® NTNU TMA4120 Matematikk 4K

Institutt for matematiske fag Fall 2023

Lgsningsforslag - @ving 3

From Kreyszig (10th), section 6.7
Writing Y1 = L(y1), Y2 = L(y2) , G1 = L(cos4t) and G2 = L(sin 4t) we obtain

sY1 —y1(0) = 4Y5 — 8G
5Ys —12(0) = —3Y1 — 9G>,

with y1(0) = 0 and y2(0) = 3. By collecting Y; and Ya-terms we have

sY] —4Y, = —8G4
3Y1 + sYs = 3 — 9Gs.

Solving algebraically for Y7 and Ys> we get

1
Y1 = ———(12 — 8sG1 — 36G
1= 21l e 2)
1
Yo = ———(3s + 24G1 — 95G9).
2= (B 26 —9sGy)
Substituting G1 = 37 and Ga = ﬁ yealds
1 8s? 144 1 125% + 192 — 8s? — 144
= it o ) = |
52+ 12 s24+16 2416 s2 412 52+ 16
1 JAs*412)] 0 4
s2+12( s2+16 | s2+16
Inverse transform:
U1 (t) = ﬁ_l(Yl) = sin(4t).
We can proceed in the same way to find yo(¢). We have
1 24s 36s 1 12s
e i i ) = e )
2T 2412 S+32—|—16 s2+16 s2+12 s s+ 16
1 3s(s?+12) 3s

2412 2416 0 s2+ 16’

hence
ya(t) = L71(Ya) = 3 cos(4t).

Alternatively, since we had found y; already, we could have solved
yh = —3y1 — 9sindt = —12sin4t, y2(0) =3,

from which

t t
y2(t) = y2(0) — 12/ sin (47) dr = 3 + 3 cos(47) . 3 cos(4t).
0
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@ We are solving the following IVP.

Yh = 5y1 + yo y1(0) =1
yh = y1 + 5ys y2(0) = -3

We let Y1 = L[y1] and Y2 = L]y2] . This then leads to

SYi = y1(0) = 5Yi + Y
sYo —y2(0) = Y7 +5Y5

= b5b-9)Y1+Yy=—
}/1+(5—S)Y2=3

:>(5—8)}/1+Y2:—
(5—5)Y1+(5—15)2Yy =3(5—s)

— (=52 1Y, =3(5—-s5)+1

= Ya(s) = 3(5 _55_)25_ Tt = 51) — = —3L[e” cosht](s) + L[e* sinh t)](s)
_ (5—3s)? (5-s5) 1 (s —5)
M) =8 =830 5 1 " os2—1 -5 -1  (s-52—1

= L[-3e" sinh t 4 ¢ cosh t](s)

— y1(t) = =3¢’ sinht + e cosh t
ya(t) = —3e* cosht + ™ sinh t

From Kreyszig (10th), section 11.1

R R
We start by transforming the function by —x so that the domain the function is defined
for is symmetric around 0. We then calculate the coefficients by using partial integration,
and using symmetry around 0 to see that some integrals are 0.

I 9 1 pa? T 4
_ - d :7[7 2 2 } _ 2 2
ao = 5 _W(m—l—ﬂ') T=5-|3 + 7t + 7w =37
L[ 2 L[ 9 2
an=— [ (z+m)cosnxde=— [ (2°+27x+7°)cosnz dx
™ J_x ™J—x
1 ™ 2.2 &3 —924i 2 T —1)"
_ / 22 cosnz da — [n z*sinnx smgmc—i— na cos nx :4( 2) a1
™ J)_x ™ - n

™

1 1
/ (z + )% sin nz dx:/ (2% 4 272 + 7%) sinna da
) T

e (1!

n

sinnxr — nxrcosnrl™

] Sy >
0

™
2/ xsmm?dw—él[ 5
n
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We thus obtain the following Fourier series for f(z):

fa) = 5 Y
n=1

-1 n+1
~cosn(x —m) + 47‘(’L
n

. S. —
- inn(z — )

S,(x) S,(x)
Sz(x) S 35(X)
—— S,x)

Alternatively we can express the Fourier series as follows:

f(x) 42+§:4COS( )~ 7 in(na)
xr) = —T —_— nr) — — sin\nr
3 n:1n2 n

42

1 1 1 1
=37 +4 (cosm + 1 cos(2z) + 9 cos(3z) + ) —Ar <sinx + 5 sin(2zx) + 3 sin(3z) + >

We see from the graphs that the more terms in the sum we include, the closer we come to
the original function.

We start by finding f(z):

f(x):{ T+x, —7<2<0

mT—z, 0<z<m

Then we calculate the Fourier coefficients using that f is an even function.

