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From Kreyszig (10th), chapter 6.2
We take the laplace transform on both sides of the equation
y" + 9y = 10e”,

and obtain
Ly +9y) = L(10e7 ).

By linearity of the Laplace transform and using that y(0) =" (0) = 0 we see that
L(y") = s"Y = sy(0) —y'(0) = 5%,
and

1

L=

Thus we need to solve the equation

Y +9Y =10

s+1’
which is equivalent to
1 1
Y=10—— ——:.
s+1 249
To solve (1) we use partial fraction decomposition:
1 1 A . Bs+C
s+1 249 s4+1  s2+9
— 1=(s2+9)A+ (Bs+C)(s+1)

Which leads to the following system of equations

9A+C =1
B+C=0
A+B=0.
We see that the solution is )
A=-B=C=—.
10
Thus we may rewrite (1) as follows:
1 n 1-s
s+1 249

Finally, taking the inverse transform on both sides of the equality wee see that

1 1., 3
s+1>+§£ (32+9 )

S
s24+9

y=L"y) =LY ) = L7

1
—e 4 3 sin 3t — cos 3t.
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From Kreyszig (10th), chapter 6.4
Laplace transforming
y' + 16y = 46(t — 37), y(0)=2, y'(0) =0,
we get
s%Y — sy(0) — ¢/ (0) 4+ 16Y = 4e 3™
= (82 +16)Y = 25 + 4e™ 5™,

Hence,

S 3 4
Y(s) = 27324—42 +e 882+42.

Taking the inverse Laplace transform, using t—shifting, we obtain

y(t) = L7N(Y) = 2cos(4t) + sin(4(t — 37))u(t — 37)
= 2 cos(4t) + sin(4t)u(t — 3m).

Let us Laplace transform

y'+5y +6y=4¢ (t— g) +u(t—m)cost, y(0)=0=1y'(0).

Using ¢—shifting, we have that L{u(t —m)cost} = —e ™ 575, since cost = —cos(t — ).
Therefore
2y _ ) _ _ —(ns)/2 _ —ms__ S
Y 0 0) + 5sY 0) +6Y =
2V sy(0) o/ (0) + 5 —y(0) +6Y = ¢ Tt
2 _ _—(ms))2 _ _—mws_ S
= bs+6)Y = .
(5 + o5 + ) e e 211
Hence,
Y(S) _ e—(ﬂs)/2 1 -7 5

245546 ~  (s2+1)(s2+55+6)
Partial fraction decomposition.

1 1 A B

82+58+6:(3—|—2)(s—|—3) s+2+s+3
— 1=A(s+3)+B(s+2)=(A+B)s+3A+2B.

This yealds the following linear system for A and B:

A+B=0
3A+2B=1

)

with solution A =1 and B = —1.
Now
s As+ B C D
FAD(+2(+3)  £2+1 512 s5+3
< As(s+2)(s+3)+B(s+2)(s+3)
+C(s>+1)(s+3)+D(s>+1)(s+2)
=(A+C+D)s*+ (5bA+ B +3C +2D)s?
4 (6A+5B+C+D)s+6B+3C+2D.
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We obtain the following system of linear equations

1011 A 0
51 3 2 B| |o
6 5 1 1 c |l | 1]
06 3 2 D 0

with solution A = B =1/10,C = —2/5 and D = 3/10.

Therefore, we have

—1/27ms 1 TS 5
Y(s)=e /2 5+2)(5+3) ° (2+1)(s+2)(s+3)

1 1 1 s 1 1 1
_12ms (& _— _—ms —4 3 )
‘ <3+2 s+3> 10° <s2+1+32+1 st2 7 3+3>

Inverse Laplace transform, using t—shifting:

y(t) — Efl(Y) — (672(t77r/2) _ 673(t77r/2)) u(t _ 7_‘_/2)
- % (Cos(t — ) +sin(t — m) — 47207 4 36_3(t_”)) u(t —m)
_ (6—2(t—7r/2) _ e—3(t—7r/2)) ’LL(t _ 7_‘_/2)
1
+ 0 (cost +sint 4 4e~2(t77) — 36_3“_”)) u(t —m).
From Kreyszig (10th), chapter 6.5
We can rewrite the equation as
y(t) + (y * cosh)(t) =t + e’

Laplace transforming and applying the convolution theorem, we obtain

s 1 1
Y4y -4
+ s2—1 s2+s—1’
1 1
= Y(s)= -+ —,
(s) St 2

with Y (s) = L (y(t)). Inverse Laplace transform:

y(t) =1+t.

The exercise asks us to find f(¢) when

21s
L(f)= m

We observe that . s

Hence it follows that

f(t) = 2sin7t * cos mt

= 2/0 sin(77) cos(w(t — 7))dT.
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Using the trigonometric formulas for sums and the half-angle formulas we obtain

2sin 77 cos(mt — 7w7) = 2sin T (cos wt cos wT + 2sinwt sin7wT)
= 2cos it sin T cos TT + 2sin 7t sin’ T
= costsin 2w7 + sin wt(1 — cos 277)
= sin 7t + sin 277 cos wt — cos 27T sin 7wt

= sinnt + sin(277 — 7t).

It thus follows that

t
flt) = / sinwt + sin(2n7T — wt)dr
0

t t

= sin 7t cos(2mT — mt)

0

 —
0 ™

1
= tsinmt — — t — cos(—mt
sinmt — o (cosmt — cos(—mt))

= tsint.
Note that an alternative way to solve this problem is to observe that
/
27s (7 <
(52 _|_7-‘-2)2 - < g2 _|_7-[-2> )
and then use the formula for the derivative of the Laplace transform.

We have

F(s) = L{f} = e L{1}L {e*]}
= L{u(t —a)}L {e2t}
=L {u(t - a) *e2t}.

Thus it follows that
F(t) = ult — a) = ¢*
t
:/ u(T —a)eQ(th)dT
0
t
=u(t—a) / 2" dr

1 t
= ——u(t —a)e*le "

a

_ —%u(t . a)e2t (6—215 o 6—2(1)
= %u(t —a) (62(’57“) - 1) :

From Kreyszig (10th), chapter 6.6

@ We use the formula
LEtF(1)} = —F'(s)
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twice:

3 og 6s
(s24+9)277  (s2+9)?

s 4 9)? — 52(s% + 9)2s)

— L[tsin(3t)](s) = —G'(s) =

— L[t*sin(3t)](s) = —

2 -3
(s249)3

- i9)3(82 19 4s?) =18
s2 -3
= L[f](s) = 18m

We observe that

2

Then using the formula
L{tf(t)} = —F'(s)
it follows that

L{f} = L{t-tsinh2t}

__ 445
- ds(s2—4)?
4(s2—4)" —4s-2(s> — 4) 25
- (52— 4)"
2
_ g A
(s> —4)
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