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Motivation
Equation of motion
We want to find θ(t) fulfilling the following initial value problem:

θ′′(t) = −g

L
sin θ(t),

θ(0) = θ0,

θ′(0) = 0

We cannot solve this equation analytically!

Linearisation
For small θ, we have sin θ ≈ θ, so that

θ′′(t) ≈ −g

L
θ(t) ⇒ θ(t) ≈ θ0 cos

(√
g

L
t

)
For angles larger than 5◦ this is very inaccurate!
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Introduction
First-order ODEs

y ′(t) = f (t, y(t)), y(0) = y0

Examples:

I f (t, y) = 3y (linear, autonomous ODE)
I f (t, y) = t3 − 2y (linear, non-autonomous ODE)
I f (t, y) = 1− y2 (nonlinear, autonomous ODE)
I f (t, y) = 1 + t2

√
y (nonlinear ODE)
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Introduction
First-order ODE systems

y ′ = f (t, y), y(0) = y0

The iodine clock reaction

H2O2 + 3I− + 2H+ k1−→ I−3 + 2H2O

I−3 + 2S2O
2−
3

k2−→ 3I− + S4O
2−
6

Rate laws:

x ′ = −k1x
3 + 3k2yz

2

y ′ = k1x
3 − k2yz

2

z ′ = −k2yz
2
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Introduction: higher-order ODEs
Pendulum equation

θ′′(t) = −k sin θ(t), θ(0) = θ0, θ
′(0) = 0

Let’s rewrite this equation:

y1 = θ, y2 = θ′

y2
′ = −k sin y1

y1
′ = y2

We then get a first-order autonomous system:

d
dt

(
y1
y2

)
=

(
y2

−k sin y1

)
⇒ y ′ = f (t, y), y(0) =

(
θ0
0

)
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Euler’s method

y ′(tn) = f (tn, y(tn))

Approximating the derivative:

y ′ ≈ ∆y
∆t

, that is, y ′(tn) ≈ 1
h

[y(tn+1)− y(tn)]

This gives us Euler’s method:

yn+1 = yn + hf (tn, yn)

n = 0 :

y1 = y0 + hf (t0, y0)

n = 1 :

y2 = y1 + hf (t1, y1)

...
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Euler’s method: example

y ′ = 2 + 2−t − sin (0.25πy)︸ ︷︷ ︸
=f (t,y)

, y(0) = 2

We must define a time-step size: h = 0.5 (for example).
Remember the algorithm: yn+1 = yn + hf (tn, yn)

n = 0 :

y1 = 2 + 0.5×
[
2 + 2−0.0 − sin (0.25π × 2)

]
= 3

n = 1 :

y2 = 3 + 0.5×
[
2 + 2−0.5 − sin (0.25π × 3)

]
= 4
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Heun’s method

y ′(t) = f (t, y(t))

⇒
∫ tn+1

tn

dy
dt

dt =

∫ tn+1

tn

f (t, y(t)) dt
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Heun’s method

yn+1 = yn +
h

2
[
f (tn, yn) + f (tn+1, yn+1)

]

Issue: we would need yn+1 to compute yn+1 → implicitmethod!

Alternative: approximate f (tn+1, yn+1) using Euler’s method.

yn+1 = yn +
h

2

[
f (tn, yn) + f (tn+1, yEulern+1 )

]
This gives us Heun’s method:

yn+1 = yn +
h

2
[f (tn, yn) + f (tn+1, yn + hf (tn, yn))]
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Heun’s method: example

y ′ = 2 + 2−t − sin (0.25πy) , y(0) = 2, h = 0.5

First step:

I Evaluate f (t0, y0)

= 2 + 2−0.0 − sin (0.25π × 2) = 2

I Compute Euler step: yEuler1 = y0 + hf (t0, y0)

yEuler1 = 2 + 0.5×
[
2 + 2−0.0 − sin (0.25π × 2)

]
= 3

I Evaluate f (t1, y
Euler
1 )

