@NTNU TMA4120 Matematikk 4K
Institutt for matematiske fag h¢sten 2 O 2 5

Lgsningsforslag - @ving Eksamen

0, z¢€l[-m0)

be a function defined on [—m, 7].
27, x € 0,7,

Oppgave 1 Let f(z) = {

1. Compute the Fourier Series of f.
2. Let S¢(x) be the sum of the Fourier series of f(z). Determine the following function values:

(a) S¢(0) and  (b) S¢(5)

Solution.

1. We compute the coefficients

I I inz T ine [
Cn — 7/ f(.,L,) . e-l'VL‘Ld:L, —_ 27T . e—lnldx — / e—lnidx — 7.6—&!%1/
2 J_, 2m Jo 0
1

—in 0
I 1- Cf)S(ﬂ'n) _ 1= (—1)”7
—in in in
1 us ™
o= — f(m)dac:/ dx =T.
2 —7 0

Thus we have

Sf = CO+cheinr :W+Z#€mm

n#0 n#0
> 1— (_1)n einw _ e—in;c & 1— (_1)71 )
— 2 . = 2 _— )
( T+ ng:l - 57 T+ 321 " sin(nx)

2. Since f (is piecewise continuous with one-sided derivatives and) has a discontinuity at 0,

$5(0) = 5 (F07) + F(07)) = 5 (2n +0) = .

Since Sy is 27 periodic and f is continuous at 5 — 27 ~ —1, 28, we have

S¢(5) = S¢(5—2m) = f(5—2m) =0.

Oppgave 2 Compute the line integrals [, f(z)dz in the case
1. f(z) =Im(2?) and C is the straight line segment from z; = 1 to 2o = 1 + 34,
2. f(z) =3+ cos(z) and C' is a half circle from 23 = 0 to 2o = i.

Solution.

1. We take to C' to be parameterized by z(t) = 1 4 3it. Then we have

/ f(2)dz = /1 Im(z(t)?) - 2(t)dt = 1 Im((1 + 3it)?) - 3idt = /1 Im(1 + 6it — 9¢%) - 3it dt
C 0 0
1

0
:/ 18it dt = 9.
0

Thus Re( [, f(z)dz) = 0 and Im( [, f(z)dz) = 9.
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2. Note first that f is analytic in the whole complex plane as a sum of analytic functions, so we
may use the indefinite integral (antiderivative) to calculate the integral. We compute:

i 22 i 1 1 eitt _ =i
/ f(z)dz:/ z 4 3cos(z)dz = [+3sin(2)} =——+43sin(i) - 0=—- +3———
g o 2 .2 2 2i

I P T
= 2+2(e e ) = 2+3281nh(1)~ 2+Z3.53.

Oppgave 3 The Laurent series m =Y __an(z — 1)" converges at the point z = %

n=—oo

Determine the largest annulus D : r < |z — 29| < R where the series converges.

Solution. We see from the form of the Laurent series that zyp = 1 is the center. Furthermore, the
function has poles (the denominator has zeros) at z = +1 and z = ¢. We compute the distances

20 =1=[1-1=0, |~ (-DI=1+1=2 |o—il=[1—il=y12+(-1)?=V2

By Laurent’s theorem the largest annulus of convergence D centered at z = 1 and containing z =
is the largest annulus where f is analytic. Since |29 — 3| = 2 € (V2,2),

[][e

D={V2<|z—-1|<2}.

Thus zo = 1, r = /2, and R = 2.

Oppgave 4 Find a conjugate harmonic function to u(z,y) = e=2¢~! cos(2z + 1) — 3z.

