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Problem 1

a) Use Laplace transform to compute the convolution product cosh ¢ x sint for
t>0.

b) Solve the initial value problem

y +yxcost =0,
y(0)=1.

Solution:

a) We have that

1 1/2 1/2 1 1
L[cosh txsint] = L[cosht|L[sint] = 828_ e 82/_81—82/+81 = §£[Cosht]—§£[cos t],

so cosht xsint = 3(cosht — cost).

grading: +3 points if the partial fraction expansion is done right, +2 if the inverse
is done correct.

b) We have that
s

L[y +yxcost] = L[y'|+L[yxcost] = sLly]—y(0)+L[y]L[cost] = 8Y—1—|—YS2 e L[0] =0,

where Y = L[y|. Therefore,

sY 1 5242 s2+1 1s2+2-1
Yt+———=1=2sY(l+—-)=8sY ——-=1=Y = = -
° +32+1 ° (+32+1> e s(s2+2) s s242
1 1 1 1 1 1/2 1/2 1/2 1/2
Y =>(1 ) — 1oz (/2)s 12 (1/2)s

s 242 s s(s242) s s 242 s 52+ 2

1 1 1
Y—E[;]—i-z/l[cosﬁt] :>y:§+§COS\/§t.

grading: +2 if the conversion of the diff, equation to Laplace transform is done
correctly, +2 if Y is isolated correctly and the partial fraction expansion is done
correctly, 4+1 if the inverse is correct.

Problem 2 Find the Fourier series of the 2m-periodic even expansion of the
function f(z) = e* for t € [0, 7].
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Solution: Let fe,c,(x) be the 2m-periodic even extension of f(z). Then we have
that the coefficients b, = 0 for every n > 1, and the coefficients

1
ag = —intge” dv = —[e"[;=g = —(e" — 1),
and
Q/Wz w2 s )T’:’f 2(6“ 1)
a, =— | €*cosnrdr = — cosnx + nsinnx = —(——cosnm — ——
7 Jo m L1+ n? e—=0 Tm\14+n? 1+ n?
2
’n,:i _17171'_1 .
= YD

grading: +2 points if it is using the correct formulas for the even expansion + 2
if the coeficient ag is computed correctly + 6 if the coefficients a,, are computed
correctly.

Problem 3

1. Find all the solutions of the partial differential equation
Uz (T, 1) = 2uy(x, 1) + 2uy (2, t) for x € [0,7] and t > 0, (1)
of the form u(x,t) = F(z)G(t) that satisfies the border conditions

u(0,t) = 0 = u(m,t) fort > 0.

2. Find a solution from (1) that satisfies the initial conditions

u(z,0) = sin(2x) and  wu(x,0)=0.

Solution:

1) We want to find soltions of the form u(x,t) = F(x)G(t), then the differential
equation can be written as

F9Gn 4 o
F'G = 9FG" + FG = — — 20 =&
FFG = =,
therefore
F// 2G// 2G/
L ko P —kF=0 and Y koG ioG — kG =0

F G
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for some constant k € R.

We first can suppose that k=0: But then F”" =0, so F(x) = Ax + B. But since
the border condition implies that F'(0) = 0 and F(7) = 0 it follows that F'(x) = 0.

Now we can suppose that & = p? > 0: Then F” — p*F = 0, so the solutions are of
the form F(z) = AeP” + Be P*. Again because F'(0) = 0 = F(n) it follows that
F(z) =0.

Finally we can suppose that k = —p? < 0: Then F” 4 p*F = 0, so the solutions are
of the form F(x) = Acospx + Bsinpz. Using the border conditions we have that
A = 0 and that sin pr = 0, therefore p = 1,2,3,.... We then denote the solution
F,(z) = sinnz.

Now let k = —p? = —n? for some n = 1,2,3,..., then 2G” + 2G’ + G =0, so

the solutions are of the form G, (t) = %(A cos( Y21y + B, sin(Y2ELY).

Thus, we have that

. 2 2 _
(2, 8) = Fo(2)Cn(t) = sin(nz) e 7 (A, cos(2”21t) + B, sm(2”21t)) |

so u(x,y) = >0 uy(z,t) for some A,, B, € R that makes it converge.

grading: +1 if the two differential equations are computed correctly +2 if the
solutions of F'(z) are computed correctly and +2 if the G(¢) is computed correctly.
and +1 if the general solution is formed.

