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In the exam one could obtain 100 points and the exam was graded using the usual
grading scheme, i.e.

A B C D E F

100-89 88-77 76—65 64-53 52—41 40 and less
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Problem 1. (Interpolation, 12 points)

Consider the data points
xi |-2 0 1
f)| 2 2 4

a) Use Lagrange interpolation to find the polynomial of minimal degree interpolating
these points. Express the polynomial in the form p,(x) = a,x" + - - - + a1x + ao.

b) Determine the Newton form of the interpolating polynomial and express the
resulting polynomial in the form p,(x) = a,x" + - - - + a1x + ay.

c) Now add the data point (x3, f3) = (2, 6) and compute the resulting interpolation
polynomial for the given 4 data points.

Solution.

a) Lagrange polynomial and resulting interpolation polynomial for the first 3 data

points:
x(x—1
L)
le_(x—l)(x+2)
2
Lzzx(x+2)
3
- 2
Pz(x):x(le)—(x—l)(x+2)+w:2%4.4%4.2

b) The Newton polynomials for the first three data points are

0)0:1
w=x+2
wy; =x(x+2)
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The divided difference table is given by

Xi ‘ f (i)
-2 2
0 2 0

1| 4 2 2/3

and thus the interpolation polynomial in Newton form is

2x 4x
Pz(x):2'1+0~(x+2)+2/3-x(x+2):T+?+2
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c) We compute the interpolation polynomial in Newton form which only requires to
extend the divided difference table from a) accordingly using the 4th data point.

Xi f(xi)

-2 2

0 2 0

1 4 2 2/3

2 6 2 0 -1/6

The 4th Newton polynomial and final interpolation polynomial are given by

w3=x(x-1)(x+2)

p3(x)=2-140-(x+2)+2/3-x(x+2)—-1/6 - x(x—1) (x+2)

2 x* s5x
=+ T+ 42
6 2 3
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Problem 2. (Quadrature, 8 points)

a) Given are the quadrature points xy = —2, x; = 0 and x, = 1. Determine cor-
responding weights wy, w; and w; such that the quadrature rule Q[ f](-2,1) :=
1.2:0 w; f (x;) has at least degree of exactness 2 on the interval [-2,1].

Hint: You might want to solve Problem 1 first to save you some time.

b) Imagine you have a composite quadrature rule CQ[-; h]. Here h denotes the
length of the subintervals used the composite quadrature rule. Now you perform
a convergence study using the function f(x) = cos(x) + sin(x) on the interval
[0, 1] and you obtain the following table

h | 05 025 0125 0.0625
E(h) | 0.8192 0.0513 0.0032 0.000201

where E(h) = fol f(x)dx — CQ[f;h] is the quadrature error as a function of h.
What convergence rate do expect for the composite quadrature rule to have and
why?

Solution.

a) We need to compute the Lagrange polynomials Ly, L; and L, associated with the
quadrature points xo, X1, x2. Then w; are determined by

1
a)i:/ Li(x)dx
-2

Note that we had the same points in the Problem 1, so we do not need to recompute
L;, we only need to integrate the computed Lagrange polynomials

wo:/j@dng/zl

2

1 J—
wlz—/_Zde:Wél

1
2
m:/ x(x+2)

2 3

b) For each bisection we observe that the error is reduced by a factor of 16 = 24
thus the convergence order seems to be 4.
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Problem 3. (Nonlinear Equations (Newton’s Method), 10 pts)

We consider the following two functions,

x43, x>0

—|x[*3, x <o,

filx) = {

and

Vx, x>0

2(X) =
f2(x) {— |x], x<0.

Both functions have a root at x, = 0. Now apply Newton’s method to both functions to
approximate the root x, numerically. For each function, determine whether Newton’s
method converges and if this is the case, determine the convergence order and an
interval for possible starting values.

