TMA4125 Matematikk 4N

Dving 9 - Interpolasjon - LF

Obligatoriske oppgaver

We start by calculating the following Taylor expansions around z:

flo—h) = f(a) ~ Fap+ T2 - 8y o),

and

0 e

f(z —2h) = f(z) — f'(z)-2h + fmﬁ(x) 8h* + O(h%).

For constants a,b, c € R, we write a linear combination of f(z), f(z — h) and f(z — 2h) as
follows

af (@) + bz~ h) + cf(x — 2) = af (@) +b[(a) - £+ L 0n2 - 20 pa o)

6
+c[f(x)—f’(x)-2h+ fﬂz( )4h2 fmé )8h3+0(h4)]

We sort the terms by f(x), f'(x), f”(x) and " (z).

(a+b4c)f(x) + (=b—2¢)f'(x)h + (b+ 4c )f//( )h2 + (=b— 8¢ )fmﬁ( )h3+0(h4)

For the best convergence rate we want the following equations to hold

a+b+c=0,
b+ 4c=0.
This yields
b= —4c

and then
a—3c=0 = a=3c

Inserting this into our calculations we get

3cf(x) —def(x —h) +cf(x —2h) =0- f(z) + 2cf (x)h + 0f"(z)h? — 4cf”’6(:1c) h3 + O(h*)

=2cf'(z)h + O(R®).
For simplicity we choose ¢ = 1/2. Dividing both sides by h we get

3f(x) —4f(x —h) + f(x - 2h)
2h?

which is what we wanted. The rate is quadratic.

= f'(z) + O(h?),
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n T, fn
0 | -2 -2
1 1 1
2 0 2
3 1 -1

Tabell 1: Interpolation points for exercise 4.

We calculate the approximate derivatives, and the corresponding errors. We know that
f'(1) = cos(1), so we can compute the errors directly in the calculator using the formula
en, = |approximation — cos(1)|.

sin(1 4 0.1) — sin(1 — 0.1)

h=01= 5 01 ~ 0.5394022522, ep=9-107%
in(140.01) — sin(1 — 0.01

h=001= sin(1 + 2) . Slln( ) 05402033009, e = 9100
in(1 4 0.001) — sin(1 — 0.001

h=0001 - S+ 5 )0 OSST( )~ 05403022158, e =910~

What we see here is quadratic convergence. Why? Assume that the method has convergence
rate p, that is

€n S Chp,
for some constant C' > 0. If we insert 0.1h into this relation we get
eo.1n = C(0.1h)P = 0.1PChP = 0.17¢),

In our case we see that

€0.001 _ €0.01 _ 401 — (.12
= =0.01 =0.14,
€0.01 €0.1

so that p = 2, hence quadratic convergence. A step length of h = 0.0001 would then give an
error of size 9 - 10719, which is sufficiently close for all practical purposes.

See the lecture notes.

The interpolation points for an equidistant grid are given in Table (I} We calculate the
following Lagrange polynomials

() (-m)(@—m)(r—x3) 22—
Lo(x) = lo(zo) (w0 —z1)(wo — x2)(x0 — 3) 6 ( !

_ b)) | @ow)@—z)(z—23) o
Li(w) = Li(zo)  (z1—xo)(w1 — o) (w1 — x3) 2( Die=2)

_ b@) _ (@ow)e—z)(z—2) 1 22—
Lafw) = la(zo)  (z2 — xo)(wg — @1) (w2 — x3) 2( 2 !
Lyw) = 2 o role Z o) = 2s) 2 gy )

CI3(we)  (z3—x0)(23 — 21) (W3 —12) 6
such that the interpolating polynomial is given by

3
ps(z) = > Lp(z)fr = —2Lo(x) + L1(z) + 2La(x) — La(x) = N B B (1)
k=0


https://www.math.ntnu.no/emner/TMA4125/2019v/notater/07-interpolasjon.pdf

TMA4125 Matematikk 4N

o fr | flek Tee]  flor Togr, Trpo]  fl@k, Tht, Thoo, Thgs)
-2 =2
3
—1 1 -1
| .
0 2 -2
-3
1 -1

Tabell 2: Newton divided differences table used in exercise 4.

