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Problem 1 Find all complex numbers z such that z? = 27 and plot them on
the complex plane.

Solution We write 2 in polar form, z = re””. Then 2% = r2¢*? and z = re™". The

equation 2? = 27 gives r? = 2r and 20 = —0 + 27k. First, we get that either r = 0
or r = 2. Further, 30 = 27k and 6 = 2wk/3. We get the following solutions

2m/3 4 /3

271=0, 20 =2, z9=2e""", z4=2e
Problem 2 Solve the initial value problem

y' =2y +y=3t+25sin(3t), y(0)=1, y'(0)=3
Solution First we solve the corresponding homogeneous equation y” — 2y’ +y = 0.
The characteristic equation is A> — 2\ + 1 = 0. It has a double root, A\; = \y = 1.

The fundamental system of solutions of the homogeneous equation is y;(t) = e
and yo(t) = te'.

To find a particular solution for non-homogeneous equation we use the method of
undetermined coefficients. The right hand side is 3t + 25sin(3t) then we look for
a solution of the form

Yp(t) = at + b+ ccos(3t) 4 dsin(3t).

Do determine the coeflicients, we compute the derivatives and sett them in the
equation, we obtain:

—9ccos(3t) —9d sin(3t) —2a+6¢sin(3t) —6d cos(3t)+at+b+c cos(3t)+d sin(3t) =
3t 1 25sin(3t).

We compare the coefficients on the both sides of the equation and get
—2a+b=0, a=3, —8c—6d=0, —8d+ 6¢c=25.
Then a = 3,b=6,c=3/2,d = —2. We obtain a particular solution
Yp(t) = 3t 4+ 6 4+ 3/2 cos(3t) — 2sin(3t).

The general solution is y(t) = y,(t) + yn(t) = y,(t) + cre’ + cotel.
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Finally, we use the initial conditions to specify the coefficients ¢; and ¢s. We have

' (t) =3 —9/2sin(3t) — 6.cos(3t) + cre’ + co(e’ + tet),

y(0)=6+3/2+c, y(0)=3—6+4+c1+c

Then ¢; = —6.5, ¢ = 12.5. We have

y(t) = 3t + 6 + 3/2 cos(3t) — 2sin(3t) — 6.5e" + 12.5te’.

Problem 3

a) Find two linearly independent solutions of the homogeneous differential equa-

b)

tion
y' =3y +2y=0

Solution The characteristic polynomial is A2 — 3\ + 2 = 0. It has two roots
A1 = 2 and Ay = 1. We have two linearly independent solutions y; = e* and

Yo — €t.
Find the general solution of the differential equation
y" — 3y + 2y = cos(e”")

(Hint: [e~*Vcos(e7t)dt = — [uFcosudu, u=et.)

Solution We use the method of variation of parameters. From (a) we know

two solutions y; = €?* and y, = e'. The Wronski determinant is

W(y1, y2) = y1vh — yhye = —€™".

e (sl ()
— _ Y2l UYL
Yp = yl/ W dt+y2/ W dt
We have r(t) = cos(e™?). The first integral is

_ / %@Z()t)dt = / cos(e Ve 2dt = — '/.ucos udu

where v = e, Integrating by parts, we get

— / wcosudu = —usinu — cosu = —e 'sine”!

—cose

t
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The second integral is simpler,

/ %dt = — / cos(e e tdt = / cosudu = sine™*

Finally,

y, = —e*cos(e™), and y(t) = y,(t) +yn(t) = Cre' + (—cos(e™") + Cy)e*.

Problem 4
a) Find all solutions of the system

T1 +4$2 +x3 = 0
5[L’1 + 221‘2 + 81‘3 =0

Solution We perform Gauss elimination of the coefficient matrix

1 4 1 1 41 1 41
5 22 8 =10 2 3| =10 2 3
-3 —6 6 0 6 9 000

Thus x3 is a free variable and the system has infinitely many solutions

parametrized by
xr3 = t, To = —1.5t7 T = 5t

b) Arc the vectors

1 4 1
50, |22 and |8
-3 —6 6

linearly independent?

