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Problem 1 Find a solution y(t) for the following equation for ¢ > 0 by using
the Laplace transform:

y(t) +yt) = ft), ft)= y(0) = 2.

0, O0<t<?2,
t, 2<t,

[Solution] By applying Laplace transform to the equation, we obtain
sY(s) — y(0) + Y(s) = / ft)e~tdt = / te=*tdt
0 2

- [te‘“r’ ‘- R @ +1)
S J2

2
S 9 S

Hence,

™2 20728 2

Yis) = ($+1)32+(s—|—1)s+5+1'

Partial fractional decomposition gives us

| A Bs+C
TR T S s AYB=0B+C=0,C=1 = A=C=1B=-1
S S S S

Thus

1 1 1 1 1 2
Y(s) =e % < +— - ) + 2¢7% ( - ) +

s+1 52 s s s+1 s+1
_25<1 1 +1>+ 2
=e - — — )
s s+1 2 s+1

With the help of ¢-shifting, we find the inverse Laplace transform of Y'(s):

y(t) =2  +u(t —2) (—6_(t_2) +1t— 1) :

Problem 2 Let f(x) be a m-periodic function on R, defined by
flz) = maX{O,x - ;T}’ for 0 <z < .

(i) Sketch this Fourier series on the interval —m < & < 7. (ii) Find the Fourier
series of f(z). (iii) What is the value of this Fourier series at © = 7?7

Hint: you may use cos(nw/2),sin(nmr/2), cos(nm/4),sin(nm/4), etc. in the answer.
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[Solution] Since the period is 2L = 7, we have the Fourier series representation

St(z) = ag + i (ay cos(2kx) + by sin(2kx)) ,

k=1

where the coefficients can be calculated in the following:

1 fm/2 1 0 T T
0 s /—7r/2 f(w)da T J—n)2 v 2 v 8

9 /2 2 0
ap = —/ f(x) cos(2kx) dx = —/ <$ + 7T> cos(2kx) dx
mJ—7/2 T J—7/2 2
_2[1-(=DF) _1-(=1)"
Cor | (2k)?2 | 2mk?
and
92 /2 2 (0
b = - /_ﬂ/2 f(z)sin(2kz) dx = — /_W2 (m + g) sin(2kx) do
_ 1
2k

(NB: for calculating integrals, one can use integration by parts, or the formula
from the table.) The Fourier series is discontinuous at x = m, and thus

lim, .- S¢(x) + limyrp Sp(x)  w/24+0 7
Sy(m) = Mz S0 e Syl0) _ T2E0_ 7

w/2F

w/4

- -/2 0 /2 T
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Problem 3 By using separation of variables, find a solution for the following
partial differential equation with Dirichlet boundary conditions:

we(z,t) + 2u(x, t) = g, (z, 1), x e [0,7], t>0,
u(0,t) = u(m,t) =0, t >0,
u(z,0) = sin(4x) + 3sin(x), x € [0, ],

where c is a positive constant. Explain the details.

[Solution] Assume a solution w is of the form u(x,t) = F(2)G(t). Then the PDE
implies

F(2)G'(t) + 2F (2)G(t) = AF"(2)G(1).

We seek for non-zero solutions, and hence assume F' and G are non-zero functions.

We obtain
G'(t) + 2G(t) B F"(x)

2G(t)  F(x)’
The left hand side only depends on ¢ and the right hand side only depends on =z,
thus we must have

G'(t) +2G(t)  F"(v)

A2G(t) - F(x)

for some constant k. First we consider the ODE F” = kF/c?. From the boundary

condition, we have F'(0)G(t) = F(m)G(t) = 0 for all . Since G is not zero function,

we obtain F(0) = F(r) = 0. If k > 0 then F(z) = AeVF/¥* 4 Be=VFe@ bt

the boundary condition gives us A = B = 0. This means v = 0. If £ = 0 then

F(z) = Az + B but again, the boundary condition tells us A = B = 0, which

means we only get the zero solution. However, if we have 0 > k := —p?, we find
non-zero solution F' such that

:k’

F(:E)ZACOS<pm>+BSin(px)7F(W):F(0):O — A=02=nez
C C C

Therefore, F,(x) = sin(nz) satisfies the ODE with the boundary condition. For
each F,, we want to find G,, that satisfies
G (t)
Gn(t)

+2=Fk=—(cn)%

The general solution is G, = B,e(¢"*+2)1

FnGna

. Now, by using the superposition of

[e.e]
u(z,t) = Y B, sin(na)e”

n=1
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satisfies the original linear homogeneous PDE. We want to find the solution which
satisfies the initial condition u(z,0) = sin(4x) 4 3sin(z). This gives us the coeffi-
cients By = 3,B, =1, and B, =0 (n # 1,4) . Thus, as a conclusion, the answer
for the given problem is

u(z,t) = 3sin(z)e 2 4 sin(da)e 1672

Problem 4 Consider the initial value problem for the wave equation on the
real line,

Uy (1,1) = gy (z,t), —o<r<oo, t>0,

u(z,0) = f(z), —oo << 00,

u(z,0) =0, —00 < x < 00,

where ¢ is a positive constant, and f(z) is a given function which has a Fourier
transform f(w). Find the Fourier transform of the solution

u(w,t) = / u(z,t)e " dr.
Then using Parseval’s identity show the following:
[l par< [T 1p@)Pde,

for any time ¢ > 0. Explain the details.

