Pointwise convergence of Fourier series

Let f(x) be a 27 periodic function and ["_[f(x)|dx < oo.

Complex Fourier:  S¢(x) = Z awe™, o= — F(x)e~ ™ dx

T o

Partial sums: Smn(x) = Z cke™

. R 1"
Bessel inequality: Z lex|? < E[W f(x)%dx

k=—o0
Proof:

0< [T [Smin—FIPdx = [T _(|Smnl® —2Re[Sm,nf]+ F)dx = =27 32" ekl + [T f2dx O

Riemann-Lebesgue lemma: lim| o, ck =0

Proof when [ f(x)?dx < oot 32°°_ |ck|® < oo by Bessel = c|| — 0 by Divergence test []

If [T _|f(x)|dx < oo and f'(a) exists, then S¢(a) = lim Sp a(a) = f(a).
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Proof of Theorem

From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399-400, 1980

1.
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Assume a =0 and f(a) = f(0) = 0. Note that f'(0) exists by assuption,

f(x) = f(ix_)l is bounded near 0, and / |F(x)|dx < oco.

elx

. Since f(x) = (™ — 1)f(x), it follows that

1 N —ikx 1 N ix ra —ikx = =
o= 5y | 0 oe= o [ (- DRe M= g
and hence
Sm. n(o Z cke Z Ck = Z (Ek_1 — Ek) =C-m-1— Cn.

k=—m k=—m k=—m

By Riemann-Lebesgue, lim, m— o0 Sm,n(0) = 0 = £(0).
Let a, f(a) be any pair of real numbers, and define

g(x) = f(x +a) — f(a).
Then g(0) = 0, g'(0) exists, and S ,(x) = S}, ,(x + a) — f(a). By 3.

|S,C,7n(a) — f(a)] = |55.,(0)] — 0 as m,n — oc.
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