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We are to solve the initial value problem:

i = —yi+4y
Ys = 3y1— 2y
yn(0) = 3
y2(0) = 4

First we do the Laplace transform on the two equations:

sY1—3 = —-Y1+4Y,
sYo—4 = 3Y; —2Y,

This must be solved algebraically for Yi(s) and Y(s)

Yi(s+1) = 4Yy+3
Ya(s+2) = 3Yi+4

M4 4 into the exspression for Y;:

Insert Yy = por; B el

12Y; 16
+

YT = 3
(s+ 1Yy +54—2 s+ 2
(s+2)(s+1)Y7 = 3(s+2)+12Y1+16

(s +3s—10)Y; = 3s+22

35 4 22
Y, = —
! s2+3s — 10
Then insert this into the other equation:
9s + 66
2)Y, = -
(s +2)Ys T3 10
4 9s + 66

Y, = i

s+2+(5+2)(52+35710)

Then we take a look at s2 + 3s — 10:
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243510 — (5+g>2—(;)2
= (542 D) (5420
N 2 2 2 2
= (s+5)(s—2)
We have then:
3s + 22
YV: = 177
! (s+5)(s —2)
v, = A 9s + 66
2 s+2  (s+2)(s+5)(s—2)
Some rewriting:
(s4+5)3+7 3 7
Y == =
LT G -2 s—2 Gt5)-2)
4 5)9 4 21 4 9 21
Y, = N ChOihs -4 +

s+2  (s+2)(s+5)(s—2) s+2 s2—4 (s2—4)(s+5H)
Partial fractions:

7 _ A B
(s+5)(s—2) s+5 s5—2

and

A = -1
B =5
C =
Then we have:
3 -1 1 4 1
Y1 = — _
! s—2+3+5+s—2 s—2 s+5
4 9 s—5H 1 4 14 s 1
Y, = + = -

s+2 s2-4 82—4+S+5:S+2+82—4 82—4+S—|—5
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Then the inverse Laplace gives us:

Y1 = _67515 +4€2t
inh 2¢
yo = de 2 1 142 coshot 4 e
7 7 -2t
_ 46—2t+§€2t7§6—2t7%7 4 e 0t
_ 32 4 Bt

5.7.13 | We are to solve the initial value problem:

yi = 2y —4y2 +u(t —1)é
vy = y1—3y2+u(t—1)e
y1(0) = 3
y2(0) = 0

First we do the Laplace transform on the two equations:

6_S+1
sY1 —3 = 27 —4Yo + 1
8_
6—s+1
8)@ -0 = }ﬁ —-3Y§'+ 1
s —

This must be solved algebraically for Y3 (s) and Y(s)

e—s+1
—-2)Y7 = 3-—-4Y;
(s —2)"1 2+ 3
—s+1
(s+3)Y; = Y1+‘;_1

We insert Y; = S_% — % + % into the exspression for Ys:

3 4}& e—s+1 e—s+1
3)Ys = —
(s +3)T2 5—2 s—2+(s—2)(s—1)+3—1
N+3)Ys = 3-A¥p+ o
(s-2)(s 8 = 3-4%+—+(s-29"
—s+1
(s +5-2)Yy = 3—1—(8—1)6 !
S_

(s+2)(s—1)Yy = 3+4e M
3 e’

2 = GroGeoD a2t
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Partial fractions:

(3—1—2)1(8—1):il’)<311_s—11-2>

Then:
1 1 ee”® 1 1
= £! - -
b2 {5—1 s12 773 <5—1 s+2>}
yo = e—e My gu(t —1) (6t71 _ e—2t+2)
1
yp = el —e M4 gu(t —1) (¢! —e*7?)
And for y;:
12 4e~* —F
Y, = 3 _ e te e

y1 = 3e? —4cosh2t — 2sinh 2t 4 4ef — eL ™! {es ((32 — 4;1(8 Y — = 2)1(5 — 1)) }
po= e rdd el {6_8 <3les2ti) N 3(34_ s i 2t i 1)}

neo= e+ del —el™ {6_8 <3é§i—;12) B 3(31—1) B 512>}

vy = —e 24 4et - e%u(t —1) (4cosh(2t — 2) + 2sinh(2t — 2) — e — 3e*)

g = —e 2 ydet — e%u(t — 1) (2272 4 26722 4 22 om2H2 ol 3.2-2)
R éu(t 1) (2621 426 2HB 21 oA b 32-1)

y1 = —e 4 del + %u(t —1) (=¥ + ¢

10.2.6| We are to find the Fourier series of f(x) = z, for (0 < x < 27). If we want, we
may move the function to be centered around zero: f(z) = z for (0 < z < 7) and
f(z) =ax + 27 for (—7 < 2 < 0). We then find the Fourier coefficients:

1 s
ag = — fle)de ==
2 J_,
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0 T
1
/ x + 27) cosnxdx + — / x cosnzdr
T Jo

0
/ x cosnxdx + 2/ cosnxdx
iy

—T

[y

T 9 0
—5 cosn + 2 sm nx + — (sinnz)_
n .

S = A= 3=

0 ™
1
b, = / (x+27r)sinnxdx+/ x sinnadr
T Jo

™ -7

1 T 0
= / :Usinn:zda:+2/ sin nxdz

T J—x -

-2 2(=1)"

Then the Fourier series is:
[o@)
-2 2(=1)™\ .
7T+ngl<<n+ n >Slnnl’)

10.2.13| We are to find the Fourier series of f(x) = 1 for (—7/2 < = < w/2) and
f(z)=—1for (7/2 < x < 37/2).

ag equals the mean over one periode, and no integrals are necessary:

ayg = 0
1 w/2 1 3m/2
a, = - / cosnrdr — — / cosnxdx
T J—n/2 T Jr/2
2 . ™ 1 . 3nm 1 . nm
ap, = — (sm—) — —S8In —— + — sin —
™ 2 ™m 2 ™m 2
4 n—
an = —(-1)"T n=135...
™
1 /2 1 3m/2
b, = / sin nzdz — / sin nxdx
T J—m/2 T Jr/2
1 3nm 1 nmw
b, = —cos— — —cos—
™ 2 ™ 2
b, = 0

Then the Fourier series is:
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i (:‘n(—l)"zl cosmc>

n=1,3,5

10.2.15| We are to find the Fourier series of f(z) = x for (—7/2 < x < 7/2) and f(z) =0
for (/2 < x < 3m/2).

ag equals the mean over one periode, and again no integrals are necessary:

CLOZO

1 w/2
a, = / z cos nxdx

T J—n/2

1 1 T /2
anp = <2(:osm?+sinnx>

T \n n 7

1 1 nm 1 —n7r+7r _n7r+71' . —nT
a, = —|—cos— — — cos —sin — + — sin ——
" 7w \ n2 2 n2 2 2n 2 2n 2
a, = 0

1 /2
b, = /  sin nxdx

T J—m/2

1/1 x /2
b, = (QSinn:L'—cosnac>

T\n n /2

1 1 nmw 1 . —nmw ™ nw s —nT
b, = — | —=sin — —sin—— — — CoS — — — COS

T \ n? 2 n? 2 2n 2 2n 2
b 1 /2 nmT T nm

= — | —-sin— — —cos —

" m \ n? 2 n 2

2 n—1
bn = m(—l) 2 n—1,3,5
by = ~(=1)""! n =246

Then the Fourier series is:

1 1 2
;sinx+§sin2x— g—wsin?)x— zsin4x+25—wsin5x+...

10.3.9 | We are to find the Fourier series to the periodic function f(z) given by

fx)=0for —1<2<0, f(x) =z for 0 <z <1, periodep = 2L =2

With partial integration:
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1! 1
ay = 2/_1f(a;)da::4

! ! csinnre  cosnmz|'  cosnm — 1
an, = f(x)cosnrezdxr = | xcosnmxdr = 55| = 55
1 0 nm n2m n2mw
1 1 . 1
. _ xcosnmx  sinnmx —cosnm
b, = f(x)sinnredr = | xsinnrrdr = |— 5| =
1 0 nm n?n? |, nw

_(_1)71 - (_1)m+1

nm nm

We see that a, = 0 for n = 2,4,..., and a, = —2/n?7? forn =1,3,....

Then the fourier series is:

2

1 1 1 1
12 <cos7rm+9cos37rx+--~> —&—; (sinmc—zsinQWx—i-—---)
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