2) Now suppose that

sin 2z = u(x, 0) Zunx() = > F,(2)G,(0) = > sin(nz) A
n=1

n=1

therefore Ay =1 and A, =0 if n # 2.

Now let
s -1 — 2n? —1 2n? —1
t) =) sin(nz) (767 (An cos(n?t) + B, sin(nTt)H—
n=1
Von?—1 . V2n2—1 \/ vV 2n
+ez (— n 5 sin( 5 t) + cos( ))),
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SO

= —1 2n? — 1
wy(z,0) = > sin(nz) <2An + Bnn2) =0,
n=1

Therefore, (%An + Bniﬂ";_l) =0 for every n = 1,2,3,....

,and B, Vi1 — () when n #2 s0 B, =0.

But%ll—l—ng:O,soBg: L 5

v
Then the final solution is of the form
VT 1 VT )

u(x,t) = sin 2reT (cos(t) + —=sin(—1)

2 V72

grading: +2 if it is found the solutions such that u(x,0) = sin 2z and +2 if it is
found correctly the final solution.

Problem 4

1. State the Cauchy-Riemann equations.
2. Determine a function u(z,y) such that the function
flx+iy) = u(z,y) +i(2® —y* +a+1)

is analytic in C.

Solution:

1) An analytic function f(x + iy) = u(x,y) + iv(z,y) must satisfy
ou Ov ou ov

= and =

dx Oy dy Oz

grading: +2 for each of the equations written correctly

2) We have that v(z,y) = 22 — y? + x + 1, therefore we have that

ov ou
— =—-2y=— = u=—2yr+ .
ay Yy o U yr k(y)
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On the other hand

gz = —2u+kK(y) = —gz =20—1= 22+k'(y) = —22—1 =k (y) = -1 = k(y) = —y+C.

Therefore u(z,y) = —2zy —y + C for any C' € R.

grading: +3 if the first integral is done correctly and +3 if the final solution is
computed correctly

Problem 5

1. Find and classify all the singularities of the function

z

—el/zy
f(z)=e +22_1.

2. Find the two Laurent series of f(z) with center zy = 0

Solution:

1) The singularities of f(z) are the points z = 1, —1,0. The singularites z = 1, —1
are both of order 1 and z = 0 is an essential singularity.

grading: +1 for each correct singularity and order. +1 for a good justification of
the orders.

2) The Laurent serie of ex = | zln for = > 0. Now observe that 5 =
/2 | 1/2
z—1 + z+17 SO
1/2
/ :—722 for |z| <1
z—
and 2 1
/ =S (1) for |z <1
z+ 277,:0
and on the other hand
1/2 11 1 1131 1T E
— -z — == fi >1
2—1 2z1-1 Sl QZ or |21
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and
12 11 1 11°°(—1n 1 & (—1)nH
= —— = f; > 1.
sl 22141 24 on 2; or |2
Therefore the 2 Laurent series of f(z) are
<11
S 2 for |z < 1
Z g Z + - Z or |z|
and <11 1 >0 1 1 > 1)+
-y — 4=y — fi >1.
nz(] n! zn 2 Z n 2 ; or ||

grading: +3 for each of the correct Laurent series of the function

Problem 6

1. Compute the integral

z+1
—d
fé 322
2. Compute the principal value of the integral

o0 1
/ el

—oo T3 — 272

where C = {e? : t € [0, 27]}.

Solution:

1) First observe that §, %5 dz is equal to 2mi times the sum of all the residues
of the singularities closed by the closed path C. In this case the function Z3z_+2lz2

has two singularities z = 0 and z = 2, therefore

z+1 ) z+1
j{; 23 — 222 dz = 2miRes.= <z3 — 222)

Now one can check that z = 0 is a singularity of order 2, so
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R e+l Ny o 2+1 Y y erl’_l -3 3
esz_0< 3 2z2)_w1£>%<z z3—2z2> ;ﬂ%(z_ >_w1g(lJ(z—2)2 4
Therefore,
1 _
]{ 2 dz:2m—3:—3—7rl
c 23 —222 2

grading: +2 for writting correctly the integration formula +3 for computing
correctly the residue and +1 for finding the correct solution.

