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Fourier Transform. The Fourier Transform 𝑓 = F (𝑓 ) and its inverse 𝑓 = F −1(𝑓 ) are

𝑓 (𝜔) = F (𝑓 ) (𝜔) = 1
√
2𝜋

∫ ∞

−∞
𝑓 (𝑥)e−i𝜔𝑥 d𝑥 and 𝑓 (𝑥) = F −1(𝑓 ) (𝑥) = 1

√
2𝜋

∫ ∞

−∞
𝑓 (𝜔)ei𝜔𝑥 d𝜔

Laplace Transform. The Laplace transform 𝐹 (𝑠) of 𝑓 (𝑡), 𝑡 ≥ 0, reads

𝐹 (𝑠) =
∫ ∞

0
e−𝑠𝑡 𝑓 (𝑡) d𝑡

List of Fourier Transforms.

𝑓 (𝑥) 𝑓 (𝜔)

e−𝑎𝑥2 1
√
2𝑎

e−
𝜔2
4𝑎

e−𝑎 |𝑥 |
√︂

2
𝜋

𝑎

𝜔2 + 𝑎2

1
𝑥2 + 𝑎2

for 𝑎 > 0
√︂

𝜋

2
e−𝑎 |𝜔 |

𝑎{
1 for |𝑥 | < 𝑎

0 otherwise.

√︂
2
𝜋

sin(𝜔𝑎)
𝜔

List of Laplace Transforms.

𝑓 (𝑡) 𝐹 (𝑠)

cos(𝜔𝑡) 𝑠

𝑠2 + 𝜔2

sin(𝜔𝑡) 𝜔

𝑠2 + 𝜔2

cosh(𝜔𝑡) 𝑠

𝑠2 − 𝜔2

sinh(𝜔𝑡) 𝜔

𝑠2 − 𝜔2

𝑡𝑛
Γ(𝑛 + 1)
𝑠𝑛+1

, see Note(𝑎)

e𝑎𝑡 1
𝑠 − 𝑎

𝑓 (𝑡 − 𝑎)𝑢 (𝑡 − 𝑎) e−𝑠𝑎𝐹 (𝑠)

𝛿 (𝑡 − 𝑎) e−𝑠𝑎
(𝑎) where for 𝑛 ∈ N we have Γ(𝑛 + 1) = 𝑛!

Trigonometric identities.

• cos(𝛼 + 𝛽) = cos𝛼 cos 𝛽 − sin𝛼 sin 𝛽

• sin(𝛼 + 𝛽) = sin𝛼 cos 𝛽 + cos𝛼 sin 𝛽

• sin𝛼 cos 𝛽 = 1
2
(
sin(𝛼 − 𝛽) + sin(𝛼 + 𝛽)

)
• cos(2𝛼) = 2 cos2(𝛼) − 1 = 1 − 2 sin2(𝛼)

• 2 sin𝛼 cos 𝛽 = sin(𝛼 + 𝛽) + sin(𝛼 − 𝛽)
• 2 cos𝛼 sin 𝛽 = sin(𝛼 + 𝛽) − sin(𝛼 − 𝛽)
• 2 cos𝛼 cos 𝛽 = cos(𝛼 − 𝛽) + cos(𝛼 + 𝛽)
• 2 sin𝛼 sin 𝛽 = cos(𝛼 − 𝛽) − cos(𝛼 + 𝛽)

We also discussed the sinus cardinalis sinc(𝑥) = sin𝑥
𝑥

.

Fourier Series. For a 2𝜋-periodic function 𝑓 we can write

𝑓 ∼
∞∑︁

𝑘=−∞
𝑐𝑘ei𝑘𝑥 =

𝑎0
2 +

∞∑︁
𝑛=1

𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥)

with coefficients

𝑎𝑛 =
1
𝜋

∫ 𝜋

−𝜋
𝑓 (𝑥) cos(𝑛𝑥) d𝑥, 𝑛 = 0, 1, 2, . . . , 𝑏𝑛 =

1
𝜋

∫ 𝜋

−𝜋
𝑓 (𝑥) sin(𝑛𝑥) d𝑥, 𝑛 = 1, 2, . . . ,

𝑐𝑘 =
1
2𝜋

∫ 𝜋

−𝜋
𝑓 (𝑥)e−i𝑘𝑥 d𝑥, 𝑘 ∈ Z.


