
Lecture 1: Laplace Transform

Kreyszig: Sections 6.1 and 6.2

1 Defintion of the Laplace transform

2 Existence and uniqueness

3 Properties

4 Many examples

Homework: Repeat partial fractions and ordinary differential equations.
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Summary Lecture 1: Laplace Transform

1 F (s) = L[f ](s) =
∫∞
0 f (t)e−stdt

2 L[f ](s) exists for s > k if

(A1) f is piece-wise continuous

(A2) |f (t)| ≤ Mekt for some M and k

3 Uniqueness:

f (t) = g(t), t ≥ 0 ⇒ F (s) = G (s), s > k

F (s) = G (s), s > k ⇒ f (t) = g(t), t ≥ 0 except isolated points

f : [0,∞)→ R
L
$$

L−1

ee F : (k ,∞)→ R
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Summary Lecture 1: Laplace Transform

4 Examples:

L[sinωt](s) = ω

s2 + ω2 , s > 0, | sinωt| ≤ 1e0t

L[eat ](s) = 1
s − a

, s > a, |eat | ≤ 1eat

5 Properties:

Linearity: L[af (t) + bg(t)](s) = aL[f ](s) + bL[g ](s)

s-shift: L[eat f (t)](s) = L[f ](s − a) for s − a > k

Derivatives: L[f ′(t)](s) = sL[f ](s)− f (0)

L[f (n)(t)](s) = snL[f ](s)− sn−1f (0)− · · · − f (n−1)(0)

Popular and powerful tool to solve linear differential and integral equations
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Summary: Laplace Transform

1 F (s) = L[f ](s) =
∫∞
0 f (t)e−stdt

2 L[f ](s) exists for s > k if

(A1) f is piece-wise continuous

(A2) |f (t)| ≤ Mekt for some M and k

3 Uniqueness:

f (t) = g(t), t ≥ 0 ⇒ F (s) = G (s), s > k

F (s) = G (s), s > k ⇒ f (t) = g(t), t ≥ 0 except isolated points

f : [0,∞)→ R
L
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Summary: Laplace Transform

4 Examples:

L[sinωt](s) = ω

s2 + ω2 , s > 0, | sinωt| ≤ 1e0t

L[eat ](s) = 1
s − a

, s > a, |eat | ≤ 1eat

5 Properties:

Linearity: L[af (t) + bg(t)](s) = aL[f ](s) + bL[g ](s)

s-shift: L[eat f (t)](s) = L[f ](s − a) for s − a > k

Derivatives: L[f ′(t)](s) = sL[f ](s)− f (0)

L[f (n)(t)](s) = snL[f ](s)− sn−1f (0)− · · · − f (n−1)(0)

Popular and powerful tool to solve linear differential and integral equations
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Lecture 2: Laplace Transform

Kreyszig: Sections 6.2 and 6.3

1 Laplace transform of an integral

2 Solving differential equations with the Laplace transform

3 t-shifting

4 Heaviside functions

5 Many examples

Homework: Repeat partial fractions and ordinary differential equations.
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Summary: Laplace Transform

1 F (s) = L[f ](s) =
∫∞
0 f (t)e−stdt except isolated points

2 f : [0,∞)→ R
L
$$

L−1

ee F : (k ,∞)→ R

3 Unit step function:

u(t − s) =

{
0, t < a

1, t > 0

L[u(t − a)](s) =
1
s
e−as
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Summary: Laplace Transform

4 Properties:

Linearity: L[af (t) + bg(t)](s) = aL[f ](s) + bL[g ](s)

s-shift: L[eat f (t)](s) = L[f ](s − a) for s − a > k

t-shift: L[f (t − a)u(t − a)](s) = e−asL[f ](s)

Derivatives: L[f ′(t)](s) = sL[f ](s)− f (0)

L[f ′′(t)](s) = s2L[f ](s)− sf (0)− f ′(0)

Integral: L[
∫ t

0 f (τ)dτ ](s) = 1
sL[f ](s)
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Summary: Laplace Transform

5 Solving equations with the Laplace transform:

Equation

y ′′ +
∫
y dt + . . .

L ..

��

Simpler equation

s2Y + 1
sY + . . .

solve





Solution

y = . . .

Solution

Y = . . .L−1
mm
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Summary: Laplace Transform
1 F (s) = L[f ](s) =

∫∞
0 f (t)e−stdt except isolated points

2 Unit step function:

u(t − s) =

{
0, t < a

1, t > a
L[u(t − a)](s) =

1
s
e−as

3 Properties:

Linearity: L[af (t) + bg(t)](s) = aL[f ](s) + bL[g ](s)

s-shift: L[eat f (t)](s) = L[f ](s − a) for s − a > k

t-shift: L[f (t − a)u(t − a)](s) = e−asL[f ](s)

Derivatives: L[f ′(t)](s) = sL[f ](s)− f (0)

L[f ′′(t)](s) = s2L[f ](s)− sf (0)− f ′(0)

Integral: L[
∫ t

0 f (τ)dτ ](s) = 1
sL[f ](s)
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Summary: Laplace Transform

5 Solving equations with the Laplace transform:

Equation

y ′′ +
∫
y dt + . . .

L ..

��

Simpler equation

s2Y + 1
sY + . . .

solve





Solution

y = . . .

Solution

Y = . . .L−1
mm
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Lecture 3: Laplace Transform

Kreyszig: Sections 6.4 and 6.5

1 δ-functions

2 Convolutions

3 Integral representation of solutions of ODEs

4 On finding partial fractions

5 Many examples
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Partial fraction decomposition

P(s) and Q(s) polynomials, no common factor, order(P) < order(P)

1 Q(s) = (s − s1)(s − s2)(s − s3) . . . non-repeated factors

⇒ P(s)

Q(s)
=

A1

s − s1
+

A2

s − s2
+

A3

s − s3
+ . . .

2 Q(s) = (s − s0)
n . . . repeated factors

⇒ P(s)

Q(s)
=

A1

s − s0
+

A2

(s − s0)2
+ · · ·+ An

(s − so)n
+ . . .