Solution.
We have
, ix, x>0
R =41,
V=X, x< 0
Newton’s method yields
N fla) 1xk
+1 — Y - >
) 4

for x # 0. In this case, Newton’s method converges only lineary to zero, i.e.,
k41 — O] < c|xg — 0

with 0 < ¢ < 1. Therefore, the method converges for any starting value in R.
For the second function, we have f; (x) = #' for x # 0. Using Newton’s method, we
X

24/Ix|
Xiea1 = X — 2VXpe VX = =X,

get for x; > 0

and for x; < 0
Xyl = Xp + 2 =X\ —Xp = —X.

This means that the sequence jumps with x;, = xo and x3,41 = —x¢. Hence, Newton’s
method does not converge for f,, which means that no interval of convergence can be
determined.
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Problem 4. (Nonlinear Equations (Fixed Point Theory), 12 pts)
Let the sequence (x;) be defined by
neN,

3x, +1
2x, +1

Xn+1 =

with the starting value x := 1.

a) Check whether the sequence (x,,)neN is convergent and, if so, compute the limit
0

value x := lim x, .

n—oo

b) Determine an upper bound for |xs — x| without calculating xs.

Solution.

a) The elements of the sequence lie obviously all in Rf. The given sequence is an
iteration sequence to the fixed point equation

_3x+1

X = bl
2x+1
N——

f)

—+
x € Rj.

Here we can directly compute the solutions of x = f(x), which must be in R}:

3x+1 2 2
x = S 2x+x=3x+1 & ’2x —2x-1=0
2x +1
x

_2xvVirz-2-1 | ;(1+V3)€Ry
22 7(1-V3) ¢ Ry

If the sequence converges, we have:

n—+oo

1
lim x, = 2 (1+ V3) = %.

With x € R§, it holds f(x) € Rg.
Therefore: f(R]) € R.
However: In Rf, we have:

C3(2x+1) - (3x+1)2 1 0
B (2x +1)2 T x+)?

f'x)
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Therefore: f'(x) = 1for x = 0. Therefore, we consider f only on D := [1,+co[. It
2

1
holds f(D) € D, as f(x) > 1forall x > 0, and f’(x) < 3 for x € D. Thus, we
can use the Banach-fixed point theorem: x is a limit point of the given sequence.

5 5
x; — x| (1 3(1
|1_10|(§) :5(5) ~ 6.35066 - 10~°.

b) |xs — x| <
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Problem 5. (Laplace transform, 12 points)
a) Find y(t), t > 0 such that y(0) = 0 and
! 1
/ V' (t—u)y(u) du = —t*.
0 6

b) Let a > 0 be given. Compute the inverse Laplace transform of

—3a-2(s+1)

FO = Gins-2)

c) Solve the initial value problem

Y=y -2y=0
y(0) = -2
y'(0) = -1

using the Laplace transform.

Hint: You might want to solve b) first.

Solution.

a) We set Y(s) = L(y(¢)) and obtain that 1P)
L(y'(t)) =sY(s) — y(0) = sY(s)

Taking the Laplace transform of the given equation, we can use that the left hand
side is a convolution. We obtain

1 124 4
Y Y = - t4 = - = —
SYOY(s) = = LG = 255 =
We can divide by s to obtain 1P)
4
(Y(5)2 = =
s
So we obtain 1P)
/ 4 2
Y(S) = 3_6 = is—3
Taking the inverse Laplace transform we obtain 1P)

y(t) = =t
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b) We perform a partial fraction decomposition (2P.)

