eigenvalue of A. A non-zero vector x is a
generalized eigenvector of A if for some integer p, we have

(A= X)Px=0
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we say that x is a generalized eigenvector of rank p if also
(A= XP"'x=0

In particular, we have that any eigenvector of A is a generalized eigenvector of
rank 1.

Given a generalized eigenvector v of rank r belonging to lambda, we define the
vectors vi, Vs, ..., V, iteratively as

v,=(A-X)v=Iv=v

Vi1t = (A= A)v, = (A= \)v
Veo=(A—=X)v,_1 = (A= X)*v

vo=(A—A)vs=(A—A)"?v
V] = (A — )\I)VQ = (A — )J)Tflv

Note that vy is an eigenvector as v; # 0 and (A — AI)vy = (A — A[)"v =0. The
vectors vi, Vs, ..., v, form a chain of generalized eigenvectors of length r.

& Theorem 7.3.1

The vectors in a chain of generalized eigenvectors are linearly independent.

& Theorem 7.3.2

For an eigenvalue \ of algebraic multiplicity £, there exist p chains of generalized
eigenvectors,

1 2 p
\ 41 , V1 y Tt o, V1
1 2 p
Vo Vo Vo
2 p
: v, Vi,
pl

T1

such that the collection of all these vectors

1 12 2 p P
Vi Ve VIV s Viseees Vi

forms a linearly independent set, and >¥r; = k. Here r; denotes the length of
the ith chain.
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& Theorem 7.3.3

Given p chains, which is denoted as in theorem 7.3.2, the vectors {v?} are linearly
independent if and only if
12
Vi, Vi, ... 7V11?
are linearly independent.

Also, if each chain correspond to different eigenvalues, then the vectors {Vf}
are also linearly independent.

The two preceding theorems tells us that there exist a matrix J on jordan form,
and a matrix P such that A = PJP~! for any n x n-matrix A.

Suppose A have the eigenvalues \q, ..., \; and also that each eigenvalue \; has
p; chains {vil} of generalized eigenvectors as in Theorem 7.3.2. Denote by P(\;, s)
the matrix which columns are the generalized eigenvectors of the sth chain of A;,

P(X\,s) = [vf vy o Vis}
where 7, is the length of the sth chain, then he matrix P is on the form
P=[P(\,1) -+ POwp) POa1) -+ PQo,ps) «+- PA1) -+ PQ,py)]

then J is on the form

[J(A1, 1) ]

J<)\1,p1)
J(A2, 1)

J = J()\27p2)

J()‘ta 1)

L J(Ae, pe) ]
where the jordan block J(\;, s) has size rg X rg, whit rg equal the length of the
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sth chain of eigenvalue \;:

¢ Ts y
A1 0
Ai
Ts
AN 10
Ao 1
A1
H=
Let
0 1
=%

Then the characteristic polynomial of A is pa(\) = A\? — 4t +4 = (A —2)% The

eigenspace
- =72 1 1 —1/2| 1
Ey = Null [_4 2] = Null [O 0 ] = span { [2] }

is only one-dimensional, i.e. the geometric multiplicity of 2 is 1 which is lower than
the algebraic multiplicity which is 2. The matrix is therefore not diagonalizable.

We observe however that v; = E] is in the column space of A — 2, i.e. the

= =-[a

(1]] . Further, since

equation

has a solution, for example v, = [

(A — 2[2)V2 =V

we see that
1
AVQ =V + 2V2 = {Vl Vg} l2‘|
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combining this with

AVl = 2V1 = {Vl Vg} [31

we have

Afr v = w7 )

If we denote [vl V2:| by P and observe this matrix is invertible, we have

21,0
A_P[O 2]13

and observe that we have decomposed A into its Jordan form.
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#. Problem Set - Eigenvectors and Diagonalization

1. Calculate the eigenvalues and associated 3. Let the eigenvectors of
eigenspaces of
a) 0 0 -1
10 A=11 -2 2
! o
b)
111 1 be the columns of a 3 x 3-matrix P and calculate
) [1 1] ’ P7LAP.
2. Calculate the eigenvalues and eigenvec- 4. Find a formula for A" and calculate A
tors of when
a) a)
0 0 -1
1 -2 2 Ao [1 3 ]
10 0 4 -3
b)
0 1 1] b)
1 01 2 35
1 1 0] A=10 3 5
c) 00 5
3 1 1]
131 5. Find a 3 x 3-matrix which has eigenvalues
1 1 3] 1, 2 and 3, with associated eigenvectors
d)
3 1 0] 1 2 1
0 3 1 31, |6 og {4] .
0 0 3] 2 5 2

# Solutions - Eigenvectors and Diagonalization

1. a In order to find the eigenvalues of a matrix A we have to find the roots of the characteristic
polynomial p(A) = det(A — AI), where A is a quadratic matrix and [ is the identity matrix of same
size.
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In this problem, we get, if the matrix is denoted by A, that

p(A) = det(A — \I)

<ol o] 1o 3)
s[5 )

— A\ —1)

The equation have the solutions A\; = 0 and Ay = 1. These are the eigenvalues of the matrix.
The eigenvectors of A are associated to the eigenvalues, and are found as the non-zero vectors
x; and xs such that
Ax; = \ix; and Axy = \oXo.

