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Problem 1

a) Write the complex number z = −1 + i
√

3 in polar form.

b) Show that z = −1 + i
√

3 is a sixth root of 64.

c) Sketch all solutions of z6 = 64 on the complex plane.

Problem 2 Let M =


0 1 2 0
1 2 3 −1
−3 −6 −9 6
2 5 8 1

 and b =


0
1
0
5

.

a) Show that Mx = b has infinitely many solutions.

b) Write b as a linear combination of the columns of M .

c) Compute a basis for each of the following: ColM , RowM , and NulM .

d) Find the determinant of M .
Hint: There is a shortcut. Therefore, expansion by cofactors is not necessary.

Problem 3 The two pictures show vectors in R2.

a) Are the vectors v1 and v2 linearly independent? Do they span R2? Are they
a basis of R2? Justify your answers.

v1

v2

b) Are the vectors v1, v2, and v3 linearly independent? Do they span R2? Are
they a basis of R2? Justify your answers.

v1

v2

v3
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Problem 4 Consider the equation for an undamped forced harmonic motion:

y′′(t) + y(t) = cos(t− 2).

a) Find the general solution for the homogeneous equation.

b) Find the general solution of the inhomogeneous equation.

Problem 5 Let A =

 1 −3 0
−3 1 0
0 0 4

.
a) Find the solution of the initial value problem

y′(t) = Ay(t), y(0) =

2
0
1

 .

b) Show that the solution to the initial value problem

y′(t) = Ay(t), y(0) = y0

is unique.
Hint: Uniqueness of solutions means, that for each given initial value y0 there
exists exactly one solution y.

c) Find an invertible matrix P and a diagonal matrix D such that A = PDP−1.
Explicitly state P−1.
Hint: A is symmetric.

Problem 6 Let W = span{u, v}, where

u =

 2
−5
1

 and v =

 4
−4
2

 .

Find an orthonormal basis for W .
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Problem 7 Let u =

 2
−5
1

. Denote by T : R3 → R3 the mapping

T (x) = x · u
‖u‖2 u,

which is the orthogonal projection onto the subspace spanned by u.

a) State the definition of a linear transformation.

b) Show that T is a linear transformation.
Hint: You can use without proof that the dot product is linear.

c) Find the matrix A such that T (x) = Ax for all x ∈ R3.