= 2 + 2−0.5 − sin (0.25π × 3) = 2

I Compute y1 = y0 + h
2

[
f (t0, y0) + f (t1, y

Euler
1 )

]

y1 = 2 + 0.25× (2 + 2) = 3
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Heun’s method: example

y ′ = 2 + 2−t − sin (0.25πy) , y1 = 3, h = 0.5

Second step:

I Evaluate f (t1, y1)

= 2 + 2−0.5 − sin (0.25π × 3) = 2

I Compute Euler step: yEuler2 = y1 + hf (t1, y1)

yEuler2 = 3 + 0.5×
[
2 + 2−0.5 − sin (0.25π × 3)

]
= 4

I Evaluate f (t2, y
Euler
2 )

= 2 + 2−1.0 − sin (0.25π × 4) = 2.5

I Compute y2 = y1 + h
2

[
f (t1, y1) + f (t2, y

Euler
2 )

]

y1 = 3 + 0.25× (2 + 2.5) = 4.125
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Exercise

θ′′(t) = −g

L
sin θ(t),

θ(0) = θ0,

θ′(0) = 0
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Taylor methods

y ′(t) = f (t, y(t))

If y is smooth enough, we can write the Taylor expansion:

y(tn + h) = y(tn) + hy ′(tn) +
h2

2!
y ′′(tn) +

h3

3!
y ′′′(tn) + ...

Depending on where we truncate the series, we get different methods!

I First order: yn+1 = yn + hy ′(tn) = yn + hf (tn, yn) → Euler’s method!

I Second order: yn+1 = yn + hy ′(tn) + h2

2 y ′′(tn) = ?
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Taylor method of second order

yn+1 = yn + hy ′(tn) +
h2

2
y ′′(tn)

Chain rule:

y ′(t) = f (t, y(t)) ⇒ y ′′(t) =
df
dt

=
∂f

∂t
+ y ′

∂f

∂y
=
∂f

∂t
+ f

∂f

∂y

Taylor method of second order:

yn+1 = yn + hf (tn, yn) +
h2

2

(
∂f

∂t
+ f

∂f

∂y

)∣∣∣∣
(tn,yn)
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Taylor method of second order: example

y ′ = 2 + e−ty y(0) = 1, h = 0.25

Algorithm:

yn+1 = yn + hf (tn, yn) +
h2

2

(
∂f

∂t
+ f

∂f

∂y

)∣∣∣∣
(tn,yn)

y ′′ =
∂f

∂t
+ f

∂f

∂y
= −e−ty + (2 + ye−t)e−t =

[
2 + (e−t − 1)y

]
e−t

Finally:

yn+1 = yn + h
(
2 + e−tnyn

)
+

h2

2
[
2 + (e−tn − 1)yn

]
e−tn
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Accuracy test: sphere in free fall
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One-step methods

yn+1 = yn + hn Φ(tn, yn, yn+1, hn)︸ ︷︷ ︸
increment function

Explicit methods: Φ does not depend on yn+1.

I Euler: Φ(tn, yn) = f (tn, yn)

I Heun: Φ(tn, yn, h) = 1
2 [f (tn, yn) + f (tn+1, yn + hf (tn, yn))]

I Taylor: Φ(tn, yn, h) = f (tn, yn) + h
2

df
dt

∣∣∣
(tn,yn)

Consistency error

εn =

∣∣∣∣y(tn + h)− y(tn)

h
−Φ(tn, y(tn), y(tn + h), h)

∣∣∣∣
If εn ≤ Chp for h→ 0 ⇒ order p consistency
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−Φ(tn, y(tn), y(tn + h), h)

∣∣∣∣

If εn ≤ Chp for h→ 0 ⇒ order p consistency



18

One-step methods

yn+1 = yn + hn Φ(tn, yn, yn+1, hn)︸ ︷︷ ︸
increment function
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Consistency
Euler’s method

εn =

∣∣∣∣y(tn + h)− y(tn)

h
− f (tn, y(tn))

∣∣∣∣
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Consistency
Second-order Taylor method