Solution The vectors above are the column vector of the matrix A from part (a).
We saw that the equation Ax = 0 has infinitely many solutions. It means that the
coefficient matrix A is singular and the column vectors are linearly dependent.
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Problem 5 Let T: R? — R? be the function given by
v 31}1 + 8U2
T (H) I
2 20 — 4y

a) Show that 7" is a linear transformation and find its standard matrix.

Solution To check that T is linear we compute T(av + bw) and show that it

is equal to aT(v) + bT(w). We have T ([ﬂ) = [3,1,2]T and T(([ﬂ) —
8,4, —4]T. Then

b) Is T one-to-one? Is T onto?

Solution T is one-to-one if v # w implies T(v) # T(w). It is equivalent to

T(v) = 0 only for v.=0. We see that if T ([zlb = 0 then
2

3’U1 + 8’(}2 = O, U1+ 4U2 = O, 2’01 — 41}2 = 0.

The last two equations are not proportional and imply v; = v = 0. Thus T’
is one-to-one.

T is onto, means that for every u € R? there is v € R? such that T'(v) = u.
But 7' : R? — R? and the image of T is a subspace of dimension at most 2,
it can not be the whole R?. Thus T is not onto.

Problem 6 Let

-3 -2

a) Find the LU factorization of M.
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Solution First we do Gauss elimination

1 3 2 1 3 2 1 3 2
2 5 6{—=10 -1 2| =10 -1 2
-3 =27 0 7 13 0 0 27

Thus U is the final matrix in the Gauss elimination and L can be read from
the Gauss elimination by normalizing the pivot columns

1 3 2 1 0 0
U=10 -1 2|, L=12 1 0
0 0 27 -3 -7 1

b) Compute the determinant of M.

Solution We have M = LU, then det(M) = det(L)det(U). Both L and U are
triangular matrices and their determinants are equal to the product of diagonal
elements, det(L) = 1 and det(U) = —27. Thus det(M) = —27.

Problem 7 Every evening, Harald has either vanilla, chocolate, or strawberry
ice cream for dessert. However, his choice is always influenced by his decision the
day before.

e If Harald chose vanilla the prior evening, he has a 20% chance of again
choosing vanilla, an 80% chance of choosing chocolate, and he never chooses
strawberry.

e If Harald chose chocolate the prior evening, he has a 50% chance of choosing
vanilla and a 20% chance of again choosing chocolate.

e If Harald chose strawberry the prior evening, he has a 30% chance of choosing
vanilla, and a 70% chance of again choosing strawberry.

On a typical evening, what are the chances that Harald will choose each flavor of
ice cream?
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Solution We first wright down the transition matrix

0.2 05 0.3
P=108 02 0
0 03 07

We are looking for a stationary vector of P that satisfies Pq = q. For this we look
at Pr and do Gauss climination

-0.8 05 03 -0.8 05 0.3
=108 -08 O |—=| 0 03 03
0 0.3 —-0.3 0 0 0

Then q = t[1,1,1]7. We choose q such that sum of the entries is equal to one,
then ¢t = 1/3 and q = [1/3,1/3,1/3]7. Thus the chances that Harald chooses each
flavor is 1/3.

Problem 8 Assume that A is an invertible n X n matrix and vectors vy,
Va,...,vy form a basis for R®. Show that the vectors Avy, Avsg, ..., Av, also
form a basis for R™.

Solution Assume that vy, va, ..., v, form a basis for R". To show that n vectors
Avy, Avs, ..., Av, also form a basis for R” it is enough to show that those n
vectors are linear independent. Assume that

ClAVl + CQAV2 + ...+ CnA(Un) =0.

By the linearity of A it implies A(¢;vy + ... + ¢, vn) = 0. Since A is invertible we
sce that ¢;vy + ... + ¢, vy, = 0. But by the assumption vy, va,..., v, are lincarly
independent (since they form a basis). Thus ¢; = ¢3 = ... = ¢,,. This implies that
Avy, Av,, ..., Av, are linearly independent as we wanted.