_ —3a-2(s+1) -3a-2-25 A B
TG D=2 G+D)-2) s+1 s-2
:A(s—2)+B(s+1) _s(A+B) +(B-2A)

F(s)

(s+1)(s—2) (s+1)(s—2)
So we obtain B — 2A = —3a — 2 and A + B = -2 and hence we get A = a and
B=-A-2=a-2. 1P)
We obtain from F(s) = 5 — f_Lg that (2P.)

f(t) = L7Y(F) =ae™" — (2+a)e*

c) We apply the Laplace transform to the ODE to obtain (2P)

s2Y(s) —sy(0) — y'(0) — sY(s) + y(0) — 2Y(s) = s*Y(s) + 25 + 1 — sY(s) — 2 — 2Y(s)
=(s*-5-2)Y(s)+25s—1=0
and hence 1P)

1-2s  3-2(s+1)
—s—2 (s+1)(s—2)

Y(s) = 2

which is the same as in the previous subproblem with a = —1, so we obtain (1 P.)

y(t) = —e " —e?.
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Problem 6. (Fourier Series, 14 points)

Let

Z_x for0<x<?Z
2 = 2°

xX) = x € |0, 1].
f) {0 for%ﬁxﬁn, [0, 7]

We consider the odd extension f;, the even extension f. as functions on [—x, 7). We
define g to be the periodic continuation of the even extension f..

a) Sketch the function f,. In the same plot, also sketch g on an interval of length of
at least 2 periods.

b) Compute the real Fourier series of g.

c) We denote the Fourier partial sum of the Fourier series from b) by S,,.
Let x € R be given. What value does the Fourier partial sum converge to, i. e.
what is the value of lim S,(x)?
n—oo

d) We denote by S/ (x) the derivative of the Fourier series from b), which is again a
Fourier series. Compute lim S;(0).
n—oo

Hint. It might be helpful to first think about what S;,(x) converges to as a

function.
Solution.
a) The sketch looks for example like (3P.)
7 AI(%)

| x
—2m 3 T _%ﬁ“‘ z T o

— 9(x)

_— A

where the important points are at %’T, k=-4,...,4.
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b) The Fourier coefficients are b, = 0 for n € N, since g is odd. (1P.)

For the ay, a, we can use the formula for even functions and compute (checking
for example the 2L periodic formula, then L = 7).

We obtain 1P)
2 [ 2 [ 2 1,15 2(nt
ao:—/ f(X)dx:—/ z—xdx:—[zx——xz]z:—(]T——”—):z.

T Jo TJo 2 mTl2 2 o m\4 8 4
For the remaining terms we compute (2P)
2 T
ap = —/ f(x) cos(nx) dx
T Jo
2 7
= — / (z — x) cos(nx) dx
T Jo 2

2

Z 2 2
= ——/ cos(nx) dx — —/ x cos(nx) dx
T2 0 T Jo

The first term we can just integrate and for the second we use integration by
parts (note that integrating the cos here does not introduce a minus) (3P)

2[x 2 2 1
- — [— sin(nx)] +— / 1- —sin(nx) dx
aTLn T Jo n

a, = [% sin(nx)]

1 nir 2( 1 nr 271 1 3
= —(sin(—) — sin(0 ) ——(—sin —) — 0sin(0 )+—[——cos nx]
n( (2) (0) T \2n (2) (0) ml n? ()o
1 . nrn 1 . nrn 2 nri
= — sm(—) + - sm(—) — —(cos —_— - 1)
n 2 n 2 n? 2
2 . ,nx 2 nr
= - sm(—) + —(cos— - 1)
n 2 n2 2

c¢) The function g is piecewise continuously differentiable and hence for every x the
Fourier partial sum converges to g. (2P)

d) The derivative of the Fourier partial sum is itself a Fourier series.

1 for -7 <x<0
Indeed it approximates g'(x) ={-1 for0<x <% ,x€ [-m,m)\{-7,0,%},
0 else

which is not defined for x € {—%, 0, Z} since g is not differentiable there. The
Fourier series however converges to the mean of the limits, so we get lim S, (0) =
n—oo

0. (2P)
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Problem 7. (Fourier Transform, 8 points)

Use the Fourier transform of f(x) = e™*

h(x) = e o2

Solution.

We can use the convolution theorem

h(w) = V274(0) - §(0) = V2r(f(w))?