Solution. The conjugate harmonic function v must satisfy the Cauchy-Riemann equations, i.e.
Uy = Vy, Uy = —Vg.
Thus we have that
v= /vmdx = /uydx = /(6_2-”_21 cos(2z + 1) — 3x),dx = /26_2y_1 cos(2x + 1)dx
=e W lsin(2z + 1) + C(y).
Furthermore,
vy =—2¢ Y sin(2r + 1)+ C'(y) = wuy,=e ¥ (=2)sin(2x +1) - 3.
Which implies C'(y) = -3 = C(y) = —3y + C and

v(z,y) = e ¥ sin(2z 4+ 1) — 3y + C.
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Oppgave 5 Find the solution y(t) of the problem

t
Yy + 4y + 13/ y(r)dr =4(t —4), y(0) =0,
0
where ¢ is the Dirac delta-function.

Solution. Let Y = L[y]. Then we get as the Laplace transform of the equation

13 s24+4s+13 s
Y —y(0) +4Y + =Y =% — 17T "yt — y=_—_ " s
s y( )+ + S e S e 82—|—4S—|—13€

By completing the square, we get s> + 4s + 13 = (s + 2)? + 32. This means that we have

s+2-2 —4s
= €
(s +2)% + 32

We have from the table of Laplace transforms that

51[ s+2—23
(

2t 2 .
S—|—2)2—|—32:| =e (COb(St) — g Sln(gt)) = f(t)

Thus, by the shift theorem,
2
y=LUY] = f(t—4) ut —4) = e 2t (cos (8t —4)) = Zsin (3(t = 4)))u(t — 4
where wu(t) is the unit step (Heaviside) function.

e’ x>0, -
0, z<o 3= mEa

Oppgave 6 Show that the Fourier transform of g(z) = {
Then show that u(z) = ffooo g(z — y) f(y)dy solves the equation

u'(z) +u(x) = f(z) for z€R.

Solution.
]:[g](w) = L /00 g(l,)e—iwmdx — L /OO e—.’ce—iwacdx — 1 /OO e—:c(1+i1u)dw
V2T J oo V2r Jo V271 )
R R
— 1 lim efx(1+iw)dx _ 1 lim -1 671(1+iw)
2m R—o0 Jg 291 R—oo | 1 4+ 2w o
1 -1 : 1 1
- . (5 —R(14+iw) _ 1) _ _
Vor 14w (Rg{l)oe Vor 1+ iw

where in the last line we used that |[e”#1+7)| = ¢~ — 0 for R — 0.
To solve equaiton u’ + v = f, we take the Fourier tranform of the equation,

wa+a = f,
and solve for 4,
1 ~ o
, — ora. f
Y 1+ wa g1

‘We use the convolution formula to obtain

wgef— [O oz — ) f(y)dy.
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Oppgave 7 Determine the value of the integral
/Oo 5_—xda:
oo (T4 22)(4 4 22)

Solution. First note that

£(2) 55—z 55—z

z) = = .

' (1422)4+22) (z—i)(z+1i)(z—2i)(z+20)

Let Sk be the semicircle of radius R in the upper half plane and Cg := [—R, R] U Sg, then

oo R
I= /700 f@)dx = Igiinm . f(x)dx
—_——

= f(z)dz — f(z)dz=1, + L.
Cr Sr

Il .
1. Singularities of f(z) (0-s of the denominator): z = +i, z=42i, order 1 poles.

2. Singularities encircled by Cg: z =4 and z = 2¢ in the upper half are encircled by for R > 2.

3. Residues:
. . ‘ 5— 2 5—i 5-i -1 5i
Resf(z) = Hm(z =) f(=) = I o e ) ~ @@ - 6 - 6 6
. ‘ . 5— 2 5-2 1 5
Resf(z) = Jim (= =20/(2) = I 5520 ~ o 6 T 12

4. By the residue Theorem:

-1 5 1 51 —5i 5%y
L =2mi(— — =+ =+ —) =27i(—) = —.
v=2mi(g - gt ) =2mly) =5
I>: By ML inequality we have
1] < masx | £(2)] - L = max | f(2)| R < i
max |f(2)] - L = max |f(2)|w max
2= eSn zesSn = 2l=R |1+ 22| - |4 + 22|
5 5+ R)TR 1
< max TM T TR = 5+ 4)7T max T -
As R — oo we have that
1 54+ R)rR
max T - — 1 and % —0
PRI &1+ & R
and hence Is — 0. We conclude that
51

. 5
]—ngnoo(Il-FIQ)—gﬂ'-i-O—F.
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Oppgave 8 Let n € N. Find a function G, (y) such that u,(z,y) = sin(“5*)Gy(y) solves

Uy + %uyy =0, for x € (0,2)y € (0, 3),
(1) w(0,y) =0 =u(2,y), foryel0,3],
u(z,0) =0 for z € [0, 2].

