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1 Introduction

In this note the finite difference method for solving boundary problems (BVPs) will be presented.

Before presenting the ideas, let us start with an example.

A chemical reactor example. Consider a chemical reactor, formed as a tube of length L. A chemical
compound A is injected into the reactor at a given concentration ug and flows with horizontal speed
v(x) > 0 along the reactor. We will also assume to know the efficiency factor € € [0, 1] of the reaction,
so that the concentration of A at the outlet is known: uy = (1 — €)ug. How can we determine the
concentration of A at some point x inside the reactor?
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Figure 1: The reactor
If the reaction is a decomposition of A into other species, we can for example have uni- or bimolecular
reactions:
1. First-order reaction: A — B + C, for example CHy — C + 2H3 (methane cracking).
2. Second-order reaction: 2A — B + C, for example 2NO3; — 2NO + Os.

Let us denote the concentration of compound A along the reactor as u(z), and assuming a steady state
problem, that is, nothing changes in time, these reactions can be modelled by the following BVP:

o' —vu' — ku" =0,
u(0) = wo, (known concentration at the inlet)

u(L) = ur, (known concentration at the outlet)

where the coefficients o, v and k are known, and n is the stoichiometric coefficient of A, we have n =1
for reactions A —+ B + C and n = 2 when 24 — B+ C.



When n = 1, the BVP is linear, and if further all the coefficients constants, this problem can be solved
analytically by means given in other calculus courses (and also later on in this course). If n > 1 or if
the coefficients are z-dependent, usually no analytic solution is available, and numerical schemes are
required.

In this note, the focus is constructing finite difference schemes for solving linear BVPs. Such a scheme is
composed from the following steps:

1. Discretize the domain on which the equation is defined.

2. On each grid point, replace the derivatives with an approximation, using the values in neighbouring
grid points.

3. Replace the exact solutions by its approximations.
4. Solve the resulting system of equations.

We will first see how to find approximations to the derivative of a function, and then how this can be
used to solve linear boundary value problems

v’ + p(z)u + q(x)u = r(z), a<x<b, u(a) = uq, u(b) =uy (1)

The technique described here is however applicable for nonlinear problems as well as for partial differential
equations, so please concentrate on understanding the underlying idea.

2 Numerical differentiation.

This is the main tool for finite difference methods.

Given a sufficiently smooth function f. How can we find an approximation to f’(x) or f”(x) in some
given point x, just by using evaluation of the function itself?

The derivative of of f is defined by

h—0 h

Given a sufficiently small value of h, the right hand side can be used an approximation to f/(z). A small
collection of the most used approximations to f’(x) is:

w , Forward difference,
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oh , Central difference.

The first one is taken directly from the definition, so is the second, and the third is just the mean of the
first two. A common approximation to the second derivative is
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Numerical example 1: Test the method on the function f(z) = sin(z) at the point 2 = 7. Compare
with the exact derivative. Try different step sizes, e.g. h = 0.1, h = 0.01, h = 0.001. Notice how the error
in each case change with h.


https://wiki.math.ntnu.no/tma4100/tema/differentiation?&#definisjonen_av_den_deriverte_gitt_som_en_grenseverd

2.1 Error analysis

In this case the error analysis is quite simple: Do a Taylor expansion (Section 4 in Preliminaries) around
x of the error expression. The Taylor expansion becomes a power series in h.

The expansion for the error of the forward difference is:
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where £ € (z,z + h).

The expansion for the error of the central difference is slightly more complicated:
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where the two remainder terms have been combined by the intermediate value theorem (Section 5 in
Preliminaries). The error for the approximation of the second order derivative can be found similarly.

The order of an approximation is p if there exist a constant C independent on h such that

le(h;z)| < ChP,
see Preliminaries, section 3.2.

In practice, it is sufficient to show that the power expansion of the error satisfies

e(x,h) = Cph? + CphP™ ... O, #0

The forward and backward approximations are of order 1, the central differences of order 2.