X

g(x) =e? ‘. ie. the given function f with a = 2.

w2

K3

From the formula sheet we know g§(w) = %e

So we obtain for h

N 1 _0)\? 1 _o? 1 o?
h(w) :@(Ee_g) = V2m-e T = S\r—e T

2
4 4 2
with is up to the first two factors the function f witha =1
o) = 17

2

and hence h(x) = \/TEe_x .

,a>0,to compute a closed form of

(2P.)

aP)
1P)

(2 P)

aP)

1P)
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Problem 8. (Numerical Methods for Ordinary Differential Equations, 12 points)

To solve a general first-order ordinary equation of the form

y'(t) = f(t,y(t)) fort>ty, y(to) = yo

numerically, we consider the explicit Runge-Kutta method known as Ralston’s method
with 3 stages which is given by the Butcher tableau

o]lo o0 o0
/2112 0 0
3/4| 0 3/4 0

12/9 1/3 4/9

a) Determine the consistency order of this Runge-Kutta method.

b) Now complete all gaps indicated by ... in the following Python code snippet to
provide an implementation of Ralston’s method. Assume a uniform time-step
size. Arguments passed the rkm function argument are

 y0: initial value

t0Q : initial time

T : final time

f : right-hand side of the ordinary differential equation

Nmax: number of time-steps

import numpy as np

def rkm(ye, to, T, f, Nmax):
ts = [to]
ys = [yo]
dt =

while (ts[-1] < T):

t ’

k1
k2
k3

ys.
.append(...)

ts

return

y = ts[-1], ys[-1]

append(...)

np.array(ts), np.array(ys)
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c) Next, consider another explicit Runge-Kutta method, this time given by the

Butcher tableau
0 0 0 0

1212 0 o0
3/4] 0 3/4 0
1]2/9 1/3 4/9 0
7/24 1/4 1/3 1/8

S O O

This Runge-Kutta method is known to have consistency order 4 and can be
combined with Ralston’s method to devise an adaptive Runge-Kutta method.
Write down the final Butcher tableau for the resulting adaptive embedded
Runge-Kutta method and give a short explanation of how you found the final
Butcher tableau.

Solution.

a) A general Runge-Kutta method is described by the tableau

¢i|an 42 ... d4is
C2 | d21 A2 ... Qs
Cs | As1 Qg2 ... Qg

by by, ... b

and the order p of consistency can be determined by verifying the conditions below
(see formula sheet):
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Page 15 of 21
P Conditions
N
1 Z bi =1
i=1
d 1
2 Z bici =3
i=1
o 2 _ 1
3 2 bici® = 3
i=1
N N 1
2 X biaijej = ¢
i=1j=1
: 3
4 Z bicl )
i=1
S S
Z Z bicialjcj =3
i=1j=1
S S
2 Z biaijcj® = 5
i=1j=1
S S S 1
)y biaijajkck =5
i=1 j=1k=1

The method will be consistent of order p if, and only if, all conditions up to the p-th
row are fulfilled. For Ralston’s method, we have

i=1
. 4 3
Zbicl X0+=-X—-4+=-X-=-
2 9 4 2
i=1
2 2

1 1 4 3 1
Zb,clzz—x02+—x -+ 2x(2] =2
. 3 2 9 4 2
i=1
N N

Z Z biaijc; = by(ancy + aizcz + aizcs) + ba(agicr + agzcy + azsces) + bs(asicr + aszey + asscs)
i=1 j=1

2 1/(1 4 3 1 3 1
==—X0+-|=X0]+=-|0X0+-X-4+0X— -
9 312 9 4 2 4

3 3
2 1 1 4 3 11
biCi3:—X03+—X -] +=X|=-] =— #
9 3 2 9 4 48

N

e

i=1

Therefore, the method is third-order consistent.
b)
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import numpy as np

def rkm(yo, to, T, f, Nmax):

ts = [t0o]
ys = [yo]
dt = (T-t0)/Nmax

while (ts[-1] < T):

t, y = ts[-1]1, ys[-1]
k1 = f(t,y)
k2 = f(t+1/2xdt,y+1/2xdt*k1)

k3 f(t+3/4xdt,y+dt*x3/4%k2)

ys.append(y + dt/9*(2xk1+3xk2+4xk3))
ts.append(t + dt)

return np.array(ts), np.array(ys)

c) For any given Butcher coefficients ¢4 and {ay4 j};%:l, Ralston’s method can formally
be written as a 4-stage Runge-method by simply setting the 4th weight b4 to 0, thus
ignoring any information from the 4th stage computation. Thus the 3rd order 3 stage