-

AXl = OX1 = 0.

We observe that any vector on the form

gives

0l . )
1] i therefore an eigenvector of \;.
We also observe that any vector on the form

N

AXQ = 1X2 = Xa.

The vector x; =

gives

0 is therefore an eigenvector of \s.

The eigenspace associates to \; is therefore the y-axis, and the eigenspace of \s is the z-axis.

The vector x, = [11
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1.b We find the characteristic polynomial:
11 1 A0
oo =3 o) )
I{1-2\ 1
SN IR

- ;((1 —2\)(1—2)) — 1)
—2\(A—1)

The equation p(A) = 0 have the solutions A; = 0 and Ay = 1. These are the eigenvalues of the
matrix.

We observe that x; = [_

L 1
| | solves

AXl == OXl = 0.
—1| . : :
1| therefore an eigenvector associated to A\ = 0.
X must lie in the null space of

The vector x; =

1
, S0 we choose

o]

And verify that Axy = 1x, = x5. In this case, the eigenspace of \; is the line spanned by [—1 1]7

This is spanned by the vector [

and the eigenspace of A, is the line spanned by [ﬂ

2. a Figenvalues are A\ = —2, Ay =7 and \3 = —i.
The eigenspaces are spanned by the corresponding eigenvectors
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det(A— M) =(A+1)*(\-2)

3L

3. We found the eigenvalues and eigenvectors of the matrix in problem 2a.

gives eigenvalues

The eigenspaces are spanned by

0 ¢+ —2 0 2 -2
P=|11 1 Plt=—|— 0 1
01 1 1 0 1
Calcualted
-2 0 0
P'AP=10 i 0
0 0 —1

Which expectedly is a diagonal matrix where the elements along the diagonal are the eigenvalues

of A.
4. a The eigenvalues of A is 3 and —5 with eigenvectors respectively B] and le] We

3 0 3 1
Dzlo —5] ng:_z —2]

therefore define

and find

12 1]
,1_7
F _8[2 -3|

Now, we know A = PDP~!, and therefore A* = PD¥P~!. We express this last product explicitly

b 20 IE

le‘ 3k +2. ( 5)F  3.3F —3(=5)* ]
T8 l4-3k—4.(=5)k 2.3k 46 (=5)F

For k£ = 10 we have

A10 _ 2485693  —3639966
| —4853288 7338981
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4. b A is upper triangular, so the eigenvalues are the numbers along the diagonal of A: 2, 3
and 5. We make the matrix P and D:

[1 3 25
P=10 1 15
0 0 6
2 0 0
D=0 3 0
00 5
We use row recution, and the fact that [B|I] ~ [I|C], means B! = C' to find
1 -3 10/3
P1t=10 1 -5/2
0 0 1/6
These reduction steps are given as:
132 100 [13010 -2
011501 0{~[01001 —3
00 6 001 006 00 1
1001 -3 ¥
~0100 1 =3
0010 0 32

thus we have diagonalized the matrix A.
Notice that when A = PDP~!, we have

A? = (PDPYY(PDP™ ') = PD(P'P)DP™!

= PD?*P !,
A® = (PD*P~')(PDP™') = PD*(P~'P)DP™!
= PD3p~
and so on. In general:
A" = ppnp!
For n = 10:
AlO — PDlOP—l
1 3 25| [2° 0 07t -3 10/3
=10 1 15/ [0 39 0]|0 1 —5/2
00 6/]10 0 50 0 1/6

=0 59049 24266440
| O 0 9765625

[1024 174075 40250650]
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5. Construct a diagonal matrix D with the eigenvalues along the diagonal, and a matrix V'
with the eigenvectors as columns:

100 121
D=10 2 0| og V=136 4
00 3 2 5 2

Then A = VDV~ is our wanted matrix. We find the inverse matrix of V:

8 -1 —2
Vi=|-2 0 1
-3 1 0

Now we multiply the matrices and end up with:

-9 2 2
A=VDV't=1-36 9 6
—22 4 6
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CHAPTER 8

Systems of differential
equations

Let us now step back to ODEs. In many applied problems, several quantities
are varying continuously in time, and can be described through a system of
differential equations'

y1(t) = any(t) + azya(t) + -+ + a1nyn(t)

Yso(t) = ag1yr (t) + agoya(t) + - - - + aznyn(t)

y;’L(t) = Gn1Y1 (t> + An2y2 (t) Tt annyn(t>

Here yy,...,y, are differentiable functions of ¢, with derivatives v}, ...,y,. The
a;; are constants. In our discussion we will assume that the constants a;; are real
numbers. Alternatively, we can write this as

y1 (%) ajn aig - aw| [ya(t)
Ys(t) o |am ax - agn ya(t)
y;z (t) Ap1 Ap2 - Gpp Yn (t)

We also use the short hand

y = Ay.
A solution of this is a vector of functions that satisfies the equation above. Both
derivation and matrix multiplication is linear, so we rediscover the superposition
principle we already saw in the case of a single ODE. That is:

'Note that we have implicitly assumed in the following that our coefficients are constants
and that the system is homogeneous. This is however not the case in general.

