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Øving 2 - Laplacetransform II

Obligatoriske oppgaver

1 Bevis konvolusjonsteoremet for laplacetransform.

2 Lag et script som plotter Heavisidefunksjonen på intervallet [−𝜋, 𝜋].

3 a) 𝑦″ + 4𝑦′ + 5𝑦 = 𝛿(𝑡 − 1) 𝑦(0) = 0, 𝑦′(0) = 3

b) 𝑦″ + 5𝑦′ + 6𝑦 = 𝛿 (𝑡 −
𝜋

2
) + 𝑢(𝑡 − 𝜋) cos 𝑡 𝑦(0) = 0, 𝑦′(0) = 0

c) 𝑡𝑦″ − 𝑡𝑦′ + 𝑦 = 1, 𝑦(0) = 1, 𝑦′(0) = 2

d) 𝑦(𝑡) − ∫
𝑡

0

𝑦(𝜏)(𝑡 − 𝜏) d𝜏 = 2 −
1

2
𝑡2

Anbefalte oppgaver

1 Utled formlene for 𝑠-skift og 𝑡-skift.

2 Finn de inverse laplacetransformene

a)
1

𝑠2(𝑠2+1)

b)
𝑠

𝑠2+2𝑠+1

c)
2𝑠

(𝑠2+1)2

d) (𝑠 − 3)−5

3 Finn laplacetransformene

a) 𝑓(𝑡) = (𝑢(𝑡) − 𝑢(𝑡 − 𝜋)) cos 𝑡

b) 𝑓(𝑡) = 𝑢(𝑡 − 𝑎)𝑡2, 𝑎 > 0

c) 𝑓(𝑡) = 𝑢(𝑡) + 2∑
∞
𝑖=1(−1)

𝑖𝑢(𝑡 − 𝑖𝑎), 𝑎 > 0

4 Løs likningene

a) 𝑦″ + 𝑦 = 𝑢(𝑡 − 𝜋) 𝑦(0) = 0, 𝑦′(0) = 0

b) 𝑦 − 𝑦 ⋆ 𝑡 = 𝑡.
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5 Strømmen 𝑖(𝑡) i kretsen under er gitt ved likningen

𝐿𝑖′(𝑡) + 𝑅𝑖(𝑡) +
1

𝐶
∫
𝑡

0

𝑖(𝜏)𝑑𝜏 = 𝑣(𝑡). (1)

Anta 𝑖(0) = 𝑖′(0) = 0, 𝑅 = 4 Ω, 𝐿 = 1 H, 𝐶 = 0.05 F og

𝑣(𝑡) = {
34𝑒−𝑡 V if 0<t<4,

0 V ellers.

FInn strømmen 𝑖.

𝑅

𝐶

𝐿

𝑣(𝑡)

Nøtt a) Detail the calculation showing that ℒ(𝑡𝑛)(𝑠) =
Γ(𝑛+1)

𝑠𝑛+1
, where Γ(𝑥) = ∫

∞

0
𝑡𝑥−1𝑒−𝑡𝑑𝑡, (𝑥 > 0),

is the classical Gamma-function.

b) Show that Γ(𝑥 + 1) = 𝑥Γ(𝑥) and calculate Γ(
2𝑘+1

2
), for 𝑘 being a non-negative integer.

c) Show that Γ(1/2) = 2∫
∞

0
𝑒−𝑝

2
𝑑𝑝.

d) Prove that 2∫
∞

0
𝑒−𝑝

2
𝑑𝑝 = √𝜋.

e) Combine part b), c) and d) to calculate the Laplace transform ℒ(
2

√𝜋
∫
√𝑡

0
𝑒−𝑝

2
𝑑𝑝).

Hint (at least three ways):

1. Expanding the exponential 𝑒−𝑝
2
by using 𝑒𝑥 = 1 + 𝑥 +

𝑥2

2
+⋯+

𝑥𝑛

𝑛!
+⋯;

2. Use definition of Laplace transform and two variables calculus;

3. Compute derivative of ∫
√𝑡

0
𝑒−𝑝

2
𝑑𝑝 then use ℒ(𝑓′)(𝑠) = 𝑠𝐹(𝑠) − 𝑓(0).