We are going to use these formulas a lot in the sequel, so let us just summarize the results, including the
error terms:



Difference formulas for derivatives:
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3 Two point boundary problems (BVP)

Given a two point boundary value problem:

' +p@)u +q@)u=r(), a<ax<bd  ula) =us  ud) = up,
where p, ¢ are given functions of x and the boundary values u, and u, are given constants.

A finite difference method for this problem is constructed by the following steps:
Step 1: Given the interval [a,b]. Choose N, let h = (b—a)/N and let z; = a+1ih,i=0,1,..., N.

Step 2: For each inner grid point z;, i = 1,..., N — 1, replace the derivatives by their approximations
in the BVP. The result is:

w(x; + h) — 2u(x;) +u(z; — h) u(x; +h) —u(z; — h)
h? 2h

for each i =1,2..., N — 1, and the term O(h?) represents the errors in the difference formulas.

+q(zi)u(z;) + O(h?) = r(z;)

+ p(z:)

Step 3: Ignore the error term, and replace the exact solution u(x;) by its numerical (and still unknown)
approximation U;:

Uit QhU;—’_UPl UlHThUHJrq(xi)UZ— = r(z;), i=1,...,N -1
This is the discretization of the BVP. If we know include the two boundary values as equations, the
discretization is a linear system of equations

+ p(z:)

AU =b,

where A er en N + 1 x N + 1 matrix and U = [Up,...,Ux|’. Or more specific, by multiplying the
equations by h? we end up with:

1 0
vi di wp
h
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The right hand side b is given by

b = [ug, h2r(z1),..., hzr(xN_l), ub]T.

Obviously, the first and last equations are trivial to solve, and is therefore often included in the right hand
side.

Step 4: Solve AU = b with respect to U.
Example 1: Given the equation

u” 4+ 2u — 3u = 9z, w(0) =u, =1, u(l)=u, =e >+ 2 —5=0.486351,

with exact solution u(z) = e=3% + 2¢® — 3z — 2.

Choose N, let h = 1/N. Use the central differences for «’ and u”, such that

u(z; + h) — 2u(z;) + u(x; — h) N 2u(xi +h) —u(z; — h)

2 o — 3u(z;) + O(h?) = 9z, i=1
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Let U; ~ u(x;). Multiply by h? on both sides, include Uy = u, og Uy = u; and clean the mess:

Up=1
(1 —h)Ui_y + (=2 =303 U; + (1 + h)Uiy 1 = 92,k i=1,---N—1,
Un = 0.486351

To be even more concrete, for N = 4, we get h = 0.25. The linear system of equations becomes

1 0 0 0 0 Uy 1.
0.75 —2.1875 1.25 0 0 Uy 0.140625
0 0.75 —2.1875 1.25 0 Uy | = 0.28125
0 0 0.75 —2.1875 1.25 Us 0.421875
0 0 0 0 1 U, 0.48635073

The first and the last equation is trivial to solve, so in practice you have a system of 3 equations in 3
unknowns,

—2.1875 1.25 0 U, 0.140625 — 0.75 - 1
0.75 —2.1875 1.25 Uy | = 0.28125 )
0 0.75 —2.1875 Us 0.421875 — 1.25 - 0.48635073

with the solution
U; = 0.293176, Us; = 0.025557, 0.093820.

For comparison, the exact solution in these points are:

u(0.25) = 0.200417,  u(0.5) = 0.020573,  u(0.75) = 0.089400.



3.1 Implementation

For simplicity, the implementation below is only done for BVPs with constant coefficients, that is p(z) = p
and g(x) = ¢. This makes the diagonal, sub- and super-diagonals constant, except at the first and the last
row. An extra function is included to construct matrices of the form A = tridiag{v, d, w}.

The implementation consist of
1. Choose N, let h = (b—a)/N and x; =a+ih,i=0,...,N.