3 Q(s) = (s2 + b1s + a1)(s
2 + b2s + a2) . . . irreducible, non-repeated quad. factors

⇒ P(s)

Q(s)
=

A1s + B1

s2 + b1s + a1
+

A2s + B2

s2 + b2s + a2
+ . . .

4 Q(s) = (s2 + b1s + a1)
n . . . see earlier mathematics courses.
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Partial fraction decomposition
Eksample 1:

s5 + 2
s(s + 1)(s − 1)2(s2 + 1)

=
A

s
+

B

s + 1
+

C

s − 1
+

D

(s − 1)2
+

Es + F

s2 + 1

Eksample 2:
1

(s2 + 1)(s2 + 2s + 2)
=

As + B

s2 + 1
+

Cs + D

s2 + 2s + 2

Multiply by denominator (s2 + 1)(s2 + 2s + 2)

1 = 1+ 0s + 0s2 + 0s3

= (As + B)(s2 + 2s + 2) + (Cs + D)(s2 + 1)

= (2B + D) + (2B + 2A+ C )s + (2A+ B + D)s2 + (A+ C )s3

Coefficients of same powers of s must coincide:
1 = 2B + D

0 = 2B + 2A+ C

0 = 2A+ B + D

0 = A+ C

⇒


A = − 2

5

B = 1
5

C = 2
5

D = 3
5
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Summary: Laplace Transform
1 F (s) = L[f ](s) =

∫∞
0 f (t)e−stdt

2 Properties:
Linearity: L[af (t) + bg(t)](s) = aL[f ](s) + bL[g ](s)

s-shift: L[eat f (t)](s) = L[f ](s − a) for s − a > k

t-shift: L[f (t − a)u(t − a)](s) = e−asL[f ](s)

Derivatives: L[f ′(t)](s) = sL[f ](s)− f (0)

Integral: L[
∫ t

0 f (τ)dτ ](s) = 1
sL[f ](s)

Convolution: L[f ∗ g ](s) = L[f ](s)L[g ](s) (f ∗ g)(t) =
∫ t
0 f (τ)g(t − τ)dτ

3 Heaviside, delta functions:

δ-function:
∫∞
0 δ(t − a)f (t)dt = f (a) for all continuous f .

L[u(t − a)] = 1
s e
−as , L[δ(t − a)] = e−as
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Laplace Transform
1 F (s) = L[f ](s) =

∫∞
0 f (t)e−stdt

2 Properties:
Linearity: L[af (t) + bg(t)](s) = aL[f ](s) + bL[g ](s)

s-shift: L[eat f (t)](s) = L[f ](s − a) for s − a > k

t-shift: L[f (t − a)u(t − a)](s) = e−asL[f ](s)

Derivatives: L[f ′(t)](s) = sL[f ](s)− f (0)

Integral: L[
∫ t

0 f (τ)dτ ](s) = 1
sL[f ](s)

Convolution: L[f ∗ g ](s) = L[f ](s)L[g ](s) (f ∗ g)(t) =
∫ t
0 f (τ)g(t − τ)dτ

3 Heaviside, delta functions:

δ-function:
∫∞
0 δ(t − a)f (t)dt = f (a) for all continuous f .

L[u(t − a)] = 1
s e
−as , L[δ(t − a)] = e−as
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Lecture 4: Laplace Transform

Kreyszig: Sections 6.6, 6.7, 11.1

1 Differentiation of transforms

2 Integration of transforms

3 Systems of differential equations

4 Fourier series (introduction)

5 Examples

ERJ (NTNU) TMA4120 Mathematics 4K August 22, 2014 2 / 3



Summary: Laplace Transform
1 F (s) = L[f ](s) =

∫∞
0 f (t)e−stdt

2 Properties:
Linearity: L[af (t) + bg(t)](s) = aL[f ](s) + bL[g ](s)

s-shift: L[eat f (t)](s) = L[f ](s − a) for s − a > k

t-shift: L[f (t − a)u(t − a)](s) = e−asL[f ](s)

Derivatives: L[f ′(t)](s) = sL[f ](s)− f (0)

L−1[F ′(s)](t) = −tf (t)

Integral: L[
∫ t

0 f (τ)dτ ](s) = 1
sL[f ](s)

L−1[
∫∞
s

F (s̄)ds̄](t) = 1
t f (t)

Convolution: L[f ∗ g ](s) = L[f ](s)L[g ](s) (f ∗ g)(t) =
∫ t
0 f (τ)g(t − τ)dτ

3 Heaviside, delta functions: L[u(t − a)] = 1
s e
−as , L[δ(t − a)] = e−as
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Fourier Series

1 f (x) is p-periodic if f (x + p) = f (x) for all x ∈ R.

2 Fourier Series:

Representation of periodic functions by trigonometric series,

f (x) = a0 +
∞∑
n=1

(
an cos nx + bn sin nx

)
(p = 2π).(1)

3 Questions:
What is an and bn?

When does the series (1) converges?

When and where is its sum equal f (x)?

4 Comments
Fourier series can represent discontinuous functions!!

Fourier series are a very important tool in science and technology.
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Lecture 5: Fourier Series

Kreyszig: Section 11.1

1 Periodic functions

2 The trigonometric system

3 Fourier series, the coefficients

4 Fourier series, convergence and sum

5 Many examples
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Summary: Fourier series
1 Periodic functions:

p-periodic: f (x) = f (x + p) (= f (x + np), n ∈ N) , x ∈ R.

2π-periodic: a0 +
∑∞

n=1

(
an cos nx + bn sin nx

)
2 Trigonometric system:

T = {1, cos x , sin x , . . . , cos nx , sin nx , . . . } (2π-periodic)

Orthogonality:

〈f , g〉 :=
∫ π

−π
f (x)g(x)dx = 0 for f , g ∈ T , f 6= g .