173
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& Theorem 8.0.1 Superposition principle

If y; and y, are solutions of the system

y = Ay

then also ¢y, + coy2 is a solution for all real numbers ¢; and c,.

Proof. Let y; and y5 be two solutions.

(e1y1 + c2y2)

=1y} + c2yh derivation is linear
=c1 Ay + Ay, y1 0g ys are solutions
=A(c1y1 + c2y2) Matrix multiplication is linear

H Example 8.0.1
Consider the system

yi(t) = wn(t) + 2us(t)
) = 2n(t) — 2ua(t)

o=k 2 )

Two solutions of this system (verify yourself) is
22t [2] o

e 3t ] i 1 L
[—26_3t ~|-2|°

which can be written as

and

Initial value problem

As in the one-dimensional case there is a plethora of possible solutions to a system
of ODEs. If you have a solution you can scale it arbitrary to get an infinite amount
of other solutions. However, we will see that if we impose an extra condition we
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reduce the amount of solutions from the infinite to the singular. Such a condition
is as always called an initial condition,

y(0) = b, b e R"

© Definition 8.0.1
An initial value problem in systems of ODEs is a system

y = Ay

with a condition

y(0) =b
In the one-dimensional case we saw that ' = ay y(0) = yo was solved by
y = yoe"
and we will in fact see that our Initial value problem here will have the solution
y = eA'h
To understand this we first need to find out what the matrix exponential,
At

(&

is exactly. 2 The Taylor series of the ordinary exponential e is

1 1 1 1
Pt 2 23 o k= —
e + +2 +6 +24 + +k! + >l

So we naively define the matrix exponential for a n x n-matrix A by substituting
t in the series above with At,

1 1 1 > 1
et = n+At+§(At)2+g(At)3+~ : '+H(At>k+' =3 (A", where (A1) = I,
! —on

We will inherit some properties from the ordinary exponential, firstly we have

2In this note we will only scratch the surface when it comes to matrix exponentials. The
interested or skeptical reader may want to consult other sources, for example the book on ODEs
listed on the webpage.
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& Theorem 8.0.2

Let A be a n X n-matrix, then

ieAt _ AeAt _ eAtA
dt

In addition

& Theorem 8.0.3
The exponential of the zero matrix is the identity matrix,

e =1,

also, for every square matrix A, the matrix exponential e“? is invertible and the
inverse is given by

(eAt)—l — 6—At

However, in general the property of e = e%?® doesn’t generalize except for
commuting matrices, that is:

& Theorem 8.0.4
If AB = BA, then

AeP =P A,

cAh — beA
and

oA+B _ ,ALB

Let us now state our main result which we revealed right above.

& Theorem 8.0.5 Existence and uniqueness of solution
For every b € R”, the initial value problem

y = Ay, y(0)=b

has the unique solution

y = e’

8.1 Calculating the matrix exponential
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If we have an invertible matrix P and a matrix B such that A can be decomposed
as A= PBP~!, then we have

-1
oAt _ PBP™'t

| —

(PBP~'t)"

M

[a=]
- =

8 i

=3~ (P(BHyPY)"

|
n=0 n

> 1
=Y —P(B")P!
“— nl

—p (Z TbB"t) p

n=0 """
=PeP' Pt

also, if B = D is a diagonal matrix, i.e. A is diagonalizable, then we can explicitly
find eP* as

edt O

oDt —

O gdnt

Diagonalizable

a)Find the matrix exponential e of

A=t 9

We start by finding the eigenvalues and eigenvectors of the matrix. The
characteristic polynomial of A is

;)A(A):'lgA 13/\|:(1—/\)2—4:>\2—2)\—3

=A=3)(A+1)

so the eigenvalues of the matrix are A\; = 3 and A\ = —1. Let us now find the
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eigenvectors belonging to A;:
-2 2 1 -1 1
Null(A — 315) = Null l 5 _21 = Null [0 0 ] = span { [1] }

11 . Now for the eigenvectors of \s:

So an eigenvector of \; is v; = [1

% 11 1
Null(A + 115) = Null [2 2] = Null [0 0] = span { [_1] }

So an eigenvector of \y is vy = _11]