2) There is a mistake in this exercise so we will give full score to everybody .

grading: We give +4 to every exam,
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Miscellaneous

1.t>0 1. t>
« Heaviside function u(t):{’ - , (t—a):{ tza

0,1<0 0, t<a

« Dirac Delta function 6(t — a) is zero except at t = a, [0 0(t —a)dt =1,
and [*_g(t)6(t — a)dt = g(a) for any continuous function g.

« Convolution

For functions defined on the real line:

f*g(l‘)z/

— 00

[e.9] [e.o]

fW)g(x —y)dy = / flx—y)g(y)dy, xR

—0o0

For functions defined only on the positive half-axis:

frg@) = [ f@ge—ydy. @ >0

Laplace transform

o Definition: L[f](s) = F(s) = J5° f(t)e *!dt
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General formulas f(@) F(s)
! :
Lle f()](s) = F(s —a) t"n=12,.. e
LIf(s) = sL[f] = F(0) et p—
LIf")(s) = s*L[f] — sf(0) — f(0) tre n=1,2, ... | Goae
L{J§ F(r)dr)](s) = L[] cos bt P
L[S * g](s) = L[f1(s)Llgl(s) sin bt peaa
LIf(t—c)u(t —c)](s) =e *F(s), c>0 e™ cos bt eEnEEe
L[tf(t)(s) =—F'(s) e sin bt M#HJQ
L[10](s) = [ F(0)do ult —c)e>0 |2
(t—c),e>0 e~
cosh bt =
sinh bt ﬁ
Fourier series and Fourier transform
e 2[-periodic functions, real and complex form
f(iU)Nao—i-i(ancosTijns Z c et
n=1 n=—oo
where
a0:21L/_LLf( T, ay L/ cos@dx bnzi/_LLf(x)sinandx

O = 2L/



TMA4120 Matematikk 4K Page iii of v

« Functions defined on the whole real line (need not be periodic)

Flw) = Fipw) = —= [~ f@ye e

—00

@) = FNe) = o= [ fwjeau,

—00

o Parseval’s identities

L 00 00 o
L[ p@par= Y el [ @R = [T ()

n=—oo

General formulas f(x) Fw)
7 = oo | Lo

V2r
%:_w2f<w) {1, —b<z<b \/isinbw

0, |[z| >b T w
flo —a) = e f(w) gy () !
r—a)=e w e Yulx —
V27 (a + iw)
I~ - 1 77'67“|w|
Jlw=b) = (@) P 3 4
—_— PN _ 5 1 o, A
[xg=V2rfg e o ow?/(da)
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Complex numbers and analytic functions

o "W = ¢%(cosy + isiny)

1z —1iz . iz__ ,—1z z —z . zZ__,—z
e COsSz =%t~ g§iny=¢=¢— coshz = €6~ gsinhz = £=¢
2 2% 2 2

e Taylor and Laurent series of an analytic function

= f(z0) 1 f(z)
nz_% n(z = 20)", Qp = ol 277”]{ (z—zo)”“dZ’

f(z) = nf:oan z—z)" i b, = 217rz Y{Cf(z)(z — 20)" tdz

— Z—ZO

Some useful integrals
Jxsinaxdr = a%sinax — Zcosar +C

Jxcosaxdr = % cosax + L sinaz + C

22azsmaw+ Mcosa:l:—i—C

[ x?sinax dx =
a2 .

[ x? cos ax dx = %xcosa:z:— 2%smaac%—C

Je*sinbxrdr = 2+b2 (asinbz — bcosbx) + C

[ e cosbxdr = a2+b2 (acosbxr + bsinbzr) + C
jfooo efagﬂdx = \/E’ a>0

Some trigonometric identities
cos(a £ b) = cosacosb Fsinasinb

sin(a £ b) = sinacosb £ cosasinb

Some important series

Zx

ooxn

o — =¢" for z € R.
= n!

for lz] <1, > " diverges for |z] > 1.
n=0
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Linear second order differential equations
Let 7, and ry solve r?2+4+ar+b=0. Then
y'(x) +ay' () + by =0
has general solution given by:

y(x) = Clerlx + CQ@TWC if 1 7é To, T1,T2 € R,
y(x) = C1e"" + Coxe™” if ro=7ry, T1,73 €R,

y(x) = e**(C cos fx + Cysin fx) if rm=a+i, ro=a—i8, «a,pf€R.