Then find the solution of problem (1) and the boundary condition

u(z,3) = 11sin(nz) + sin(bnz).

Solution. It follows that

e =6 (15)" o (752) = (%) v
(Un)yy = G (y)sin (%) )
and hence

- L _ "N (7 4 L6 ) sin (F " 2
O—(un)m—l—4(un)yy——Gn(y)( 2) bln( 5 )—|—4Gn(y)bln( 5 ) = G — (m)*G, =0.

The corrsponding characteristic equation 72 — (nm)? = 0 has solutions 7 = £n, so the general solution
G, = A" + B,e "V,
The first two boundary conditions are satisfied because of the sin-term,
. . nmw2
un(y) = Gp(y)sin0 = 0 = G, (y) sin - )= un(2,9),
while the last one gives:
. /nTT 0 0
0 = up(z,0) = G,(0) sin (T) = G,(0)=0 = 0=A,e’ +Be’ = A, =-B,.
Hence we conclude that
Gn(y) = A ("™ — ") = 24, sinh(nmy).

To satisfy also the last boundary condition, inspired by superposition we try setting u = >y un :

u(z,3) = 11sin(nz) + sin(5rz)
= Z Un(x,3) = Z 2A,, sinh(nm3) sin (%) .
n=1

We determine A,, by comparing coefficient (the Fourier coefficients are uniques): We find that 4,, = 0
for n ¢ {2,10}, and that

11
11 = 2A5 sinh = 24y =—
2 sinh(67) >~ sinh(6m)’
1
1 =2A,9sinh(30 2410 = ——.
10sinh(30m) = 10 sinh(307)
Hence:
11 1 sinh(2my) . sinh(107y) .
= =1 T Sin(5ma).
w@y) = Gnem 2 T smhEon) snh(6m) S0 h @0 SneT)

By superposition, this solution also satisfy (1) (linear and homogeneous equation and boundary con-
ditions).
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Oppgave 9 Show that u(z,t) => 7, %e*”%/?’ sin(nz) converges sufficiently uniformly and solves
the equation

1
Up — gum =0, ze€(0,m),t>0.
Solution. Assume ¢t > a > 0. Set
1 —n2t/3 _:
up(z,t) = —e sin(nx).
n

Now we have that

‘un‘ < %efn%/?, < efnt/?) < efan/B _ (efa/B)n =: M,,

where > M,, converges as a geometric series since (e’“/ 3) < 1. Thus Y u,, converges uniformly by
the M-test for ¢t > a and x € [0, 7].
We calculate derivaties,

2

—n’t/3 cos(nx), (Un)zx = =N Up, and (up)t = —=nu, = =

(Un).r =€

For t > a, we observe that

|(un)e| < My, and  |(un)e| < [(tn)az| < n2M,, < max (nQe_“"/ﬁ) .eman/6 — C’O(e_"’/ﬁ)" = M,,
ne
where Cjy := maxyen (n2e_‘m/6) < oo since n2e~*/6 — 0. We have ZMn < o0 since this series
is again a geometric series and e~ %"/6 < 1. Again by the M-test 3 (un)z, . (tn)ee, and > (uy,); all
converge uniformly for ¢ > 0. Hence u = ) u,, is differentiable and the derivatives are equal to the
termwise differentiated series. For any x € (0, 3) and ¢ > a, we then find that

1 1 1
Uy — gumx = Z(un)t - g Z(un)zx = Z ((un)t - g(un)rx) =0.

—_————

Since a > 0 is arbitrary, we have that the equation holds for all ¢ > 0.
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