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NS Calculus, Mt 5-15| RADIUS OF CONVERGENCE
nllr);r e % BY DIFFERENTIATION OR INTEGRATION
additior P dﬂﬂ”?aoﬁ the proof | Find the radius of convergence in two ways: (a) directly by

ermwise addition and subtra HO JQlePW?" series. . the Cauchy-Hadamard formula in Sec. 15.2, and (b) from a
On Theorem 3. Prove that \%}w ?nsmm'w. as  series of simpler terms by using Theorem 3 or Theorem 4.
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17. Odd function. It /(z )in(2)isodd (ie., f(~7) < _
3 . ™ —2\n . f
iz Ce3) 2n show that a,, = 0 for even n. Give examples,

n(n + 1)+ 2) 5

18. Binomial coefficients. Using (1 + z)P(] "
(1 + 2)P "% obtain the basic relation
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19. Find applications of Theorem 2 in differentj equa-
tions and elsewhere.

20. TEAM PROJECT. Fibonacci numbers.? (a) T3,

Fibonacci numbers are recursively defined by
ap=ay =1, apy1 =an tayn_y if n=172.
Find the limit of the sequence (a,,  1/ay,).
(b) Fibonacci’s rabbit problem. Computé a list of
ay, -+, aye. Show that ajo = 233 is the number
of pairs of rabbits after 12 months if initially there
is 1 pair and each pair generates 1 pair per month,
beginning in the second month of existence (no deaths
occurring).

(c) Generating function. Show that the generating
SJunction of the Fibonacci numbers is f(2)=
1/(1 — z — z%); that is, if a power series (1) represents
@,ﬁm (2) is even (ie., this f(z), its coefficients must be the Fibonacci numbers
/ that an sz for odd n. Give and conversely. Hint. Start from f(z)(1 — z — A=

B il Aol and use Theorem 2.
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PROBLEM SET 154

1. Calculus. Which of the series in this section h
discussed in calculus? What is new?

2. On Examples 5 and 6. Give all the details in the

S/Eclsi Taylor and Maclaurin Series

ave you defines the Bernoulli numbers By,. Using undetermined
coefficients, show that

derivation of the series in those examples. 23) Bi=—3%, By=%, B3=0,
o et iy “ 1
MACLAURIN SERIES e T s T ki
Find the Maclaurin series and its radius of convergence Y% SEDERM 10X CRBYRE P
. 22 5 4559 2 (c) Tangent. Using (1), (2), Sec. 13.6, and (22), show
3. sm-2‘ 4. : > that tan z has the following Maclaurin series and
[tz calculate from it a table of Bo, - -, Bao:
1
5. 6. [ ]
b a8t 2 (o3 — Wi wlhdizg - (ZORlanc 2'Zl i 4 4'4l g
3 ¥ ; 7z 2
ks 2sinZ(2/2) o a3 1lso 8. sin?z : i Ty
B Thisexampic e o s )y iy
expl(=18) dia i 105 exp (zz)I exp (—12) dt A E (=D (2n)! Banz ¥
o b & 0 n=1 4
Ak PR B SR £} 4 ;
S . ' 16. Inverse sine. Developing 1/V1 — z2 and integrating,

1IGH show that
AR et b i IR (3N 25
. 3 i e E 5 T 158 i 7 60 5 t) y f15¢ Q __.
Find the Maclaurin series y,‘ter‘mw'ilslé 'igtég‘f-ating the : GICSITNZE 2R (5)3’ e (2 : 4)?
int ,ﬁ% gi[e integrals cannot be evaluated by the usual 7
methods of c culus. They define the error function erf z, (l_i_5)z_ e l<1)
Pt 2:4:6/) 17 :

Si(z), aréc‘l’i Frzsl\le‘lﬂintegggs‘ S(z) and C(z),*

o ot 1= c " ice and o A5 Y R0 y il el

e Hg}: c@gd%g%%ﬁcs, a;:lother Show that this series represents the principal value of
:? AR & g;;;“& %ﬁ?” ( arcsin z (defined in Team Project 30, Sec. 13.7).

F 5 17. TEAM PROJECT. Properties from Maclaurin
x : s« as?"” Clearly, from series we can compute function

b ,ya]ilé's'.'_'lﬂ‘ this project we show that properties of

e . B ‘,‘t:: :‘dm"ﬁlﬁéﬁ?ns 'é:ai}' often be discovered from their Taylor or

Vg . SUT2M100 10 : 3 it (31 FETINMacla rin' ' series. Usi o g
13. erf z 5% 1=ty 14. S12) =87 ‘?’ _ & l\ga(g'aungh finei “ Hs‘.u\l;gljsmtable series, prove the
v Jy Jo following.

o K)o , R e Rt Dt B9 T formitlas for the derivati z .
15, CAS' Project. sec, tan. (a) Euler numbers. The (a) The formulas for the derivatives of e°, cos z, sin z,

¢

oshz, sinhz. and Ln (1 + 2)°
a1 85 Bt B hitinsiah
(b) 3"+ e =cosz
r'(c)e» in z # 0 for all pure imaginary z = iy # 0
: ) st |, MOITIMITIA
_A o  TAYLOR SERIES
Egy. Show that Eo = 1, : ' (0 ganan A e
rite a p : Fin series with center zo and its radius of
; 1) s onil w0 ow O < 3

w19 1/ +2), zo= i

as a list from the 6
&
121| CcOS Z, ZO =TT

(tracts them as
Ref. [GenRef1], p. 810, listed in

" Maplaurin series ‘
i (_>|‘{‘f,r.,]|‘\hlnlﬂ o e AT i % Sk .
The ) AN 3% 2. Singe Nig)

Sernoulli numbers.



SET ’06.

IES NEAR ‘ ~ Example 5 of the text. Apply the program to two other
S ~functions of your choice.
‘ erges for 9. TEAM PROJECT. Laurent Series. (a) Uniqueness.

A G wi e

f conver- Prove that the Laurent expansion of a given analytic
G function in a given annulus is unique.

5 G (b) Accumulation of singularities. Does tan (1/z)
have a Laurent series that converges in a region
li:u .,,.< IZI < R? (Give a reason.)

t (o) Integrals. Expand the following functions in a
() bt

, : Laurent series that converges for |z| > 0:
( ) msiead

z .
mphs If 2 _lzj i ldt, L:;J. sint
oo adiZ £h i i) d 2o it

0-13| TAYLOR AND LAURENT SERIES

(i1
llo E, 0 o 1
al Fractions, Write a program @5 «\g‘éa) b }3’ Tl =0
| i Y the use of p ; 1 = 24
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