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Problem 1 (Answer in Inspera)

0, z€[-m0),

be a function defined on [—m, 7].
27, x € [0, ],

Let f(x)= {

(i) Compute the Fourier series of f. Write a number in Inspera that corresponds

to the alternative you think is correct:

1

(1) m—i > —em,
neZ,n#0 n
1 )
(2) T—1 Z 767,71#:5’
n€Z,n#0 2mn

neZm#0
1= (1),
6) m—i 3 — ) inme
n€Z,n#0 2mn

(ii) Let S¢(z) be the sum of the Fourier series of f(x). Determine the following

function values and write the answers with 2 decimal precision in Inspera:

(@) S7(0)  and  (b) S;(5).
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Problem 2 (Answer in Inspera)

Compute the the line integrals [ f(2) dz in the cases
(i) f(z) =Im(2?) and C is the straight line segment from z; = 1 to z, = 1+3i,
(ii) f(z) =2+ 3cos(z) and C is a half circle from z; = 0 to 2o = i.

Write the real and imaginary parts in Inspera with 2 decimal precision.

Problem 3 (Answer in Inspera)

1 o0
The Laurent series =10z =) = n;oo a,(z — 1)" converges at the point

z=3.

Determine the largest annulus D : r < |z — 29| < R where the series converges.
Write the values for Re(zp), r og R in Inspera with 2 decimal precision. Write
R = 1000 if you find that R = co.

Problem 4 (Answer on paper)

Find a conjugate harmonic function to u(z,y) = e Y~ cos(2x + 1) — 3z.

Problem 5 (Answer on paper)

Find the solution y(t) of the problem

t
y’—|—4y—|—13/0 y(r)dr = 8(t —4),  y(0) =0,

where ¢ is the Dirac delta-function.
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Problem 6 (Answer on paper)
Show that th form of bt L1
that the Fourier t = is g = = .
ow that the Fourier transform of g¢(z) e s is g(w) =1L iw
Then show that u(x) = g(x —y)f(y) dy solves the equation

u'(z) +u(x) = f(x) for zeR
Hint: Fourier transform the equation.

Problem 7 (Answer on paper)

Determine the value of the integral

oo 5—x
/_oo ATt 22

Problem 8 (Answer on paper)

Let n € N. Find a function G,(y) such that u,(z,y) = sin("5%)G,(y) solves

Uy + FUyy =0 for z€(0,2), y € (0,3),
(7) u(0,y) =0=u(2,y) for yel0,3],
u(z,0) =0 for z€[0,2].

Then find the solution u of problem (7) and the boundary condition
u(z,3) = 11sin(rz) + sin(5mx).

Problem 9 (Answer on paper)
Show that u(z,t) = %e_%"% sin(nx) converges uniformly and solves the equa-
n=1
tion
Up — 5Ugy =0, x € (0,m), t>0.

Hint: Weierstrass M-test and term-wise differentiation.
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Miscellaneous

« Heaviside/unit step function u(t) = {

« Convolution

For functions defined on the real line:

1, >0
0, t<0
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, u(t—a) = {

« Dirac Delta function 0(t—a) is zero except at t = a, [0 I(t —a)dt =1,
and [0 g(t)6(t — a)dt = g(a) for any continuous function g.

frg(x)= /_O:O fy)g(x —y)dy = /O:o flz—y)gly)dy, =R,

For functions defined only on the positive half-axis:

9@ = [ fwgl—ydy. @ >0

Laplace transform

o Definition: L[f](s) = F(s) = J5° f(t)e *tdt

General formulas f(t) F(s)
1 .
Ll f()l(s) = F(s —a) t"n=1,2,... |
LIf(s) = sLIf(s) = f(0) et =
L[f"](s) = s*L[f](s) — sf(0) = f'(0) the,n=1,2, ... | —H
L[fs f(7)dr)](s) = LLIf1(s) cos bt =
L[f *g](s) = L[f](s)L]g](s) sin bt pae
LIf(t —ult — )](s) = e F(s), ¢ >0 eat cos bt e
LItf(t)](s) =—F'(s) e sin bt (Hgg —
L[H2](s) = [ F(o)do ult —c)e>0 |2
§(t—c),e>0 |e°

1,t>a
0, t<a
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Fourier series and Fourier transform

e 2[L-periodic functions, real and complex form

f(x)~&0+z ancos L +b smw Z e’ T,
n=1 n=—00
where
1k 1 L 1 /L
ag = ﬁ/_L f(x)dx, a, = 7 /_L f(z) cos ?dw, b, = Z/_L flz)
J— / 'Lnﬂ':l) . 1( 'b )
Co = Ao, Cn = 2L X, Cn—2an 10, ),

TMA4120 Mathematics 4K, 24.

o Functions defined on the whole real line (need not be periodic)

= E /O:O f(iﬂ)e_iwxd%

f(a) = F ' [f)(x) = /_ Z Flw)e™*dw,

¥~
3

o Parseval’s identities

2 _ 2
2L/ dr = Z lenl”,

n=—oo

November, 2025

. nwT
sin —dx,

L

General formulas f(z) f(w)
J(@) = iwf(w) 5(x — a) ¢12—7T€m
N 2 f L, =b<az<b fsinbw
I i) {0, |z| > b T w
o —taw —azx ;
flo —a) = e f(w) e~ u(r) V27 (a + iw)
2 - 1 —al|w|
f(w—=10b) = e f(z) 22+ a? ge a
Frg=2rfd ¢—ar? \/12_@ 2/(4a)
a
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Complex numbers and analytic functions

o "W = ¢%(cosy + isiny)

1z —1iz . iz__ ,—1z z —z . zZ__,—z
e COsSz =%t~ g§iny=¢=¢— coshz = €6~ gsinhz = £=¢
2 2% 2 2

e Taylor and Laurent series of an analytic function

= f(z0) 1 f(z)
nz_% n(z = 20)", Qp = ol Tm]{ (z—zo)”“d'z’

f(z) = nf:oan z—z)" i b, = 217rz Y{Cf(z)(z — 20)" tdz

— Z—ZO

Some useful integrals
Jxsinaxdr = a%sinax — Zcosar +C

Jxcosaxdr = % cosax + L sinaz + C

22azsmaw+ Mcosa:l:—i—C

[ x?sinax dx =
a2 .

[ x? cos ax dx = %xcosa:z:— 2%smaac%—C

Je*sinbxrdr = 2+b2 (asinbz — bcosbx) + C

[ e* cosbxr dx = a2+b2 (acosbxr + bsinbzr) + C

[ e dy = \/E, a>0

Some trigonometric identities
cos(a £ b) = cosacosb Fsinasinb

sin(a £ b) = sinacosb £ cosasinb

Some important series

Zx

ooxn

o — =¢" for z € R.
= n!

for lz] <1, > " diverges for |z] > 1.
n=0
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Linear second order differential equations
Let 7, and ry solve r?2+4+ar+b=0. Then
y'(x) +ay' () + by =0
has general solution given by:

y(x) = Clerlx + CQ@TWC if 1 7é To, T1,T2 € R,
y(x) = C1e"" + Coxe™” if ro=7ry, T1,73 €R,

y(x) = e**(C cos fx + Cysin fx) if rm=a+i, ro=a—i8, «a,pf€R.