A has two linearly independent eigenvectors and is therefore diagonalizable

with
3 0 1 1
D = [O _1] and P = [1 _11

The inverse matrix P~! is given by
1 (-1 -1 111 1
=i & _ -
SEE 1= I R

Since we now have that A = PDP~!, we can calculate the exponentials using
what we learnt above

et=e
o1 fer o]1f1 1
1 =1 0 etl2]1 —1
o1 e e
T o1 —1| et —et
1 [e3t 4 et o3 — ot
2 [637& P e—t]

b) Solve the initial value problem

Yzﬁiby ﬂ@zm
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We know that the solution of initial value problem is given by

2
_ At
and since we have already calculated e“* we have
1 &34 et ¢3t — o—t] [2
y= 9 |edt — et 3t 4 et |0
ettt
T |3t _ ot

[l

General solution when diagonalizable

Now, let us try to find a solution of

y = Ay, y(0)=b

when A = PDP~! is diagonalizable. Then we can do a substitution, by intro-
ducing the new vector ¢ = P~'b. The matrix P consists of linearly independent
eigenvectors vy, ..., v, belonging to the eigenvalues Ay,...,\, in corresponding
entries of the diagonal in D, so we have that the solution is

y = e = PePtP~ b = PePlc
eM O c
o

= 1My + e’y + - ety

Let us summarize this in a result

& Theorem 8.1.1 Diagonalizable matrices
Let A be a real valued n x n matrix with n linearly independent eigenvectors, then
the general solution of
y = Ay
is on the form

c1vieMt + coveet - 4 v, et
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where
Vi,Vo,...,Vy

are the linearly independent eigenvectors of A,
/\17/\27"'7>\n
are the corresponding eigenvalues (possibly with repetition of values), and

C1,C2...,Cn

are scalars.

i

Consider the system y’ = Ay with

1 200
020 3
0 0 2 3|
000 4

The matrix is upper triangular so we read out the eigenvalues from the diagonal
as 1, 2 og 4. Eigenvectors of these are respectively (check yourself)

0
0
1| ©°8
0

N W W N

1 2
0 1
0’ |0’
0 0

The general solution of the system is therefore

1 2 0 2
t 1 2t 2t 3 4t
0106+0206+c316+c436.
0 0 0 2

Jordan form

All n x n-matrices A can be written on the form P.JP~! for some invertible matrix
P and a matrix in what is called Jordan form J. When the matrix in question is
diagonalizable, then J is diagonal and we can do as above. In other cases, J is
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nearly diagonal. Let us look at the case when J is on the form

A1 0
Al
A

> = O O
O O OO
O O OO
O O OO

A

In particular we now know that A has the eigenvalue \ as its only eigenvalue. We
can choose to write J as a sum of matrices A\I,, + N where N is

0100 000
010 000
01 000
0 000
N = )
0
L O_

Now, we observe that e/t = eMrteNt since (A,,)N = N(AI,). Also, e*!" is equal
to eMI, since \I, is diagonal. Further, we can see that N™ = 0,

0010 -« 000

001 — 000

00 ~ 000

N? 0 000

001

00

0
0000 -~ 100 0000 — 010 0000 - 001
000 — 010 000 - 001 000 — 000
SRR Rt SRRt

n—3 _ - n—2 _ " n—1 _ -
N'7 = o]y NTT= o]y NTT= o
000 000 000
00 00 00
0 0 0
so the series expression of e/V! will terminate after n terms,
1 1 _
N =T+tN+-(tN)*+-- + tN)"'+0
2 (n—1)!
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this gives us

1t t2/2 /6 - t"3/(n=3)! t"?/(n—2)! t"1/(n—1)
Tt 22 - " (n—4) "3/(n-3) t"?/(n—2)!
1 t o "%/ (n=5) "/ (n—4) t"3/(n—3)!
o Lo =6 = 5) (= )
1 t t2/2
1 t
L 1 .
Let us consider a small example.
i
a) Find et when
-1 1
=0 4
0 1
el ]

so we have

b) Solve the initial value problem

y =4y, y(0) = l_lll

We know that the solution is given by

y =ety(0) =" l(l) ﬂ l_ﬂ _ [—11+ t]

i

Let A be the matrix
-7 9
—4 5|

The characteristic polynomial is p4(\) = (A+1)?, so A has the eigenvalue A = —1
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with algebraic multiplicity 2. The eigenspace is spanned by v = 2 . We can't

find another linearly independent eigenvector of A, but we can find a generalized
1

eigenvector w = [_2 which satisfies

0
(A= A)w = .
3 —1

The matrix P = [v W] = [2 02] with columns v and w is invertable with
inverse .

=0
From this we have

A=pJjp!
) ) -1 1 )
where J is the matrix J = [ 0 _J as in the last example.
At

The matrix exponential e is therefore given as
eAt _ PeJtPfl

Now, if we would like to have the general solution of the system y' = Ay,
then we can do as for the diagonalizable case above, namely a variable change.
Set x(t) = P—1y(t), then we have that the general solution of

x' = Jx

is equal to

e v (e [+ []).

From this example we obtain a procedure for finding the general solution of



CHAPTER 8. SYSTEMS OF DIFFERENTIAL EQUATIONS 184

2 x 2-systems with only one eigenvalue.

