
Pointwise convergence of Fourier series

Assume: f (x) is a real piecewise continuous 2π-periodic function

(f piecewise continuous =⇒
∫ π
−π |f (x)|

2dx ≤ 2π max
x∈[−π,π]

|f (x)|2 <∞)

Fourier series of f : Sf (x) =
∞∑

n=−∞

cne
inx , cn =

1
2π

∫ π

−π
f (x)e−inxdx

Partial sums: Sf ,N(x) =
N∑

n=−N

cne
inx , Sf (x) := lim

N→∞
Sf ,N(x)

Bessel’s inequality:
∞∑

n=−∞

|cn|2 ≤
1
2π

∫ π

−π
|f (x)|2dx

Proof: 0 ≤
∫ π
−π |Sf ,N − f |2 =

∫ π
−π(|Sf ,N |2 − 2 Re[Sf ,N f ] + |f |2) = −2π

∑N
−N |cn|

2 +
∫ π
−π |f |

2

Riemann-Lebesgue’s lemma: limn→±∞ cn = 0
Proof:

∑∞
−∞ |cn|

2 <∞ by Bessel =⇒ cn →
n→±∞

0 by divergence test

Theorem (Convergence and sum)
If f is piecewise continuous and f ′(a) exists, then Sf (a) = f (a).
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Proof From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399–400, 1980

Assume first a = 0 and f (a) = f (0) = 0:

1. Let f̃ (x) =
f (x)

e ix − 1
, x 6= 0; f̃ (0) = 1

i
f ′(0):

cn = 1
2π

∫ π
−π f (x)e

−inxdx = 1
2π

∫ π
−π(e

ix − 1)f̃ (x)e−inxdx = c̃n−1 − c̃n

=⇒ Sf ,N(0) =
N∑

n=−N

cne
in·0 =

N∑
n=−N

cn =
N∑

n=−N

(c̃n−1 − c̃n) = c̃−N−1 − c̃N [telescoping sum]

2. f̃ (x) is piecewise continuous ( f̃ (x) ≈
|x|�1

f (x)

ix
→
x→0

1
i f
′(0) = f̃ (0), x 6= 0 ok )

=⇒ lim
N→±∞

c̃N = 0 by Riemann-Lebesgue =⇒ lim
N→∞

Sf ,N(0) = 0 = f (0)

For general a, f (a): Let g(x) = f (x + a)− f (a).

Then g(0) = 0, g ′(0) = f ′(a), and Sg,N(x) = Sf ,N(x + a)− f (a). Hence

2. =⇒ |Sf ,N(a)− f (a)| = |Sg,N(0)| → 0 as N →∞.
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