1 [T 1 T
- de= — .2 .97 1=—
w=5; | f@de=50-5-2m =3
1 ™
an = — f(z) cosnz dx
™ —T
:2/0 (7 + o) cos nz dz = [nwsinnm+na:zinn:c+cosnx 0
L n -
2(1 — 2(1 — (=)™
2 eosm) _20-C1Y)
™ ™
1 T . sin odde
b, = — f(z)sinnxdz ™ = 0, n>1
™ —Tr

Thus the series is as follows:

. 4
flz) = g + Z T2 1) cos(2n + 1)z.
n=0
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We start by writing down the function f:

f(;v):{ - -z, —-nT<zx<0

T—x, O<zx<m

We calculate the coefficients using that f is an even function

1
a=o- [ f (z)dx
1
ap = — f(x) cos nxdx
T
1/ [° m
=— (/ (—x — ) cos nxdr + / (—z+m) cosnmdm)
™ \J_r 0
substituting y = —z in the first integral we obtain
an = 0.
1 (7 .
bn = — f(x) sinnxdz
™ —T
1 0 ™
=— (/ (—x — m) sinnaxdx + / (—z+m) sinnxdw)
T \J_r 0
substituting y = —z in the first integral we obtain

2 ™
bn:/( x + m) sin nxdx

™

2 :Ucosnx 4 T
= — cosnzdr + 7 sin nx
Q 0 0
2 (meosnm T w|"
== — | sinnx — —| cosnz
T 0 Mg
2 7r T
=— —cosmr—O——(cosmr—l))
T \n n
2
~

We thus obtain the following Fourier series

(o] - ‘
ag + Z(an cosna + by, sinnz) = 2 Z sinna

n
n=1 n=1

From Kreyszig (10th), section 11.2
f(z) = e” is neither even nor odd er this:
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b) f(z) = e~ 1* is even since
fma)=e 7 = el = f(a).
c) f(x) = 23 cosnz is odd since

f(—x) = (—x)3 cos(—nx)

= —(L‘s cosnxe

=~ f()
d) f(x) = 22 tan 7z is odd since tanx is odd and
f(=z) = (—x)*tan(—nz) = —z® tan 7z = — f(z).
e) f(x) = sinhx — cosh zis neither odd nor even since
f(x) = sinhz — cosh x

= —e

@ The function is odd with period P = 2L = 4. Thus a,, = 0 for n = 0,1, 2, .... Further we
calculate that

1 /2 2
bn:/ f(x)sinmdx:/ f(x)sinwdx
2/, 2 .
2

2

nnx 2 nmrl? 2
= [ sin—=d :—[— —}:—1— —1)"
/081n2on cos —— | mr( (=1)")

We have here uses that f - sin is even and that cosnm = (—1)"). Hence it follows that
1 3 1 )
flx) = ansinT = (sinTr; + gsing + gsin% + )

The function is even and has period P = 2L = 2. Thus b, =0 forn =1,2,3, ...
Since f(x) =1 — |z| for z € [1, 1], it follows that

1! even [ ! 1
w=y [ 1wt [ o= [[0- a0

1 M
an = / f(x) cos nrr dzx
1), 1

1
L2 | f(z)cosnmrdr
0
1

= 2/ (1 — x)cosnrzdr
0

1 ! L 1
=2 [(1 —x)— sinmrm] - 2/ (—1)— sinnrzdzr
nm 0 0 nm
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Thus we obtain the following series:

o0
f(z) =ap+ Z Ay, COS NTT

n=1

1 4 1 1
=3 + = (cosm: + ?cos?ma: + 5—2cos5mc + >

We start with the cosinus-part

L 1/’r 1 [ 12}7?1
ap = — z)de=— [ mn—axde=—|mx— 2| =_-7
07 o . T Jo us 2 lo 2
2 7r
an:/ (m — x) cosnz dz
T Jo
1 i T 2(1+ (-1t
:7[Esinnaj_nmsmnx;—cosnx} _ 200 +( 2) )’ w1
wln n 0 ™
1 ™
by, = — f(z)sinnzx de =0, n>1
™ —T
@) = a3 cosan 4 )
x)==m ——— cos(2n x
2 n:07r(2n—|—1)2
Then we calculate the sinus-part:
1 i f odde
a0 ZW/ﬂf(m) v -
1 s
anp = — f(x)cosnz dz "%
m —Tr
2 s
bn—/ (m — ) sinnx dz
T Jo
2 7r sinnx +nxcosnxi™ 2
:—[——cosnx—i— 3 } =—n>1
Tl n n 0o n
= 2
= = > —si
flx) nz::lnsmms
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