3 Fourier series for 2π-periodic f (x):

Sf (x) = a0 +
∑∞

n=1

(
an cos nx + bn sin nx

)
where

a0 = 1
2π

∫ π

−π f (x)dx ,

an = 1
π

∫ π

−π f (x) cos nx dx ,

bn = 1
π

∫ π

−π f (x) sin nx dx
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Summary: Fourier series

Figure: From Wikipedia

5 Convergence and sum
Assume
(A1) f periodic and piecewise continuous.
(A2) f has both right and left derivatives at x .

Then the Fourier series Sf converge at x and

Sf (x) =
f (x+) + f (x−)

2
,

i.e. Sf (x) = f (x) if f is also continuous at x .

Wikipedia animation
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Fourier series
1 Periodic functions:

p-periodic: f (x) = f (x + p) (= f (x + np), n ∈ N) , x ∈ R.

2π-periodic: a0 +
∑∞

n=1

(
an cos nx + bn sin nx

)
2 Trigonometric system:

T = {1, cos x , sin x , . . . , cos nx , sin nx , . . . } (2π-periodic)

Orthogonality:

〈f , g〉 :=
∫ π

−π
f (x)g(x)dx = 0 for f , g ∈ T , f 6= g .

3 Fourier series for 2π-periodic f (x):

Sf (x) = a0 +
∑∞

n=1

(
an cos nx + bn sin nx

)
where

a0 = 1
2π

∫ π

−π f (x)dx ,

an = 1
π

∫ π

−π f (x) cos nx dx ,

bn = 1
π

∫ π

−π f (x) sin nx dx
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Fourier series

Figure: From Wikipedia

5 Convergence and sum
Assume

(A1) f periodic and piecewise continuous.
(A2) f has both right and left derivatives at x .

Then the Fourier series Sf converge at x and

Sf (x) =
f (x+) + f (x−)

2
,

i.e. Sf (x) = f (x) if f is also continuous at x .

Wikipedia animation
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Lecture 6: Fourier Series

Kreyszig: Section 11.2

1 Fourier series with periode 2L

2 Odd and even functions

3 Fourier sin and cos series

4 Odd and even (periodic) extensions

5 Many examples

Homework: Read yourselves Kreyszig section 11.3.
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Summary: Fourier series

1 Fourier series of p = 2L-periodic f (x):

Sf (x) = a0 +
∑∞

n=1

(
an cos nπx

L + bn sin nπx
L

)
where

a0 = 1
2L

∫ L

−L f (x)dx ,

an = 1
L

∫ L

−L f (x) cos nπx
L dx ,

bn = 1
L

∫ L

−L f (x) sin nπx
L dx

2 Odd and even functions

Even g(−x) = g(x)
∫ L

−L g(x)dx = 2
∫ L

0 g(x)dx

Odd h(−x) = −h(x)
∫ L

−L h(x)dx = 0

even · even = odd · odd = even; odd · even = odd
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Summary: Fourier series

4 Fourier sin and cos series:
f even: Sf (x) = a0 +

∑∞
n=1 an cos nπx

L ,

a0 = 1
L

∫ L

0 f (x)dx , an = 2
L

∫ L

0 f (x) cos nπx
L dx

f odd: Sf (x) =
∑∞

n=1 bn sin nπx
L ,

bn = 2
L

∫ L

0 f (x) sin nπx
L dx

5 Even and odd 2L-periodic extensions:
f (x), 0 ≤ x ≤ L

f1(x), x ∈ R, even, 2L-periodic, f1 = f on [0, L]

Sf1(x) = cos-series =: the Fourier cos series of f

f2(x), x ∈ R, odd, 2L-periodic, f2 = f on [0, L]

Sf2(x) = sin-series =: the Fourier sin series of f
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Summary: Fourier series

1 Fourier series of p = 2L-periodic f (x):

Sf (x) = a0 +
∑∞

n=1

(
an cos nπx

L + bn sin nπx
L

)
where

a0 = 1
2L

∫ L

−L f (x)dx ,

an = 1
L

∫ L

−L f (x) cos
nπx
L dx ,

bn = 1
L

∫ L

−L f (x) sin
nπx
L dx

2 Odd and even functions

Even g(−x) = g(x)
∫ L

−L g(x)dx = 2
∫ L

0 g(x)dx

Odd h(−x) = −h(x)
∫ L

−L h(x)dx = 0

even · even = odd · odd = even; odd · even = odd
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Fourier series

4 Fourier sin and cos series:
f even: Sf (x) = a0 +

∑∞
n=1 an cos

nπx
L ,

a0 = 1
L

∫ L

0 f (x)dx , an = 2
L

∫ L

0 f (x) cos nπx
L dx

f odd: Sf (x) =
∑∞

n=1 bn sin
nπx
L ,

bn = 2
L

∫ L

0 f (x) sin nπx
L dx

5 Even and odd 2L-periodic extensions:
f (x), 0 ≤ x ≤ L

f1(x), x ∈ R, even, 2L-periodic, f1 = f on [0, L]

Sf1(x) = cos-series =: the Fourier cos series of f

f2(x), x ∈ R, odd, 2L-periodic, f2 = f on [0, L]

Sf2(x) = sin-series =: the Fourier sin series of f

6 OBS: f = f1 = f2 on [0, L], but f1 6= f2 and f not defined on [0, L]c !
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Lecture 7: Fourier Series

Kreyszig: Section 11.3 (10th ed.) and Section 11.4 in 9th ed.!

1 Approximation with trigonometric polynomials

2 Bessel’s inequality, Parseval’s identity

3 Complex Fourier series

4 Many examples

A copy of Section 11.4 in 9th ed. is available at the course web page.

