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Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problem 1.

In this problem, we consider the numerical solution of the heat equation

𝑢𝑡 = 𝑢𝑥𝑥 for 0 < 𝑥 < 1 and 𝑡 > 0

with the initial condition

𝑢 (𝑥, 0) = 𝑓 (𝑥) for 0 ≤ 𝑥 ≤ 1

for some given 𝑓 : [0, 1] → R, and the mixed boundary conditions

𝜕𝑥𝑢 (0, 𝑡) = 𝑎(𝑢 (0, 𝑡) − 𝑔(𝑡)) and 𝜕𝑥𝑢 (1, 𝑡) = 0 for 𝑡 > 0,

where 𝑎 > 0 is some fixed parameter and 𝑔 : R>0 → R is some given function.

This models for instance the temperature in a thin, insulated rod, where heat transfer only is
possible through the endpoint at 𝑥 = 0. The function 𝑔(𝑡) describes the outside temperature,
and 𝑎 is the heat transfer coefficient at 𝑥 = 0.

a) Set up an explicit finite difference scheme for the solution of this PDE. The final scheme
should be written in the form

𝑈 0
𝑖 = . . . for 𝑖 = 0, . . . , 𝑀,

𝑈 𝑛+1
0 = . . . for 𝑛 = 0, 1, . . . ,

𝑈 𝑛+1
𝑖 = . . . , for 𝑖 = 1, . . . , 𝑀 − 1, and 𝑛 = 0, 1, . . . ,

𝑈 𝑛+1
𝑀 = . . . , for 𝑛 = 0, 1, . . . ,
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where the . . . consist of given and/or previously computed values.

b) Set up an implicit finite difference scheme for the solution of this PDE. The final scheme
should be written in matrix-vector form as

𝑈 0
𝑖 = . . . for 𝑖 = 0, . . . , 𝑀,

𝐶 ®𝑈 𝑛+1 = 𝐷 ®𝑈 𝑛 + . . . for 𝑛 = 0, 1, . . . ,

where 𝐶 , 𝐷 ∈ R(𝑀+1)×(𝑀+1) are matrices and . . . consist of given values.

c) Consider in particular the case where 𝑎 = 𝜋
4 , 𝑔(𝑡) = 0 for all 𝑡 > 0, and

𝑓 (𝑥) = cos
(𝜋
4
𝑥

)
+ sin

(𝜋
4
𝑥

)
.

Verify that the function

𝑢 (𝑥, 𝑡) =
(
cos

(𝜋
4
𝑥

)
+ sin

(𝜋
4
𝑥

))
𝑒−

𝜋2
16 𝑡

is a solution of the PDE with these boundary and initial conditions.

d) (J) Implement the schemes from parts a) and b), and test them for the initial and
boundary conditions of part c). Plot your numerical approximations for 𝑡 = 0, 0.1, 1.0,
and 5.0, and compare them with the exact solution.

Consider specifically your explicit scheme with step size ℎ = 0.1. For which time step
length 𝑘 (approximately) does the solution become unstable?

You may use the jupyter templates that are provided together with the exercise sheet.

Note: The main task in parts a) and b) of this exercise is to find a correct way of incorporating
the mixed boundary conditions in the numerical methods. You answer should include a detailed
explanation of how you treat these boundary conditions, both in the explicit and the implicit case.
The other steps in the discretisation, which are really the same as in the lecture / lecture notes
can be less detailed.
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Problem 2.

Use the Fourier transform to find the function 𝑢 (𝑥, 𝑡) satisfying the PDE

𝑢𝑡 = 𝑡𝑢𝑥𝑥 for 𝑥 ∈ R and 𝑡 > 0

with the initial condition
𝑢 (𝑥, 0) = 𝑒−

𝑥2
2 for 𝑥 ∈ R.

Problem 3.

Use the Fourier transform to find the function 𝑢 (𝑥, 𝑡) satisfying the telegraph equation

𝑢𝑡𝑡 + 2𝑢𝑡 + 𝑢 = 𝑢𝑥𝑥 for 𝑥 ∈ R and 𝑡 > 0

with the initial conditions

𝑢 (𝑥, 0) = sinc(𝑥),
𝜕𝑡𝑢 (𝑥, 0) = − sinc(𝑥)

}
for 𝑥 ∈ R.

Here the sinc function is defined as

sinc(𝑥) =

sin(𝑥)
𝑥

if 𝑥 ≠ 0,

0 if 𝑥 = 0.
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