Pointwise convergence of Fourier series

Assume: f(x) is a real piecewise continuous 27-periodic function

(f piecewise continuous —> [ |F(x)]Pdx < 27 r[nax ]\f(x)\z < 00)
xg[-m,m

H H G inx 1 —inx
Fourier series of f: Se(x) = 2 cne™, =5 f(x) dx
Partial sums: Sf N X) ZN che 7, Sf(X) = Nli—>moo Sf7N(X)

Bessel’s inequality: Z lea|® < —/ |F(x)[2dx

n=-—oo
Proof: 0 < [T |Srn — fI2 = [T _(1Se.n|* — 2Re[Sr nf] + |F?) = =210 5N [l + [T IF?
Riemann-Lebesgue’s lemma: lim, ,+.,¢c, =0

Proof: 3°°° |cn\2 < oo by Bessel — ¢, — 0 by divergence test
n—+ oo

Theorem (Convergence and sum)

If f is piecewise continuous and f'(a) exists, then S¢(a) = f(a).
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P ro Of From P.R. Chernoff: Pointwise convergence of Fourier Series. Amer. Math. Monthly 87(5): 399-400, 1980

Assume first a =0 and f(a) = f(0) = 0:

1. Let f(x) = (X) o x#0 F(0)=1F(0):

=5 [T f(x)e ™dx =L [T (e¥ —1)f(x)e ™ dx = &_1 — &

N N
= Sea( E cne g Ch = E (-1 — &) =& n—1—En
n=—N n=—N n=—N

9, 1p0) = Fl0), x #00k)

2. f(x) is piecewise continuous f ~
( ) P ( ) |x|<1 ix x—0 !

= lim &v =0 by Riemann-Lebesgue = lim S n(0) =0 = £(0)
N—+ N— oo

— oo

For general a,f(a): Let g(x) = f(x+ a) — f(a).

Then g(0) =0, g'(0) = f'(a), and Sz .n(x) = S n(x + a) — f(a). Hence

2. = |Sw(a) —f(a)] =|Sn(0)] =0 as N — oo.
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