Homework: Repeat complex numbers, absolute values, exponentials
[Mat 3/Lin. Alg.]
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Summary: Fourier series
1 Fourier series of 2π-periodic f :

Sf (x) = a0 +
∑∞

n=1(an cos nx + bn sin nx)

Sf ,k(x) = a0 +
∑k

n=1(an cos nx + bn sin nx) k-th partial sum

2 Approximation of f by trigonometric polynomial
Pk(x) = A0 +

∑k
n=1(An cos nx + Bn sin nx)

Mean square (or L2) error:

‖f − Pk‖2 :=
∫ π
−π |f (x)− Pk(x)|2dx

Sf ,k(x) best approximation (least error):

‖f − Sf ,k‖2 ≤ ‖f − Pk‖2 for all Pk(x)

Obs: ‖f − Sf ,k‖2 =
∫ π
−π f (x)

2dx − π
[
2a2

0 +
∑k

n=1(a
2
n + b2

n)
]

3 Parseval’s identity
1
π

∫ π
−π f (x)

2dx = 2a2
0 +

∑∞
n=1(a

2
n + b2

n) (when
∫ π
−π f

2dx <∞)
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Summary: Fourier series

5 Fourier series of 2L-periodic f :

Sf (x) = a0 +
∞∑
n=1

(
an cos

nπx

L
+ bn sin

nπx

L

)
6 Complex Fourier series of 2L-periodic f :

Sf (x) =
∞∑

n=−∞
cne

i nπx
L cn =

1
2L

∫ L

−L
f (x)e−i

nπx
L dx

OBS:
∞∑

n=−∞
cne

i nπx
L = a0 +

∞∑
n=1

(
an cos

nπx

L
+ bn sin

nπx

L

)
!!!
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Fourier series
1 Fourier series of 2π-periodic f :

Sf (x) = a0 +
∑∞

n=1(an cos nx + bn sin nx)

Sf ,k(x) = a0 +
∑k

n=1(an cos nx + bn sin nx) k-th partial sum

2 Approximation of f by trigonometric polynomial
Pk(x) = A0 +

∑k
n=1(An cos nx + Bn sin nx)

Mean square (or L2) error:

‖f − Pk‖2 :=
∫ π
−π |f (x)− Pk(x)|2dx

Sf ,k(x) best approximation (least error):

‖f − Sf ,k‖2 ≤ ‖f − Pk‖2 for all Pk(x)

Obs: ‖f − Sf ,k‖2 =
∫ π
−π f (x)2dx − π

[
2a2

0 +
∑k

n=1(a2
n + b2

n)
]

3 Parseval’s identity
1
π

∫ π
−π f (x)2dx = 2a2

0 +
∑∞

n=1(a2
n + b2

n) (when
∫ π
−π f

2dx <∞)
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Fourier series

5 Fourier series of 2L-periodic f :

Sf (x) = a0 +
∞∑
n=1

(
an cos

nπx

L
+ bn sin

nπx

L

)
6 Complex Fourier series of 2L-periodic f :

Sf (x) =
∞∑

n=−∞
cne

i nπx
L , cn =

1
2L

∫ L

−L
f (x)e−i

nπx
L dx

OBS:
∞∑

n=−∞
cne

i nπx
L = a0 +

∞∑
n=1

(
an cos

nπx

L
+ bn sin

nπx

L

)
!!!
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Lecture 8: Fourier integrals and transforms

Kreyszig: Section 11.7, 11.9

1 Fourier integral

2 Fourier transform

3 Properties

4 Examples

Homework: Repeat complex numbers, absolute values, exponentials
[Mat 3/Lin. Alg.]
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Summary: Fourier integral and transform
1 Fourier integral of f (x), x ∈ R:

If (x) =
1√
2π

∫ ∞
−∞

f̂ (w)e iwxdw f̂ (w) =
1√
2π

∫ ∞
−∞

f (x)e−iwxdx

2 Fourier transform of f (x), x ∈ R:

F [f ](w) = f̂ (w) =
1√
2π

∫ ∞
−∞

f (x)e−iwxdx

Invers: F−1[g ](x) = ǧ(x) =
1√
2π

∫ ∞
−∞

g(w)e iwxdw

Under certain conditions: f (x) = If (x) = F−1[F [f ]](x)

3 Properties:
F [af (x) + bg(x)](w) = aF [f ](w) + bF [f ](w)

F [f ′](w) = (iw)F [f ](w) [|f (x)| → 0 as |x | → ∞]

F [e−iax f (x)](w) = F [f ](w + a)
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Fourier integral and transform
1 Fourier integral of f (x), x ∈ R:

If (x) =
1√
2π

∫ ∞
−∞

f̂ (w)e iwxdw f̂ (w) =
1√
2π

∫ ∞
−∞

f (x)e−iwxdx

2 Fourier transform of f (x), x ∈ R:

F [f ](w) = f̂ (w) =
1√
2π

∫ ∞
−∞

f (x)e−iwxdx

Invers: F−1[g ](x) = ǧ(x) =
1√
2π

∫ ∞
−∞

g(w)e iwxdw

Under certain conditions: f (x) = If (x) = F−1[F [f ]](x)

3 Properties:
F [af (x) + bg(x)](w) = aF [f ](w) + bF [f ](w)

F [f ′](w) = (iw)F [f ](w) [|f (x)| → 0 as |x | → ∞]

F [e−iax f (x)](w) = F [f ](w + a)
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Lecture 9: Fourier transform and partial
differential equations

Kreyszig: Section 11.9, 12.1

1 Fourier transform

2 Convolution

3 Introduction to partial differential equations

4 Many examples

Homework:
1 Read Kreyszig 12.2 yourselves.