2. Construct the matrix A € RVH1XN+1 and the vector b € RV, The matrix A is tridiagonal, and
except from the first and last row, has the elements v =1 — %p below the diagonal, d = —2 + h2q as
diagonal elements and w =1+ gp above the diagonal.

3. Construct the vector b = [by, ...,by]T with elements b; = h?r(z;) fori=1,...,N — 1.

4. Modify the first and the last row of the matrix A and the first and last element of the vector b,
depending on the boundary conditions.

5. Solve the system AU = b.

3.2 Boundary conditions

To get a unique solution of a BVP (or a PDE), some information about the solution, usually given on the
boundaries has to be known. The most common boundary conditions are:

1. Dirichlet condition: The solution is known at the boundary.
2. Neumann condition: The derivative is known at the boundary.
3. Robin (or mixed) condition: A combination of those.

In the example above, Dirichlet conditions were used. We will now see how to handle Neumann conditions.
Robin conditions can be treated similarly.

Given the BVP with a Neumann condition at the left boundary:
'+ p(a)u + q(z)u = r(z), a<z<b, u'(a) =ul, u(b)=up.

Here, u/, is some given value. In this case, the solution u(a) and its corresponding approximation Uy are
unknown, and we need some difference formula also for the point a = xy. The simplest option is to use a
forward difference

u(x1) —u(x Ui — U
;= ) —ulzo) 1)h @) yomy = =
but this is only a first order approximation, and thus lower accuracy is to be expected. We could also use
a second order approximation using the values in the grid points zg, 1 and 2, but this will ruin the nice
tridiagonal structure of the coeflicient matrix. Instead, use the idea of a false boundary:

Assume that the solution can be stretched outside the boundary x = a, all the way to a fictitious grid
point x_1 = a — h, where we also assume there is an approximate and equally fictitious approximation
U_1 to u(x_1). Then we have two difference formulas in the point a, one for the BVP itself and a central
difference for the boundary conditions:

Uy —2Uy+U_;4 " Uy —-U_4

W2 P(%)T + q(w0)Uo = 7(z0)
Ul - U—l _ ’U//
2n

Solve the second equation with respect to U_1, insert this into the first equation which then becomes:

2U1 - 2U0 - 2hu;
h2

+ p(o)ug, + q(x0)Uo = (o).



So the only thing that has changed is the first equation. And since central differences have been used
both for the BVP and the boundary condition, the overall order of this approximation can be proved to
be 2.

Example 2: Given the same example as before, but now with a Neumann condition at the left
boundary:

—2e73 +e—5=0.48635073,
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u” 4+ 2u' — 3u = 9z,

with exact solution u(z) = e=3% — 2¢* — 3z — 2.

The modified difference equation at the boundary xy = 0 is:

20, — 2Ty — 2ulh
T 2u), — 38U = 0.

Multiply this equation by h2, and include the equation as the discretization for the grid point zg.

(=2 — 33Uy — 2U; = (2h — 2h*)ul,
(1 —h)Ui_1 + (=2 = 303 U; + (1 + h)Uiy 1 = 902w, i=1,---N—1.
UN = Up,

which, for N =4 og h = 0.25 becomes:

—2.1875 2 0 0 0 Uy -1.5
0.75 —2.1875 1.25 0 0 Uy 0.140625
0 0.75 —2.1875 1.25 0 Uy | = 0.28125
0 0 0.75 —2.1875 1.25 Us 0.421875
0 0 0 0 1 U, 0.48635073

The solution of this is

Up =0.92103219, U; = 0.25737896, U, = 0.01029386, Us = 0.08858688.

Numerical exercises:

1. Modify the code above to solve this problem. Use N = 4 to check your solution, but try also N = 10
and N = 20.

2. Modify the code above to solve the same BVP, but now with the left boundary condition
u'(a) +u(a)/4 = 0.
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