Ralston method
0 0 0 0

/2112 0 0
3/4| 0 3/4 0
12/9 1/3 4/9

is equivalent to
0 0 0 0
1212 0o o0
3/4] 0 3/4 0
1 12/9 1/3 4/9
2/9 1/3 4/9

S| O O O

Combining this table with the 4th order table from c) we obtain the final Butcher tableau
for the embedded Runge-Kutta method:

ol o o o0 o0
1212 o o o
3/4] 0 3/4 0 0
1]2/9 1/3 4/9 0
2/9 1/3 4/9 0
7/24 1/4 1/3 1/8
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Problem 9. (Heat equation, 12 pts)

Consider the following heat equation
ur(x, 1) = upe(x,t), t>0,x € (0,4rn)
with boundary conditions
u(0,t) =u(4mt)=0, t>0
and initial condition
u(x,0) = max {0, —sin(x/2)}, x € (0,4r).

a) Show that the Fourier sine series solution of this above heat equation with
boundary conditions is

- = nx\ _ctn?
u(x,t) = Z up(x,t) = Z By, sin (Z) e
n=1 n=1

with real numbers B, n > 1, by using the separation of variables method.

b) Compute the Fourier sine series solution of the above heat equation with the
given boundary conditions and initial conditions. Write down the three first
non-zero terms of the solution.

Hint: You may use the following identities:

sin(a + b) sin(a — b) = sin®(a) — sin?(b) (1)

sin?(kx) dx = X M + constant for some k e R.  (2)
2 4k

Solution.

a) We set
u(x,t) = F(x)G(t).

This gives
F(x)G'(t) = ¢*F" (x)G(1).
Separation of variables leads to

G/ B F//
G F°
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As the left-hand side depends only on t and the right-hand side only on x, both
fractions must be equal to a constant, say k. For k > 0 we get the trivial solution
u = 0. Therefore, k < 0, and we set k = —p®. We get the two ODEs:

F’ +p*F =0
G +c*p*G = 0.
The first ODE has the general solution
F(x) = Acos(px) + Bsin(px).
Using the boundary conditions, we get
u(0,t) = F(0)G(t) = 0 = u(4m, t) = F(41)G(t).

This gives F(0) = F(4x) = 0, as otherwise we would get G(¢) = 0. Then
F(0) = A = 0 and F(4r) = Bsin(4pr) = 0 with B # 0, thus p = = = 7,
n=12,.... We can set B =1and obtain F,(x) = sin (Z). The second ODE has
the form (with p = )

G +c*p*G =G + (cn/4)*G = 0.
Its general solution is
Gn — Bne—(()n/4)2t
Hence (for n =1,2,3,...), the function

un(x, t) = FnGn = Bn sin (%) e—(cn/4)2t

solves the heat equation with the given boundary conditions. Therefore (i.e.
because of the superposition principle), the series

- = nx c%n?
u(x,t) = E up(x,t) = E By, sin (T) e 6
n=1 n=1

is also a solution of the problem.

b) The solution of the problem is

(9]

= nx ?n?
u(x.t) = ) un(x,t) = ) Bysin (=) e
n=1

n=1
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The initial condition gives

u(x,0) = ; up(x,t) = ; By, sin (%) = max(0, — sin(x/2))
o if 0 < x < 27,
| =sin(x/2) if2r <x <d4rx
with
2 4
B, =— max (0, —sin(x/2)) sin (E) dx
4 0 4

1 4
= —/ —sin(x/2) - sin(nx/4)dx.
2w 2r
For even n, this is zero (shift interval around zero and cf. lecture)

no:dd—_l_/4”sin((n+2)x_(n—2)x)'sin((n+2)x+(n—z)x)dx
2 Sy 8 8 8 8

-1 4 n+2 -2
é) — / sin® x| — sin® n x| dx
27 Jor 8 8

1 [f _sin((n+2)x/8) _x _sin(2(n- z)x/s)r”

—

—
N
~

o n+2 n—2
2m |2 45 2 455 .