2 Repeat complex numbers, absolute values, exponentials

3 Repeat Solution of ordinary differential equations [Mat 3/Lin. Alg.]
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Summary: Fourier transform and PDEs

1 Fourier transform

F [f ](w) = 1√
2π

∫∞
−∞ f (x)e−iwxdx F−1[g ](x) = 1√

2π

∫∞
−∞ g(w)e iwxdw

F [e−ax
2
](w) =

1√
2a

e−
w2
4a

F [f ∗ g ](w) =
√
2πF [f ](w) · F [g ](w)

where (f ∗ g)(x) =
∫∞
−∞ f (y)g(x − y)dy

2 Partial differential equations (PDEs)
Equations involving partial derivatives of the unknown
Concepts: Order, linear, homogeneous, solution
Superposition/Linearity:
u1 and u2 solve same linear, homogeneous PDE in R; a, b ∈ R
⇒ au1 + bu2 solves same PDE in R

Unique solution:
Need also boundary and initial conditions!
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Fourier transform and PDEs
1 Fourier transform F [f ](w) = 1√

2π

∫∞
−∞ f (x)e−iwxdx

F [e−ax
2
](w) =

1√
2a

e−
w2
4a

F [f ∗ g ](w) =
√
2πF [f ](w) · F [g ](w) f ∗ g(x) =

∫∞
−∞ f (y)g(x − y)dy

2 Partial differential equations (PDEs)
Equations involving partial derivatives of the unknown

Concepts: Order, linear, homogeneous

Solution: u solution of PDE in region R if
(i) all derivatives appearing in PDE exist and are continuous in R

(ii) u satisfy the PDE in all points in R

Superposition/Linearity:
u1 and u2 solve same linear, homogeneous PDE in R; a, b ∈ R
⇒ au1 + bu2 solves same PDE in R

Unique solution:
Need also boundary and initial conditions!
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Lecture 10: Partial differential equations

Kreyszig: Section 12.3, 12.4

1 Introduction to partial differential equations (continued)

2 Solution technique: Separation of variables

3 Example PDE: The wave equation

Homework:
1 Read Kreyszig 12.2 yourselves.

2 Repeat Solution of ordinary differential equations [Mat 3/Lin. Alg.]

ERJ (NTNU) TMA4120 Mathematics 4K September 19, 2014 2 / 4



Separation of variables – wave equation

utt = c2uxx t > 0, x ∈ (0, L)(1)
u(0, t) = 0 = u(L, t) t > 0, x ∈ {0, L}(2)
u(x , 0) = f (x) t = 0, x ∈ (0, L)(3)
ut(x , 0) = g(x) t = 0, x ∈ (0, L)(4)

1 Separation of variables u(x , t) = F (x)G (t)

(1) and (2) ⇒ F ′′ − kF = 0 G ′′ − c2kG = 0 F (0) = 0 = F (L)

2 Find all u = FG solutions of (1) and (2)

Only u 6= 0 if k = −( nπL )2

Fn(x) = sin nπx
L Gn(t) = Bn cos cnπt

L + B∗n sin
cnπt
L

un(x , t) = Fn(x)Gn(t) n ∈ {0, 1, 2, 3, . . . }
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Separation of variables – wave equation

utt = c2uxx t > 0, x ∈ (0, L)(1)
u(0, t) = 0 = u(L, t) t > 0, x ∈ {0, L}(2)
u(x , 0) = f (x) t = 0, x ∈ (0, L)(3)
ut(x , 0) = g(x) t = 0, x ∈ (0, L)(4)

4 Superposition and (3) and (4)

u(x , t) =
∑∞

n=0 un =
∑∞

n=0

(
Bn cos cnπt

L + B∗n sin
cnπt
L

)
sin nπx

L

f (x)
(3)
= u(x , 0) =

∑∞
n=0 Bn sin nπx

L ⇒
F−sin series

Bn = 2
L

∫ L

0 f sin nπx
L dx

g(x)
(4)
= ut(x , 0) =

∑∞
n=0 B

∗
n
cnπ
L sin nπx

L ⇒ B∗n
cnπ
L = 2

L

∫ L

0 g sin nπx
L dx

u, ut sinus series at t = 0 ⇒ use Fourier sinus series of f , g

u solution if series converges and 2x term-wise differentiation ok
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Summary: Separation of variables – wave equation

utt = c2uxx t > 0, x ∈ (0, L)(1)
u(0, t) = 0 = u(L, t) t > 0, x ∈ {0, L}(2)
u(x , 0) = f (x), ut(x , 0) = g(x) t = 0, x ∈ (0, L)(3)

1 Separation of variables u(x , t) = F (x)G (t) in (1) and (2):

⇒
(1),(2)

F ′′ − kF = 0 G ′′ − c2kG = 0 F (0) = 0 = F (L)

⇒
u 6=0

k = −( nπL )2 Fn(x) = sin nπx
L Gn(t) = Bn cos cnπt

L + B∗n sin
cnπt
L

2 Superposition and (3):

u(x , t) =
∑∞

n=0 FnGn =
∑∞

n=0(Bn cos cnπt
L + B∗n sin

cnπt
L ) sin nπx

L

f (x)
(3)
= u(x , 0) =

∑∞
n=0 Bn sin nπx

L ⇒
F−sin series

Bn = 2
L

∫ L

0 f sin nπx
L dx

g(x)
(3)
= ut(x , 0) =

∑∞
n=0 B

∗
n
cnπ
L sin nπx

L ⇒ B∗n
cnπ
L = 2

L

∫ L

0 g sin nπx
L dx
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Lecture 11: Partial differential equations

Kreyszig: Section 12.6

1 PDEs: Heat equation, Laplace equation

2 Boundary value problems: Cauchy, Dirichlet, Neumann.

3 Solution technique: Separation of variables

Homework:
1 Repeat Solution of ordinary differential equations [Mat 3/Lin. Alg.]
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Heat and Laplace equation
1 Boundary value problems:

Cauchy u given at t = 0.
Dirichlet u given on boundary
Neumann (normal) derivative of u given on boundary

2 Heat equation:

ut = c2uxx t > 0, x ∈ (0, L)(1)
u(0, t) = 0 = u(L, t) t > 0, x ∈ {0, L}(2)
ux(0, t) = 0 = ux(L, t) t > 0, x ∈ {0, L}(2’)
u(x , 0) = f (x) t = 0, x ∈ (0, L)(3)

u temperature of rod, ends: fixed temperature (2) or isolated (2′)

Cauchy-Dirichlet (1), (2), (3); Cauchy-Neumann (1), (2′), (3)