Alternatively: The polynomial can also be found using Newton’s divided differences. The
coefficients
th,“.,xk]—-fh@,“.,xk_ﬂ

T — o
can be computed as in Table 2} The highlighted numbers in blue are the coefficients of the
Newton polynomial

ap = flro,...,xx] =

pa(@) = —2+3(z+2) — 1z + 2z +1) — %(x + )@+ 1)z

1 2
=——23—92? - x4 2

3 3
The Chebyshev point on a interval [a,b] = [—1, 2] is given by
_ (b—a)zpy+a+b b—a 2k +1 a+b 3 2k +1 1
T = = Ccos T = — COS T+ =
2 2 2n+2 2 2 2n +2 2
for k=0,...,n with n = 3. Approximate values for these four points are given by

To~ 1.886, 1 ~1.074, z9~ —0.074, z3~ —0.886.

The coefficients of the interpolating polynomials at these points, can again be computed
by Newton’s divided differences. Using the code below we obtain the polynomial

p3(x) = ap + a1(x — Tg) + ag(x — o) (x — Z1) + az(x — To)(x — &1)(x — T2)
with the following approximation of the coefficients

ao ~ —1.102, a1~ —2.035, a2~ —1.280, a3~ —0.660.

Python:

import numpy as np

# Create function to find coefficients for Newton divided differences
def newtonDivDiff (X,Y):

m = len(X) # number of interpolation points

for j in range(l,m):

for i in range(m—-1,3j-1,-1):
Y[i] = (Y[i] — Y[i-11)/(X[i] — X[1i—31)

return Y
#Chebychev points
X = np.array([1.886, 1.074, —0.074, —0.886])
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#Corresponding function values
Y = np.multiply (np.multiply (X,X), np.cos (X))

# Answer to 6
Y = newtonDivDiff (X,Y)
print ('The Newton coefficients for p.3 are:', Y)

Anbefalte oppgaver

See the lecture notes.

For convenience we calculate the following Taylor expansions

Flot2m) = f(@) + ) -2nt Lz Oy o)

2 6
Flz—2h) = f(z) — f'(z) - 2h + fﬂéx) 4h? — fm6($) 8h? + O(hY),

and

fo+ ) = 1)+ 5@+ T T o),

Flx—h) = f(z) — f'(x)h + f//Q(””)h2 - fmﬁ(x) W8 + O(h).

We immediately get cancellations when calculating the following terms:

f(x+2h) + f(z —2h) = 2f(z) + 8f”2(x)h2 +O(hY)

and

f(x+h)+ f(x—h) =2f(z) + 2f//2(x)h2 + O(h%).

(3)

We calculate our numerator by first carefully rearranging its terms, and then using and

. We get
— flz —2h) +16f(x — h) — 30f(x) + 16 f(x + h) — f(x + 2h)
= —(f(z+2h) + f(z —2h)) + 16(f(z + h) + f(z — b)) — 30f(z)
= —(2f(z) + 8f”2(“")h2 +O(h*) +16(2f(2) + 2"0//;””)112 + O(hY)) — 30f(z)
= . = 12f"(z)h? + O(h%).
check this!

Dividing this expression by 12h2 we obtain

—f(z — 2h) + 16f(x — h) — 30f(x) + 16f(z + h) — f(x + 2Ah)
12h2

= f"(z) + O(h?),

which means that we have a second order method of computing the second derivative!



https://www.math.ntnu.no/emner/TMA4125/2019v/notater/07-interpolasjon.pdf
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We use the estimates of (sin(z)),_; that we found in exercice 3. We define the following
function

_sin(14h) —sin(1 — h)

B 2h

¢(h)

For an approximation of order n, the Richardson extrapolation formula is given by (see
Wikipedia)),

Rty = P ot

where h is the step size and t is a scaling factor.

In our case: n = 2 and ¢ = 10. Plugging in our estimates into this formula we get for
h=0.1and h =0.01

10%4(0.01) — ¢(0.1)
102 — 1
100 - 0.5402933009 — 0.5394022522

99

R(0.1,10) =

~ 0.5403023096.
The error is now 4 - 1079, Further, for » = 0.01 and h = 0.001 we get

10%24(0.001) — ¢(0.01)
102 — 1
100 - 0.5403022158 — 0.5402933009
99
~ 0.5403023058.

R(0.01,10) =

~
~

Here the error is smaller than 2 - 10711,

The morale of the story is that the error get even smaller by using this method.


https://en.wikipedia.org/wiki/Richardson_extrapolation