[Solution]| By applying Fourier transform for the PDE, we have

Uy (w, ) = —cw?i(w, t).

With the initial conditions @, (w, 0) = 0 and @(w,0) = f(w), we obtain

lf(w)(efictw + eictw).

u(w,t) = A(w)eim“ + B(w)e’itcw =3

By using the Parseval’s idendity, we have
o0 o0 oo ]_ ~ . .
/ Mme—/\mem—/\4WWMw¢mww
—/ (w, t) cos( ctw)|2dw

Since ¢, w and t are real numbers, we obtain

| 1wt cosetw)Pdw < [ | Fw, o dw= [ £ 1) dz,

where in the last inequality we used the Parseval’s identity again.
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Problem 5
Show that the following function u(z,y) is harmonic
u(z,y) = e"*(wsin(y) —ycos(y)).
Find a real valued function v(x,y), such that f(z,y) = u(x,y)+iv(x,y) is analytic
in C.
[Solution] We have

u, = e “sin(y) — xe “sin(y) + ye  cos(y),
Uge = —2e T sin(y) + ze “sin(y) — ye * cos(y),
u, = we “cos(y) +ye “sin(y) —e “ cos(y),

Uy, = —xe " sin(y) + 2e " sin(y) + ye " cos(y),

Thus g, +u,,, = 0 and v is a harmonic function. Now, from the Cauchy-Riemann
equation, v, = u, and v, = —u,, we obtain

v(x,y) = /vx dx = —/uy dr = e *(xcos(y) + ysin(y)) + C(y),

where C(y) is an integration constant depending on y. Now, v, = u, should hold.
Thus Cy(y) = 0 and hence C(y) = const. Therefore,

v(x,y) =e “(zcos(y) + ysin(y)) + C,

where C is a constant.

Problem 6 Find all Taylor and Laurent series of
7
f(z) = 22 —2z2—12

around z = 0. State the domains where the series converge.

[Solution] Partial fractional decomposition gives us

7 _( 1 1 )
22— 72—-12 \z—-4 243/’

For the first term, we have
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for |z| < 4 and

el S ()

k=0 k=0
for |z| > 4. Similarly, we have
k
L1 eeei(—35) forlx <3
z+3 z—(-3) ¥ ((Zji)f) for |z| > 3.

As a conclusion, we have

k
Yo <—4,€1+1 + % (—%) > P for 2| <3
= ] 00 —3)k—1
f(z) = S, (—ﬁ) 2R3 (%) for 3 < |z] <4
Sy ((=3)F k1) & for 4 < |z].
Problem 7 Find all singular points of the following function
_ sin(z)
f(Z) - 23(2 —7T)

and calculate residues at these points.

Hint: you can use the following without proof:

zcos(z) — sin(z)

lim

=0 22(z—m)

=0.

[Solution] The function f(z) has two singular points: z = 0 and 7. Notice that
sin(z) has zeros at nm for any integer n.

First, z = 7 is a removable singularity. In fact, defining value f(7) = 1/72 would
make f(z) continuous at z = m. Therefore, the residue at this point is 0.

On the other hand, z = 0 is the second order pole and

Res.o[f ()] = lim(=*f(2))" = lim ((Efa )

z—0
_ lim zcos(z) —sin(z)  sin(z) _ _i’
=0 22(z—m) 2(z —m)? 2
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where in the last line we used

lim zcos(z) — sin(z)
=0 22(z—m)

=0.

Problem 8 Calculate the integral

z

d
cr 2+ 24 -

for r large enough, where the closed path C,., a quarter circle, is given below. Using
this, calculate the following real integral

o g
— dx.
/0 2+ x4 o

Y

O r = Re(z)

[Solution] The function f(z) has its first order poles at z; := 21/4e™(*/2+1/4) for
k=0,1,2,3. For r large enough, C, encloses only the pole for £k = 0. Thus, using
the residue theorem, we have

2 :
]gr e dz = 2miRes,—,,[f(2)].

Note that
z

Res,_o [ (2)] = - ‘m

™

Hence the path integral is ¢ 577dz = CNR

Now, let I, := [j 5357 dz. Then

75 4 I+/ 4 +/0 G
——dz =1, —dz —dz
cr 2+ 24 S 2+ 24 ri 2+ 24
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where the curve S, : z(t) = re, t € [0,7/2]. Notice that the third term is same
as I, by changing variables z = ix:

0z U
LI :—/ T qw=1,.
ri2+Z4 & r 2+JI4 v

Using the ML inequality, we have

z
S 2+ 24

r

dz 227r7"—>0,a8r—>oo.

< <
< max|f(2)[2mr <

Therefore, we conclude

/ Y qz=2lim I, +0.
0 2+ZE4 r—00

This means lim,_,, I, = "