3 Laplace equation:
uxx + uyy = 0(4)

Electrostatic potiential, potiential flow, membrane, temperature ...
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Separation of variables – heat equation

ut = c2uxx t > 0, x ∈ (0, L)(1)
ux(0, t) = 0 = ux(L, t) t > 0, x ∈ {0, L}(2’)
u(x , 0) = f (x) t = 0, x ∈ (0, L)(3)

1 Separation of variables u(x , t) = F (x)G (t) in (1) and (2′):

⇒
(1),(2′)

F ′′ − kF = 0 G ′ − c2kG = 0 F ′(0) = 0 = F ′(L)

⇒
u 6=0

k = −( nπL )2 Fn(x) = cos nπx
L Gn(t) = Bne

−( cnπ
L )2t

2 Superposition and (3):

u(x , t) =
∑∞

n=0 FnGn =
∑∞

n=0 Bne
−( cnπ

L )2t cos nπx
L

f (x)
(3)
= u(x , 0) =

∑∞
n=0 Bn cos nπx

L

⇒
F−cos series

B0 = 1
L

∫ L

0 f dx Bn = 2
L

∫ L

0 f cos nπx
L dx
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Summary: Heat and Laplace equation
1 Boundary value problems:

Cauchy u given at t = 0.
Dirichlet u given on boundary
Neumann (normal) derivative of u given on boundary

2 Heat equation:

ut = c2uxx t > 0, x ∈ (0, L)(1)
u(0, t) = 0 = u(L, t) t > 0, x ∈ {0, L}(2)
ux(0, t) = 0 = ux(L, t) t > 0, x ∈ {0, L}(2’)
u(x , 0) = f (x) t = 0, x ∈ (0, L)(3)

u temperature of rod, ends: fixed temperature (2) or isolated (2′)
Cauchy-Dirichlet (1), (2), (3); Cauchy-Neumann (1), (2′), (3)

3 Laplace equation: uxx + uyy = 0

Electrostatic potiential, potiential flow, membrane, temperature ...

4 Solved by separation of variables, u = F (x)G (t) ...
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Review: Fourier transform

1 F [f ](w) =
1√
2π

∫ ∞
−∞

f (x)e−iwxdx

2 F [f ′](w) = (iw)F [f ](w)

3 F [e−iax f (x)](w) = F [f ](w + a)

4 F [f ∗ g ](w) =
√
2π F [f ](w) · F [g ](w)

where (f ∗ g)(x) =
∫∞
−∞ f (y)g(x − y)dy

5 F [e−ax
2
](w) =

1√
2a

e−
w2
4a
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Lecture 12: Partial differential equations

Kreyszig: Section 12.4, 12.5, 12.7

1 PDEs:

Heat equation (with derivation)

Wave equation

2 Solution techniques:

Fourier transform

Method of characteristics (D’Alembert)
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Partial differential equations
1 Heat equation: ut = c2uxx

Derived from Fourier’s law and conservation of energy

2 Solution by Fourier transform:
ut = c2uxx , u(x , 0) = f (x)

F⇒ ût = −c2w2û, û(w , 0) = f̂ (w)

⇒ û(w , t) = f̂ (w)e−c
2w2t

F−1

⇒ u(x , t) = (f ∗ g)(x , t) =
∫∞
−∞ f (y)g(x − y) dy ,

where g(x) = F−1[e−c
2w2t ](x) = 1√

4πc2t
e−

x2
4c2t

3 D’Alembert’s solution of wave equation
utt = c2uxx =⇒

y = x + ct,
s = x − ct,
v(y , s) = u(x, t)

vys = 0 =⇒
integrate

v(y , s) = φ(y) + ψ(s)

u(x , t) = v(x + ct, x − ct) = φ(x + ct) + ψ(x − ct)
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Summary: Partial differential equations
1 Concepts: Linear, homogeneous, order, solution
2 Types:

Elliptic Parabolic Hyperbolic
Laplace heat wave
∆u = 0 ut = ∆u utt = ∆u

3 Boundary value problems:
Cauchy u given at t = 0
Dirichlet u given on boundary
Neumann (normal) derivative of u given on boundary

4 Solution methods (linear problems):
Separation of un = Fn(x)Gn(t) homogeneous BC,
variables ... superposistion bounded domains
Fourier transform transform equation, whole space

solve, go back
D’Alembert change of variabels 1D wave equation

5 Non-homogeneous: u = uh + up, uh homogeneous, up particular solution
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Lecture 13: Complex Analysis

Kreyszig: Section 13.1, 13.2, 13.3, 13.5

1 Complex numbers

2 Complex exponential function

3 Polar form

4 Roots and equations

Most of this is repetition of Matematikk 3/Lineær Algebra!!
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Complex Analysis
1 Complex number:

z = x + iy = re iθ i2 = −1

2 Complex exponential function:

ez = ex+iy = ex(cosy + i sin y)

Extension of real exponential to C
2πi-periodic: ez+2πi = ez

ez1ez2 = ez1+z2

3 Roots: w = n
√
z ⇔ wn = z

w = n
√
re i(

θ
n +2π k

n ), k = 0, 1, . . . , n − 1

4 Sets:
Circle: |z − a| = ρ
Open disk: |z − a| ≤ ρ
Closed annulus: ρ1 ≤ |z − a| ≤ ρ2

Half plane: Re z > 0, Im z ≤ 0, . . .
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Complex Analysis
1 Complex number:

z = x + iy = re iθ i2 = −1
2 Complex exponential function:

ez = ex+iy = ex(cosy + i sin y)

Extension of real exponential to C
2πi-periodic: ez+2πi = ez

ez1ez2 = ez1+z2

3 Roots: w = n
√
z ⇔ wn = z

w = n
√
re i(

θ
n +2π k

n ), k = 0, 1, . . . , n − 1

4 Sets:
Circle: |z − a| = ρ
Open disk: |z − a| ≤ ρ
Closed annulus: ρ1 ≤ |z − a| ≤ ρ2

Half plane: Re z > 0, Im z ≤ 0, . . .
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Lecture 14: Complex Analysis

