
Repetition PartI
1
. Laplace transform :

Definition : fct) , t 20

Fcs) : = § e- Stf Ct) at = : I (f)

Problem lfoab : Provides a tool to transform
ordinary differential equations ( OD Es)
off the form
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into algebraic equations .

Theory :
• Existence of Laplace transform C growth condition t palewise

continuous )
•
3mouse of Laplace transform



Theory:
• Linearity
• 1st shift theorem : L (f) = F (s) given for s > B , thew

L feat fit)) = Ils-a) s- a > B
.
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.

Examples : L of exponentially damped I amplified oscillations

L ( eat cos wt)
• Laplace transform of derivatives :
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• Allows us to transform ODE into algebraic equation
by
"

translating derivatives into mutiplication with

powers of
'

s
"

•
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diner version
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• Laplace transform of integrals :

L ( & firs) do ) = f- Ils) -
- f L ( f)

off do =L
"

( f- L Cf)) .
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examples : compute t
gcsinacat)

• general recipe to solve
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. Apply L to ODE :
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. Introduce transfer function Q Cs) is 1-
and rearrange terms s'tastb

Yl s) = [ ( Sta) ko t k ,] Q Cs) t Rls) Q Cs)
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Theory : n

1 •-

• Heaviside function ult) i -¥→
• 2nd shift theorem

L ( fit -a) left -a)) = e-
"

Ffs) .

f Ct-a) act - a) = L
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( e-
as

Fcs))
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• Delta function "
t X = O

- Formally : 84) = {
o x t O

N

S once) dx = I
-W

- off is rather ageneralised function l a functional

ft> on Cf) : -- f lo) =
"

fct) SCH dt .
"

- Dirac is the derivative of the Heaviside function
SCH = w

'

ft)



Theory
. Convolution tilt) :-# * g) (t) -- §fCJ)gCt - I)dJ .
• Convolution theorem

LCS *g) =L Cf) . Llg) -- Ils) . Sls)

f- * g = L
" ( Ffs) - Scs)) .

• Application to non- homogeneous ODE ,

e.g. compute L
- ' ( R Cs) QCs))

Skills :

• Compute Laplace transforms via integration by parts,
shift theorems , transformation of integrals and
derivatives ,

convolution theorem

• Solve 1st and 2.hd order ODES ,
in particular

whew step functions or 8 is involved
.



2.Fourier semis

problem : . Represent or approximate periodic functions
via orthogonal systems { 4h3W .

• Application to PDEs ow bounded domain's .
Theory :

• Scalar product for complex functions

< f , g) : = & fix) GI) DX
. Norm Hf H - LEFT

• orthogonal system { ofw}w .

Lolwi low) = 0 if u t me ,
< oh , low) = Holm IT to the

° Orthonormal system
o if ht m

< Gw , dm) = Swm = {
, is w -

- w
.

• Examples : ow [-I ,I] : seeing
W NEK I

{ 13 u { cos wife
,
u { siwwx 3!

, .

• Application of Sram - Schmidt orthogonalaction
methods to generate orthogonal / orthonormal system.



• ( Abstract) touter coefficients Cw : = Lf i low) - ' cuff)
• Best approximation theorem for general f and

finite orthonormal system { ¢w3u? , i

w

wa) : = 2- cuts) low (x)
"I [Found coefficientsw

gu) i - Z du fuk)
"= ' [ arbitrary coefficientsThew

H f - hill t H f - g H

• Bessel's inequality
• general and trigonometric Fourier semis
( complex and seal)

• Convergence theorem for trigonometric Fourier sends

• Transformation between complex and seal Fourier series
• trigonometric touchier kue's on intervals [a.b] .
• Even and odd extensions of f and their
Fourier semis ⇒ important for PDEs later.

• Paneoal's identity & applications ( computation
of the value of some semis

Example : x u 2 Ei
,

' sinus ⇒ Into = II



Skills :

• Compute teal and complex Fouuei gene's to gioew function
! Be able to orthogonal're given set of functions

• Compute best approximations



3.Fomin transform

Robben : . " Similar " analysis of how - periodic functions
as we did for periodic functions

• Application to PDEs on unbounded domains
Theory :
Definitions : f : ④→ ④ ( or E)

FCS) Cw) :-. at JoofK) e-
""

dx = : flw)
N

F
-' (g) (x) tap fog(w) e'

'

"

dw = : JK) .
• Linearity
• tower inversion theorem

f- Ce) = F-
' CI)

• Convolution f * g (x) is §!f (g)g(x-g)dy
• Convolution theorem

F Cf * g) = Ff Fff) Ffg)
• Differentiation I Cf' ) = i w FCS)

.