εn =

∣∣∣∣y(tn + h)− y(tn)

h
−
[
f (tn, y(tn)) +

h

2
df
dt

]∣∣∣∣
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Consistency
Heun’s method

εn =

∣∣∣∣y(tn + h)− y(tn)

h
− f (tn, y(tn)) + f (tn + h, y(tn) + hf (tn, y(tn))

2

∣∣∣∣

y(tn + h)− y(tn) = hy ′(tn) + h2

2 y ′′(tn) + h3

6 y ′′′(ξn), tn ≤ ξn ≤ tn + h

f (t + h, y + δ) = f + h ∂f∂t + δ ∂f∂y + 1
2!

[
h2 ∂2f

∂t2
+ δ2 ∂

2f
∂y2 + 2hδ ∂2f

∂y∂t

]∣∣∣
(τ,ζ)

εn =

∣∣∣∣y ′(tn)− f (tn, y(tn)) + h
2

[
y ′′ −

(
∂f
∂t + f ∂f∂y

)]∣∣∣
(tn,y(tn))

+ (...)h2
∣∣∣∣

εn = O(h2)
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Convergence

Remember the definition of the consistency error:

εn =

∣∣∣∣y(tn + h)− y(tn)

h
−Φ(tn, y(tn), y(tn + h), h)

∣∣∣∣

Global error

εg = max
n=1,2,...,N

|yn − y(tn)|

Question
If a one-step method is consistent of order p,
does it also converge with that order?
Not necessarily!
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Convergence
Theorem
Let Φ(t, y , h) be the increment function of an explicit one-step method.

If there exists a positive constant A such that

|Φ(t, x , h)−Φ(t, z , h)| ≤ A |x − z | for all (t, h, x , z) (Lipschitz continuity)

and another positive constant B such that

εn ≤ Bhp (consistency)

then the global error satisfies

εg ≤ Chp, with C =
eAT − 1
A/B

Consistency of order p
+

Lipschitz continuity
=

Convergence of order p
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Convergence

εg ≤ Chp

How do we interpret this inequality?
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Lipschitz continuity

y ′ = f (t, y)

In general, we will have to verify if f (t, y) is Lipschitz.

Example: f (t, y) = y2 cos t

Important: all continuously differentiable functions are also Lipschitz
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Lipschitz continuity

Example: f (t, y) = t + |y |

Triangle inequality: |a + b| ≤ |a|+ |b|
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Lipschitz continuity

Example: f (t, y) = t + |y |
Triangle inequality: |a + b| ≤ |a|+ |b|
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Lipschitz continuity: Euler’s method
In general, we want to know if the increment function inherits the
Lipschitz continuity from the right-hand side function!

Increment function: Φ(t, y , h) = f (t, y)

Assumption: f (t, y) is Lipschitz continuous:

|f (t, x)− f (t, z)| ≤ L |x − z | for all (t, h, x , z)

⇒ It follows immediately that
Φ(t, y , h) is Lipschitz continuous
⇒ Therefore, since we’ve already seen that
Euler’s method is first-order consistent,
then it will also be first-order convergent
if f is Lipschitz!
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Lipschitz continuity: Heun’s method

Φ(t, y , h) =
1
2

[f (t, y) + f (t + h, y + hf (t, y))]

⇒ |Φ(t, x , h)−Φ(t, z , h)|

=
1
2

∣∣∣[f (t, x) + f (t + h︸ ︷︷ ︸
t̃

, x + hf (t, x)︸ ︷︷ ︸
x̃

)
]
−
[
f (t, z) + f (t + h︸ ︷︷ ︸

t̃

, z + hf (t, z)︸ ︷︷ ︸
z̃

)
]∣∣∣
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Lipschitz continuity: Heun’s method
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Convergence (?) study

Problem 1

v ′(t) = 9.81− 0.9v2(t), v(0) = 0

Exact solution:
v(t) = 3.3 tanh (2.9725t)

Problem 2

y ′(t) = 2
√
y , y(0) = 0

Exact solution: y(t) = t2

Issue: Lipschitz condition violated
for y = 0
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