Kreyszig: Section 13.3, 13.4

1 Sets: Open, connected, domains

2 Complex functions

3 Limits, continuity, derivative

4 Analytic functions, Cauchy-Riemann equations

Sets – as in R2

Limits, continuity – as for functions f : R2 → R2

Derivatives – as for functions f : R→ R

OBS: Du trenger 8 (av 12) øvinger godkjent for å få ta eksamen!!
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Summary: Complex Analysis
1 Sets in C:

Open: Contains open ball about each point
Connected: Any two points can be connected
by a finite continuous curve within the set

Domain: Open and connected
2 Complex functions:

Assigns each z in the domain of definition a unique value f (z) ∈ C
w = f (z) = u(x , y) + iv(x , y) u = Rew , v = Imw

3 Limit, continuity: Same as for functions of 2 real variables
4 Derivative: Same definition/rules as for functions of one real variable
5 Analytic functions:

f (z) analytic in domain D if defined and differentiable in all z ∈ D

⇔ Cauchy-Riemann equations hold in D: ux = vy , uy = −vx
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Complex Analysis
1 Sets in C:

Open: Contains open ball about each point
Connected: Any two points can be connected
by a finite continuous curve within the set

Domain: Open and connected
2 Complex functions:

Assigns each z in the domain of definition a unique value f (z) ∈ C
w = f (z) = u(x , y) + iv(x , y) u = Rew , v = Imw

3 Limit, continuity: Same as for functions of 2 real variables
4 Derivative: Same definition/rules as for functions of one real variable
5 Analytic functions:

f (z) analytic in domain D if defined and differentiable in all z ∈ D

⇔ Cauchy-Riemann equations hold in D: ux = vy , uy = −vx
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Lecture 15: Complex Analysis

Kreyszig: Sections 13.4, 17.1

1 Cauchy-Riemann equations

2 Laplace equation, Harmonic functions

3 Conformal mappings

OBS: Du trenger 8 (av 12) øvinger godkjent for å få ta eksamen!!
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Summary: Complex Analysis
1 Analytic functions and Cauchy-Riemann equations:

f (z) = u(x , y) + iv(x , y) analytic in domain D
m

ux , uy , vx , vy exists, are continuous, and
ux = vy and uy = −vx in D.

2 Laplace equation uxx + uyy = 0
f (z) = u(x , y) + iv(x , y) analytic in domain D

⇓
u, v are 2 times continuously differentiable, and

uxx + uyy = 0 and vxx + vyy = 0 in D.

u, v are conjugate harmonic functions.

3 Conformal mappings:
Maps preserving angles and orientation between smooth curves

f analytic in D ⇒ f conformal where f ′ 6= 0 in D

f (z) = zn conformal at z 6= 0, z = 0: arg(ẇ1 − ẇ2) = n arg(ż1 − ż2)
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Complex Analysis
1 Analytic functions and Cauchy-Riemann equations:

f (z) = u(x , y) + iv(x , y) analytic in domain D
m

ux , uy , vx , vy exists, are continuous, and
ux = vy and uy = −vx in D.

2 Laplace equation uxx + uyy = 0
f (z) = u(x , y) + iv(x , y) analytic in domain D

⇓
u, v are 2 times continuously differentiable, and

uxx + uyy = 0 and vxx + vyy = 0 in D.

u, v are conjugate harmonic functions.

3 Conformal mappings:
Maps preserving angles and orientation between smooth curves

f analytic in D ⇒ f conformal where f ′ 6= 0 in D

f (z) = zn conformal at z 6= 0, z = 0: arg(ẇ1 − ẇ2) = n arg(ż1 − ż2)
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Lecture 16: Complex Analysis

Kreyszig: Sections 13.5, 13.6, 13.7

1 Expenonential function

2 Trigonometic and hyperbolic functions

3 Logarithm

OBS: Du trenger 8 (av 12) øvinger godkjent for å få ta eksamen!!
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Summary: Complex Analysis
1 Exponential function:

ez = ex+iy = ex(cos y + i sin y)

(ez)′ = ez (analytic in C)
ez1ez2 = ez1+z2

|ez | = ex , |e iy | = 1

arg ez = y + 2πn, n ∈ Z
ez 6= 0 in C (conformal in C)
ez+2πi = ez (2πi-periodic)

2 Trigonometric and hyperbolic functions:

cos z = 1
2 (e

iz + e−iz) sin z = 1
2i (e

iz − e−iz) 2π periodic

cosh z = 1
2 (e

z + e−z) sinh z = 1
2 (e

z − e−z) 2πi periodic

tan z = sin z
cos z . . .

cos2 z + sin2 z = 1 and cosh2 z − sinh2 z = 1
(cos z)′ = − sin z , . . . derivation as for real functions
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Complex Analysis
1 Exponential function:

ez = ex+iy = ex(cos y + i sin y)

(ez)′ = ez (analytic in C)
ez1ez2 = ez1+z2

|ez | = ex , |e iy | = 1

arg ez = y + 2πn, n ∈ Z
ez 6= 0 in C (conformal in C)
ez+2πi = ez (2πi-periodic)

2 Trigonometric and hyperbolic functions:

cos z = 1
2 (e

iz + e−iz) sin z = 1
2i (e

iz − e−iz) 2π periodic

cosh z = 1
2 (e

z + e−z) sinh z = 1
2 (e

z − e−z) 2πi periodic

tan z = sin z
cos z . . .

cos2 z + sin2 z = 1 and cosh2 z − sinh2 z = 1
(cos z)′ = − sin z , . . . derivation as for real functions
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Lecture 17: Complex Analysis

Kreyszig: Sections 13.7, 14.1

1 Logarithm

2 Complex Line integral

3 Examples

OBS: Du trenger 8 (av 12) øvinger godkjent for å få ta eksamen!!
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Summary: Complex Analysis
1 Logarithm: w = ln z DEF⇔ ew = z

ln x = ln |z |+ i(Arg z + 2πn), n ∈ Z

Principal value: Ln x = ln |z |+ iArg z

(Ln z)′ = 1
z Ln z analytic except at z = 0 and negativ real axis

zc
DEF
= ec ln z

2 Complex line integral:
Defined via Riemann-sums, exists and uniquely defined when:
(A1) C piecewise smooth, oriented curve with finite length
(A2) f is continuous on C∫
C
f (z)dz =