& Theorem 8.1.2

Let A be a real 2 x 2-matrix with a real eigenvalue \ of algebraic multiplicity 2.
Let v be an eigenvector of ), and let w be a vector solving (A—AI)w = v. Then
the solutions of the system y’ = Ay are on the form

y(t) = creMv + e (tv + w).

Complex eigenvalues

If Ais a 2 x 2-matrix with complex eigenvalues a 4 ib and real coefficients, we
already know that the general solution of y’ = Ay is given by

y(t) = c1e® vy 4 cpe vy

where v; and vy are eigenvectors belonging to the eigenvalues. However, these
solutions are in general complex-valued. Hence, we can ask ourselves whether we
can find a general expression for the real-valued solutions.

We start by stating a result without proving or arguing for it.

& Theorem 8.1.3

Let A be a real 2 x 2-matrix with a complex eigenvalue A = a — bi, b # 0, and

oy + Zﬁl
let v = .
eV Qg + i
A as following:

€ C? be an eigenvector belonging to A\. Then we can factor

A= PCP ! with P= [Rev Imv] — [O‘l 51]

0] 52

and

—b| . . . . o
The form C' = Z a 1 is particularly nice, since we can rewrite it as a sum of

commuting matrices

0 —1
C =aly+bS, f01"S:[1 0].
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The commutativity of them gives us that

ec’t — ealebSt — 6at€bSt

Let us try to find the last matrix exponential. We first observe that S is periodic

0o 1|0 —1 2 |—1 0 _ 3_ |0 1)
S N ) FR I [

01 1

In the power series of e?*
S, and get

s‘*‘ll 0]—12, S""lo _01]‘5, S'=-L=5, §=-9=5,

we can group together the even and odd powers of

1 1 1 1
= <1 - 5(lnt)2 - —(bt)4 — —(bt)ﬁ + g(bzf)8 — > I
1 1 9
+(bt—3!(bt) +§—ﬁ(bt) !(bt) —.--)s
Recognize that the first part is equal to the taylor series of cos(bt)

1 1 1 > il
bt) =1 — —(bt)* + —(bt)* ——bt b — =S (=1)"
and the second part is equal to the taylor series of sin(bt)
1 1 1 x 2!
in(bt) = bt — —(bt)* + = — = (bt (bt)? — - =S (— —_ .
sin(bt) 3+ g 7'< )+ g 2 (2n + 1))

Hence, we see that

cos(bt) — sin(bt)]

bSt __ i =
e””" = cos(bt)ly + sin(bt)S = [sin(bt) cos(bt)

Now, using the substitution x = P~ 'y in y/ = Ay, with P as in the above
theorem, we get

__at |cos(bt) ot |—sin(bt)
x(t) = cre [ sin bt ] + co€ [ cos(bt) ]

and using y(t) = Px(t)

y(t) = [Rev Imv] (cleat lco.s(bt)] + ce® [_ccs)lsr(l%)b

sin bt
=c1e” cos(bt)Re(v) + c1e*t sin(bt)Im(v)
— coe™ sin(bt)Re(v) + coe™ cos(bt)Im(v)
=c1e™[cos(bt)Re(v) + sin(bt)Im(v)]
+ coe™[cos(bt)Im(v) — sin(bt)Re(v)]
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& Theorem 8.1.4

Let A be a 2 x 2-matrix with a complex eigenvalue a — ib and real entries. Let
also v be an eigenvector of a — b, then the general solution of the system

y' = Ay
is given by
y(t) =ci1e™[cos(bt)Re(v) + sin(bt)Im(v)]
+ cpe™[cos(bt)Im(v) — sin(bt)Re(v)]
5
Let us find the solutions of the system y’ = Ay with

0 —1
A= 3
The eigenvalues are +i. You can verify that v = [ﬂ is an eigenvector belonging

to 7. We find
) Rei 0

-] -]}

Theorem 8.1.4 tells us that the general solution is spanned by

and

62! (Re(v) cos(Bt) — Tm(v) sin(1))
— e m (il o) — H il - )

. —sint
| cost
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and
e (Re(v) sin(Bt) + Im(v) cos(St))
=e( [ﬂ sin(1-¢) + l(l]] cos(1-t))
_|cost
~ |sint|”
So the general solution is
cost n —sint
“lsint 2| cost
_ |cost —sint| |¢;
~ |sint cost | |cal
We recognize this as

y(t) = H

C2

B Example 8.1.6
Let

rem 8.1.4 tell us that the general solution is spanned by
e |98t and et |7 SIBE|
sint cost
, |cost —sint 1
e | . )
sint cost C2

At Cl-
y(t) =e [02_

The general solution is

which we recognize as

8.2 From nth order to system

187

The complex eigenvalues are 1 + ¢. Verify that i] is an eigenvector. Theo-
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The observant student may already have seen that the three cases above seem
quite similar to the solution cases for a second order ODE. This is not just a
quirky coincidence, but a consequence of the following relations.