_ 1 [Sin«n —2)x/4)  sin((n+2)x/4) r”

T n-2 n+2 o

e N i

o n-—2 n+2 |’
where we only needed the lower integration bounds in the last step. Therefore,
we have

Bi=_> By=0, By=—, By=0, Bs=_—
1_37_[: 2 =Y 3_5]1', 4 — Y, 5_2177::-~-
Finally, we have
u(x, t) = Z Uy (x,t) = Z B, sir1(nx/4)e_cznzt/16
n=1 n=1

8 (_ sin(x/4) TN sin(3x/4) -9t /16 _ sin(5x/4) 6,

T 3 5 21
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Formula Sheet. TMA4125/30/35 Matematikk 4N/D, Summer 2022.

Fourier Transform. The Fourier Transform f = F(f) and its inverse f = F!(f) are

f ! N TOX 4y an x) = _1Ax:L OOAa)ei”xa)
f(w)—f(f)(w)—ﬁf_mﬂx)e & and  fG0)=F (D) m/_mf() d

Laplace Transform. The Laplace transform F(s) of f(t), t > 0, reads

F(s) = /Oooe_”f(t) dt

List of Fourier Transforms. List of Laplace Transforms.
f(x) f(w) f(@) F(s)
s
e—ax’ Le—’ff—j cos(wt) —
VZ2a s2 + w?
in(ot) .
v [ e
€ 2+ g2
Tw?+a s
cosh(wt) -
_ s?—w
1 p 0 e dlel
———— fora > — ) ®
x? + a? 2 a sinh(wt) -
s?—w
i I'(n+1
1 for|x|<a \/Esm(a)a) i ( ' ), see Note(@
0 otherwise. T $
ot 1
s—a
f(t—a)u(t—a) e *F(s)
6(t —a) e %
(@) where for n € N we have I'(n+1) = n!
Trigonometric identities.
« cos(a+ ff) =cosacosf—sinasin f§ « 2sinacos ff = sin(a + f) + sin(a — f)
« sin(a + f) = sina cos  + cos a sin « 2cosasin ff =sin(a + f) — sin(a — f)

« sinacosff = %(sin(a - p) +sin(a + f))

2 cosacos f = cos(a — f) + cos(a + ff)

o cos(2a) = 2cos?(a) —1=1-2sin’(a) « 2sinasinfB = cos(a — B) — cos(a + B)

We also discussed the sinus cardinalis sinc(x) = *=*.

Fourier Series. For a 27-periodic function f we can write

f~ Z creld* = ?O + Z a, cos(nx) + by, sin(nx)
k:—OO n=1
with coeflicients
1 4 1 T
an:—/ f(x)cos(nx)dx, n=0,12,..., bn:—/ f(x)sin(nx)dx, n=12,...,
T J_x TJ-rn

1 T :
= — / f(x)e ™ ™ dx, keZ
21w J_,
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Order conditions for Runge-Kutta methods

P Conditions
S
1 Z bi =1
i=1
c 1
2 ' b,’C,‘ = 2
i=1
S 2 _1
3 2 biei® =3
i=1
S S 1
2 2 biaijej = ¢
i=1j=1
S 3_1
4 2 bici” = ¢
i=1
s S 1
2 2 biciaijej = B
i=1j=1
s S 9 1
2 2 biaijej” = 33
i=1j=1
N S

1
2 2 X biaijajeek = 55

s
i=1 j=1k=1