∫ b

a
f (z(t))ż(t)dt when C : z(t), t ∈ [a, b]∫

C
[af (z) + bg(z)]dz = a

∫
C
f (z)dz + b

∫
C
g(z)dz∫

−C f (z)dz = −
∫
C
f (z)dz∫

C1∪C2
f (z)dz =

∫
C1

f (z)dz +
∫
C2

f (z)dz when C1 ∩ C2 = ∅
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Complex Analysis
1 Logarithm: w = ln z DEF⇔ ew = z

ln x = ln |z |+ i(Arg z + 2πn), n ∈ Z

Principal value: Ln z = ln |z |+ iArg z

(Ln z)′ = 1
z Ln z analytic except at z = 0 and negativ real axis

zc
DEF
= ec ln z

2 Complex line integral:
Defined via Riemann-sums, exists and uniquely defined when
(A1) C piecewise smooth, oriented curve with finite length
(A2) f is continuous on C∫
C
f (z)dz =

∫ b

a
f (z(t))ż(t)dt when C : z(t), t ∈ [a, b]∫

C
[af (z) + bg(z)]dz = a

∫
C
f (z)dz + b

∫
C
g(z)dz∫

−C f (z)dz = −
∫
C
f (z)dz∫

C1∪C2
f (z)dz =

∫
C1

f (z)dz +
∫
C2

f (z)dz when C1 ∩ C2 = ∅
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Lecture 18: Complex Analysis

Kreyszig: Sections 14.1, 14.2

1 Complex Line integral

2 Cauchy integral theorem

3 Independence of path

4 The indefinite integral

5 Domains with holes

6 Examples
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Summary: Complex Analysis

1 Complex line integral:∫
C
[af (z) + bg(z)]dz = a

∫
C
f (z)dz + b

∫
C
g(z)dz∫

−C f (z)dz = −
∫
C
f (z)dz∫

C1∪C2
f (z)dz =

∫
C1

f (z)dz +
∫
C2

f (z)dz when C1 ∩ C2 = ∅

|
∫
C
f (z)dz | ≤ M · L M = max

z∈C
|f (z)|, L = length of C

2 Cauchy’s integral theorem

f analytic in simply connected domain D, C ⊂ D simple, closed curve

⇒
∮
C

f (z)dz = 0

3 Corollaries:

(a)
∫
C
f (z)dz is independent of path in D

(b) The indefinite integral of f exists in D
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Summary: Complex Analysis
4 Domains with holes:

Cut to have a simlply connected domain...
... add segments along cut to have closed curve...

Then use Cauchy:

Cauchy in the cut domain D∗ and cancelations along cut:∮
C1

f (z)dz =

∮
C2

f (z)dz
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Complex Analysis

1 Complex line integral:∫
C
[af (z) + bg(z)]dz = a

∫
C
f (z)dz + b

∫
C
g(z)dz∫

−C f (z)dz = −
∫
C
f (z)dz∫

C1∪C2
f (z)dz =

∫
C1

f (z)dz +
∫
C2

f (z)dz when C1 ∩ C2 = ∅

|
∫
C
f (z)dz | ≤ M · L M = max

z∈C
|f (z)|, L = length of C

2 Cauchy’s integral theorem

f analytic in simply connected domain D, C ⊂ D simple, closed curve

⇒
∮
C

f (z)dz = 0

3 Corollaries:

(a)
∫
C
f (z)dz is independent of path in D

(b) The indefinite integral of f exists in D
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Complex Analysis
4 Domains with holes:

Cut to have a simlply connected domain...
... add segments along cut to have closed curve...

Then use Cauchy:

Cauchy in the cut domain D∗ and cancelations along cut:∮
C1

f (z)dz =

∮
C2

f (z)dz
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Lecture 19: Complex Analysis

Kreyszig: Sections 14.3, 14.4

1 Cauchy integral formula

2 Analytic functions infinitely differentiable

3 Properties of analytic functions:
Cauchys inequality and Liouvilles theorem

4 Examples
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Summary: Complex Analysis

1 Cauchy’s integral formula: f (z0) =
1
2πi

∮
C

f (z)

z − z0
dz if

(A1) f is analytic in simply connected domain D

(A2) z0 ∈ D, C ⊂ D simple closed curve, positively oriented,
enclosing z0.

2 Infinitly differentiable:
f analytic in D ⇒ f infinitely differentiable in D, and

f (n)(z0) =
n!

2πi

∮
C

f (z)

(z − z0)n+1 dz

3 Properties of analytic functions:

Cauchy’s inequality: |f (n)(z0)| =
n!

rn
max
|z−z0|=r

|f (z)| if f analytic

Liouville’s theorem: f analytic, bounded in C ⇒ f is constant

Morera’s theorem: f continuous in D and
∮
C
f (z)dz = 0 for all

simple, closed C ⊂ D ⇒ f analytic in D
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Complex Analysis

1 Cauchy’s integral formula: f (z0) =
1
2� i

I

C

f (z)

z � z0
dz if

(A1) f is analytic in simply connected domain D

(A2) z0 2 D, C � D simple closed curve, positively oriented,
enclosing z0.

2 Infinitly differentiable:
f analytic in D ) f infinitely differentiable in D, and

f (n) (z0) =
n!

2� i

I

C

f (z)

(z � z0)n+ 1 dz

3 Properties of analytic functions:

Cauchy’s inequality: jf (n) (z0)j =
n!

rn max
j z� z0 j= r

jf (z)j if f analytic

Liouville’s theorem: f analytic, bounded in C ) f is constant

Morera’s theorem: f continuous in simply connected domain D andH
C f (z)dz = 0 for all simple, closed C � D ) f analytic in D
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