Say that we have a third order linear ODE with constant coefficients

"

y" + ay” + ary + agy = 0
In order to solve this we could try to introduce a few more functions, say

z1(t) = y(t)
22(t) = y'(t)
z3(t) = y"(t)

then we can rewrite our ODE as a system of first order ODEs

xh = T3

Th = —apry —a1Ts —a9Ts3
or in matrix notation

x) 0 1 0| [z

xh —ag —a; —as| |x3

In general we have

& Theorem 8.2.1 Converting to system
An nth-order ODE

Yy 4 a0y ey + any + aoy = (1)

can be converted to a system of first order ODEs

Y1 0 1 0 o --- 0 Y1 0

yh 0 0 1 o --- 0 Yo 0

Ui 0 0 0 1 .- 0 U3 0

) = . : . ) : : + )

Yo 0 0 0 0 - 1 ||y 0
L y;L J |—Qp —a1 —G2 —asz --- —Aap-1| | Yn | _f(t)_
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where
=y
Yo =
Ys = y"
Yno1 =y
UYp = y(n 1)

Second order ODEs
Now, let us consider the homogeneous second order ODEs,
y'(t) + ary'(t) + aoy(t) = 0

Rewriting this as a system, we get

y = —ay —ay y

We have seen how we can solve these systems above, we start by finding the
characteristic polynomial

-2 1

—Qag —a; — A

p(A) =

| =AM+ a1) — (—ag) = A\ + Xa;y + ap

and then depending on whether this polynomial has real, complex or a single root
we find eigenvector(s) (and generalized eigenvectors). We can now see that this
polynomial is the same that we considered when solving the second order ODEs
earlier. Let us venture on further, we claim that if A is a root of p(\) (i.e. an

. 1. . .
eigenvalue), then [ ] is an eigenvector of the matrix:

A

ol b

-
|

;\21 since A is a root of p(\)

bl
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Two real eigenvalues
Now, if

0 1
—ayp —aq

has two real eigenvalues, we know that the system is solved by

1 1 c1eMt + cpet?t
_ At At _ 1 2
y=ac l)\J T e [)\2‘| N l01>\1€)\1t + 02)\2€>\2t

and if we read out the first entry of the solutions we rediscover the solution y(t)

of the ODE:
y(t) = y1(t) = creMt + cpe
Only one eigenvalue
The only way for us to get exactly one eigenvalue is if the expression under the

root sign in
—aq + \/(I% — 4&0

- 9

is zero. That is a = 4ap and A = =&

0 1
A= [—ao —4a0]

In order to find a solution of the system we therefore need to find a generalized
eigenvector, that is solve

[ 2J-f -l

The left hand side is equal to
al
[

and we see that w = [ﬂ is a solution. Thus our general solution of the system is

y(t) = c1eMv + e (tv + w)

a4 —alo/2] i l?D
e o (1]

cre” /2 | cytea0/2t
—ee™(1 — ag/2) — cote %!
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The solution of the ODE is now read out from the first entry,
y(t) = yi(t) = Cle_ao/% + C2t€_a0/2t = c1eM + cote

which is the same solution as we had earlier.

Two complex eigenvalues

If we have comples eigenvalues Ay = a b, then from Theorem 8.1.4 the solution
of the system is given by

y(t) =c1e™[cos(bt)Re(v) + sin(bt)Im(v)]
+ coe™|[cos(bt)Im(v) — sin(bt)Re(v)]

Further, since we know that an eigenvector is given by
v 1] 1
M| la—ib|’

Rev = [11 and Imv = [Ol
a b

we have

and

0= st 1]+ s ]
+ cyett [cos(bt) m — sin(bt) LlLH

If we read out the first entry of this solution we get the solution of the ODE
y(t) = yi(t) = e [c1 cos(bt) + ¢ sin bt]

which also is the one we obtained earlier.

8.3 Phase portrait

As when we worked with ODEs in the start, we can obtain some information about
the solutions of a system of ODEs through a graphical representation. Specifically
the systems consisting of two ODEs.

We know that the system

y/_ aj; a2 y
Q21 A22

has a unique solution for every initial condition y(0). These solutions can be drawn
as trajectories in the y,y,-plane.
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H Example 8.3.1
Consider the system

which has general solution

y(t) = c1e [ﬂ + cpe”? l_11]

Below we have drawn different solutions of this system. Note specifically the black
solution curves that correspond to




CHAPTER 8. SYSTEMS OF DIFFERENTIAL EQUATIONS 193

Yo
Yy = —et 1 y = e 1
4 -1 1 1

VN

1
— 3t

Vector field

To each 2 x 2 system

y = Ay
we have an associated vector field. For each point x in the y;ys-plane we can
associate a vector Ax starting in x.