Last two theorems important for soloing PDEs .
Skills :

• Compute I and F
'

! also by applying convolution
and digsuewtiakow theorem .



4
.
Heat equation

Problem Hashi : Solve the heat equation
ofakit) - c

'
Suk

,
t) -- flat) xer

,
t >O

ou various domains ( bounded and unbounded) I
subject boundary conditions and initial condition
w ( x ,O) = wok) .

• Various boundary conditions possible
- Dirichlet b.c.w Cx ,t) = u

,
Cat) t EOR

-
Neumann b. c E Dw in = guk ,

t) x ear

- Robin b. c .
EDw .I t k (w - wa) = O X EOD

.

• Theory i cha -

- taw
• that equation ow Ead) : {I I t) !? b - c '

- Separation of oaiables ansate
ace it) = F Cx) SH) leads to

⇒ g
' ft)

q,
=
FYI to find a particular solution
Ice)

- Analysis koeds that i B 20

Ice) = A cosTx t B siw THX z

- Dirichlet b.c . ⇒ A --O , B --CLI) z

- Solve now for Sct) ,
which for each B = ( YET)

gives a solution : guilt) = e- CITI't .

- Now superimpose Gw to generate solution for general f .



Theorem
The beat equation problem

{fetch. If II?o Homogeneous Dirichlet condita

w ex ,o) - f Cx) 3mohomogeneous initial conditions

" ""



• Heat equation on infinite rod
- Use Fourier trainform to transform ④DE

with respect to x ⇒ leads to ODE

ofoil wit) = - c
'
w
' ie (wit)

- Soloing ODE gives
✓ ( w

,
o) -- Acw) e

- c
'
w't

- Julia condition
oilwot) = Al w) = I lw) .

- Convolution theorem for F gives

a kit) - Ifp f * F'
' ( e-
" w't )

.

- f * Cc!⇒i¥y
Define Heat kernel by

StkkgCat) = Emt e-
¥

,

then alert) - (f * get) K) .

- that head is aw
"

approximation of
unity

"

, appweimaales 8 - function for t-soo.



- Theorem2
The beat equation ow x- axis with initial condition

uCkO) - fCe)

gawbesoloedby-uu.tl#*sedkI--IooscvctE,iiEEI
and we leave that

thing w Kit) = f Ce) .



• Laplace equation in a rectangular domain
- stationary webion of heat equation
when Qu -

- O K t C equilibrium) .

Of ke t Djw = O t b.c
.

he= f

" was. . o
w (x, b) = f Ce)

4=0

- Same idea Separation of variables
leads to

uceys-e~E.nuukid-IAusiwwnig-siu.CI#a
\

with Au=(siwwnTbJ!I.&fCe)siwCIx)d#Taaa



• Laplace equation in the half -plane

• I = { (x ,y) E R
'

: y z 03

• Want to solve Of w toga = O l)

ii.wash * on

-(exo) = fee) with Lisa
.

feel = 0.3)

• Fouuir transform technique leads to

"

= (f * Pg) K)

Pyle) = ¥ gate is the Poisson Teruel for
the upper Bdf space .



Skills :
• Solve heat and Laplace equation
ow bounded and unbounded domains

using separation of variables , Fourier semis
and Fouuir transform techniques

• Understand how to incorporate
Various boundary conditions and initialconditions in solution procedures .



5. Wave equation
Problem I Taste :

2

oink ,
t) = c dialect ) x c- Cad) ,

t > O
.

+ Dirichlet b. c. uco , t ) = uld , t) = 0 .

• We heed also some initial condition .

i. c
. I ucx

,
O ) = f. Ce) ( initial displacement) .

i. c.I face , O) = gk) (initial velocity ) .

Theory l techniques :
• Techniques similar to beat equation
• Solution on interval via Separation of variables
Theorem 1
The wave equation of the form II bas the solution

ucxit) -- Ii
,
# coseight t Bws in cyIt)siwhLIx

""

:÷÷i÷::÷÷÷:



. Solution ow x - axis

• d
'

Alembert 's ansate:

uk
,
t) = 4 ( x tot) t y Cx - ct )

leads to

Theorem 2

The problem

{
E' wCat) = EauCat l x er

,
t > o

uCx
,
O) = f Ce) i. c.I

OtakiO) = gce) i
. c . I

has the solution

ucx.tl-zffktct-fv-cthttz.fi?!gcy)dg
• Skills : similar as for the Beat equation ,

being able to solve wave equation ow
tfouuded and unbound intervals via Separation of variables,
univ semis or d

'
Alembert .