%
X

Ax as a vector starting in x

B Example 8.3.2

Here is a sketch of the vector field associated to the system with

)
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1
correspond to the eigenvectors 3 og —1. Do notice how the arrows move towards

The axes in bold are the lines spanned by the eigenvectors [H og [_1 ] which

infinity along [ﬂ which correspond to a positive eigenvalue; towards the origin

1 . o
along l_ll which correspond to a negative eigenvalue.

How does the vector field help us to understand the solution of systems? A
solution y of y' = Ay is a curve which satisfies the derivative in a point of time g,
y'(to) = Ay(to). The derivative is in other words, the vector in y(to) from the
vector field associated to A.

y(to) Ay(to)
/i
The vector Ay(ty) is the derivative of y int =t

The arrows lie tangent to the solution curves.

A phase portrait of y’ = Ay is a sketch of all possible solutions, including the
the orientation, i.e. which direction we move along the curves for increasing t.
One way of making a phase portrait is to first make a sketch of the vector field of
A and then drawing curves along the arrows.
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Let us look back at the system with

A= q

Draw some curves that have the arrows in the vector field of A as tangents to
obtain a phase portrait:

The solutions move towards the origin along span ([_11] ) and then bends before
moving away from the origin along span (HD The reason for this behavior is

1 : . . .
that the term co 1 e~' dominates for negative ¢ (negative eigenvalue), and

1 . . . .
c1 [11 e3' dominates for positive ¢ (p05|t|ve elgenvalue).

i

2
When we look at a solution that moves through a given point y(0) = [O] we

have a unique curve in the vector field:
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Let us now discuss in more detail two of the different cases of solutions we have
for a two dimensional system, namely

1. two different real eigenvalues, and

2. two complex eigenvalues.

Two real eigenvalues

Let v and v, be two linearly independent eigenvectors belonging to the eigenvalues
A1 0og Ao. Then we know that

c1vieM!t + covee?!
is a general solution of y’ = Ay.

We can classify all possible phase portraits based on the eigenvalues and eigen-
vectors. The factor e tells us how the solutions moves along the span of v when
t changes:

A ‘ eAt ‘ Ve)\t

> ( | increases | away from the origin
=0 | constant | don’t move

< 0 | decreases | towards the origin

Table 8.1: What happens when ¢ grows?

Be aware that A < 0 dominates when ¢t < 0; A > 0 dominates when ¢ > 0. For
a given system we have two such terms in the solution Here is a method to sketch
the phase portrait of y’ = Ay when A have two real eigenvalues:
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(a) Draw the span of two linearly independent eigenvectors in the plane.
(b) Determine the movement of the solutions along the span of each eigenvector.
(¢) Draw curves that move according to point b)

The system with
2 1
=i

has two linearly independent eigenvectors 1

1 . .
and [_1] with eigenvalues 3 and 1.
From the discussion above, we know that the solutions move away from the origin

along both eigenvectors. Notice that e3 dominates for big t. The solutions

1
between the axis spanned by the eigenvectors will therefore become increasingly

parallell to + [ﬂ when t grows larger.

Two complex eigenvalues
When we have complex eigenvalues we know that the solution is given by
y(t) =c1e™[cos(bt)Re(v) + sin(bt)Im(v)]
+ cpe™[cos(bt)Im(v) — sin(bt)Re(v)]

The terms with cosine and sine gives a circular movement. If o # 0 we also
have in addition an inward or outward motion, dependent on the sign of o —as in
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the real case. The combination of these two motion are spirals which either moves
inward to the origin or outward from the origin. Vi oppsummerer:

o ‘ movement

> 0 | outward going spirals
=0 | circular

< 0 | inward moving spirals

Let

A=t 5]

c cost A sint
Ulsint 2| cost
__|cost —sint| |¢
~ |sint cost | |co|
The phase portrait consists of circles centered in the origin, oriented anti-clockwise.

Yy

(s
N

X

N7

Let
1 —1
= 7

be as in Example (8.1.6). We found the solution

; |cost —sint| [
e | . .
sint cost Co
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The factor €' contributes to an outward motion, while the matrix gives a circular
motion in an anti-clockwise direction. The phase portrait consists of outward
moving spirals oriented anti-clockwise.

il

We knew that the motion was anti-clockwise since we recognized the rotation

matrix. A more methodical way would be to plot the vectorfield of A in a point

1 0 . . : .
or two. Often ol o [1] are convenient points for these, since they are easily

)=

so the vector field is sloped upwards in the first quadrant from [(1)] Thus the

plotted. For example

spirals, which are tangent to the field, moves anti-clockwise.
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# Problem Set - Systems of ODEs

200

1. Find e when

3. Find et when

a) o a)
1=l o
ab
1M1 b)
A=3 [1 1]
c)
2 1
A= lo 2]
d) a)
= 1[vV2 =2
=3 [ﬁ /ﬂ
2. Find the solutions of the initial value prob-
lems b)
a)
y = [(1) 8] y, y(0)= m
b)
, 111 1
Y =3 L 1] y, y(0)= H
c)
2 1 1
o[ty o[
d)
, 1L[V2 =2 |4

% Solutions

- Systems of ODEs

13
-l
2 3 5
A=|03 5
005

4. Find the general solution of Ay =y’, when

011

A=11 0 1

110
-6 —11 16
A=|2 5 —4
-4 =5 10

1. a We recall from yesterday that

0 0
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is diagonalizable as

LR

Thus

At ooptp_1 [0 1 [e” 0] [0 1
=P =0 ol o el |1 o
o 11 o]fo 1
|1 0[]0 €Y1 0

et 0

{0 1

1. b We recall from yesterday that
111
A_§_1 1]

is diagonalizable as

T T

Thus

wore- [ A

1
/-1 111 0[-1 1
211 1110 €]]1 1
1 14+et —14¢
21—14+e 1+¢€

1. ¢ We recognize A as being a Jordan block, so we now that

20 01
A—QIQ—FN—[O 2]4‘[0 0‘|

And since 21, and N commute (25N = 2N = N2 = N1,2 = N(21,)), we have

eAt — 6212t€Nt.

Now,
2

62]2t = [60 egt‘| = 62t12

201
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and
¢ t? t3
Nt __ - Y a2 “ a3
N =D N+ N+ N
o tfo oo, Lol tfo1
01 T 1o 0] 21|00 S0 1] 1o o
1ot
01
gives us

1 ¢
At _ 2t
el ]

1. d We start by finding the eigenvalues of A.

=t Tt ey ]
pA = = —
s s V2= 2
12,01
PRV R
=N\ —V2A+1
V2+V2-4 1 1
A=————— = —+i—
2 V2T V2
We have complex eigenvalues, so we try to factor A as PCP~!, where
P = [Rev Imv}
for any eigenvector v of A, and
a —b
o=l

where A = a £1b = % + 2% The observant reader may already have figured out that A = C,
and we could skip past finding the eigenvectors. For the not so observant reader we head on with
seemingly non-interesting calculations for the eigenvector.

The eigenspace of A = % + z% is found as

wesgp-a(f ) -a(f ) -om ()

We therefore have that [ﬂ is an eigenvector, and since Rev = [(1)] and Imv = [ﬂ, we see that

10
P_[o 1]_12
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and

A=PCP'=LCI,=C

which the observant reader saw a few unnecessary calculations ago.

Now, we rewrite A as

A= } fs for S = [(1) _011

and get

(&

o [tV /)
sin(t/v/2)  cos(t/v/2)

2. We know that the solution of the initial value problem
y' =4y, y(0)=b

is given by
y = e'b.

From the first problem we therefore read out the solutions:

) =[0I -

ool -l

i 1 BV e

3. a In the lecture yesterday, we found that

can be diagonalized as

B o [3 173 o] L [-2 —1] 1[3 1][3
A=pDP —[2 —QH() —5]_8 —2 3| 8l2 —2[|0

)

203
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Thus

3 11 [e3t o012 1
2 —2[|0 e [2 -3
[3e3t 5t 1 [2 1
_263t —2¢7 %t |2 =3

_663t + 2675t 36315 . 36751‘/
_463t — 4e 5 263 4 Ge 0t

o= ool 0o k=

3. b In yesterdays exercises we found the diagonalization

A= PDP!
1 3 25][2 0 O] (1 —3 10/3
=0 1 15| |0 3 O |0 1 —=5/2
00 6/][0 05/ [0 0 1/6

Thus we have
1 3 251 [e® 0 O 1 -3 10/3

e=10 1 15/ |0 € 0]]0 1 =5/2
00 6|0 0 ¢€t[0 0 1/6

We could be satisfied with this expression and go on with our day, or we could insist on calculating
the product. You might want to let a computer do it for you, but in any case you should get

e?t 3e3t —3e?t e 10/3 + 3¢e3 (—5/2) + 25¢ - 1/6

et=10 et e (—5/2) + 15> - 1/6
0 0 6e® - 1/6
4. a We found in yesterdays exercises that A has eigenvalues A\; = —1 and Ay = 2. The
eigenspace of \; is spanned by
-1 -1
1| and | O |,
0 1
and the eigenspace of Ay is spanned by
1
1
1

The general solution of Ay =y’ is therefore given by

—1 ~1 1
y=cie " | 1 | 4+ce| 0| +cze? |1
0 1 1
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4. b The eigenvalues of A is Ay = 2, Ay = 3 and A3 = 4, and we can find corresponding

eigenvectors as
2 3 7
vi= 1|0, wvo=|—-1|, and v3= [—-2].
1 1 3

A general solution is therefore

2 3 7
y = 12 0] + et | —1| + c3e™ | —2] .
1 1 3
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Coefficients, 61
Linear equations
Free variable, 60
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Subtraction, 87 Dot product, 67

Symmetric, 85, 98, 160 Euclidean vector space, 118

Transpose, 98 Homogeneous equations, 83

Triangular, 85 Linear combination, 80

Upper triangular, 133 Linearly independent, 114
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