/0. ¢

Evaluation of Integrals

Using (5), (11), or (13), show that the given integrals represent the indicated functions. (Can you
see thiat the integral tells you which formula to use? Show the details of your work.)

0 if x<0
o .
jcosxw—i—wsmxw

5 dw=14 w2 if x=0
o 1+w

e if x>0
* w2 f 0=x<1

w=137/4 if x=1

0 w ‘
' 0 if x>1
“1 — cos mw w2 if 0<x<wm
3. j ———sin xw dw =

o W 0 if x>a

“cos (ﬁM"/z)COS)CWd {(W/Z)COSX if |x] < @2

0 1 - w 0 if |x > a2
S

cos xw T w? sin xw T _a .
. dw=—¢€e" if x>0 6.]——————dw=—e cosx if x>0

Fourier Cosine Integral Representation
Represent the following functions f(x) in the form (I 1).

if 0<x<1

1 X f 0<x<1
7. f(x) = 8 fx) =

0 if x>1 : 0 if x>1

x if 0<x<a a?—-x? if 0<x<a
9. fx) = 10. fo) =

0 if x>a 0 if x>a
11 f() = /(1 + x® [x> 0, see (15)] 12. fx) = e + e (x> 0)

Fourier Sine Integral Representation
Represent the following functions f(x) in the form (13).

if 0<x<a

1 x if 0<x<a
13. f(x) = 14, f(x) =
0 if x>a ; 0 if x>a
sinx  if0<x<aw r~x if 0<x<o
15. fix) = 16. f(x) =
0 if x> if x>
e if 0<x<1 e if 0<x<1
. 17. fx) = 18. fix) = [
- 0 if x> 1 0 if x>1
@ 19. (CAS. Sine Itegral) Plot Si(x) for positive u. Does the sequence of the maximum and minimum

values make the impression that it converges and has the limit /22 Investigate the Gibbs
phenomenon graphically.

20. PROJECT. Propecties of Fourier Integrals. (2) Fourier Cosiae Iategral. Show that (11)

implies

17 (w
(al) f(ax)=;fA<:) cosxwdw (a > 0)

0
- . dA ,
(82)  xflx) = f B*w)sinxwdw, B*=—— Aasin(10)
0 dw
> y %
@ 50 = [ A*w)cosswam, a* = -4
0 dw

(b) Solve Prob. 8 by applying (a3) to the result of Prob. 7.
(©) Verily (a2) for f(x) = 1if0<x < aand f(x) = 0ifx > a.
(d) Fourier Sine Integral. Find formulas for the Fourier sine integral similar to those in (a).
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Find the Fourier wansforms of the ol llowing functions f(x) (without using Table 111, Sec. 10.11).
Show the details of your work.

Calculation of Fourier Transforms

1 fa<x<b ifx>0 (k>0
1 f) = 2. f(x) =
0 otherwise ifx<0
e f—-a<x<a fx<0 (*k>0)
3. f(x) = . 4 J() =
0 otherwise 0 ifx>0
x f0<x<a x2 ifo<x<1
5w ={ 6 f() = i
0 otherwise 0 otherwise
[x¢7% x>0 . ifx<0
7. flx) = [ 8. 7
0 ifx<0 ifx>0
-1 if-a<x<0Q
] if-1<x<1
S. fx) = 1 if O0<x<a : 10, f(x) =
‘ 0 otherwise

0 otherwise

Use of Table 111 in Sec. 10.11

[ _ 11. Obtain F(e™*"2) from formula 9 in Table IIL.

‘ 12, Solve Prob. 7 by (9) in the text and formula 5 in Table IIL -
33. In Teble III obtzin formula 7 from formula 8.

4. Colve Prob. 8 by formula 5 in Table IIL

5. (Convelution) Solve Prob. 7 by convolution.

! 36, TEAM PROIECT. Shift rg () Show that if f(x) ha
o end F{f(x — a)) = e ™ Ff(x).
(b) Using (2), obtain formula 1 in Table HI Sec. 10.11, from formula 2.

{¢) SRildng on the w-sxds. Show that if (M) is the Fourier trensform of f(x), then f(w - a)
is the Fourier transform of €*¥f(x).

| (€) Using (c), obtain formula 7 in Table III from formula 1, and formula 8 from formula 2.

s & Fourier transform, so does f(x — a),




sl Theorem) Prove Pundamental Theorem 1 for second-order differential

1. (Fundame:
equations in two and three independent variables.

Verification of Solutions
In each case verify that the given function is a solution of the indicated equation and sketch or plot

a figure of the solution as a surface in space.

Wave Equation (1) (with suitable ¢)

2ou=x>+ 12 3. u=sin9sin %x 4. u = cos 4esin 2x 5. u=sinctsinx
Heat Equation (2) (with suitable ¢) s

6. u= e "sinx 7. u = e cos 3x 8. u= e cos wx 9, u=e"""sinwx
Laplace Eguation (3)

8 u = 2xy Il u=¢"siny 12. u =cosxsinhy 13, u = acc tan (yix)

14, TEAM PROJICT. Verification of Solutions () Puisson Bquation. Verily that i satisfies
(4) with f(x, y) as indicated.
u=x*+ yz, f=4
2 2
u=cos(xy), f= -+ ycos(xy)

u = ylx, f = 2y/x®

(b) Laplace Equation. Verify that u = 1/Vx2 + y? + 2 satisfies (6).

(¢} Venify that w with arbitrary (sufficiently often differentizble) v and w satisfies the given

equatgon.
u = v(x) + w(y), Uy =0
u=vW(y),  uly = uu,
u=v(x+ 20+ wix — 2, Uy = dUyy

Partial Differential Equations Solvable as Ordinary Differential Equations

If an equation involves Cerivatives with respect to one varizble only, we can solve it like an ordinary
cifferential equation, treating the other variable (or variables) as parameters. Find solutions u(x, y) of
1 == = = 1 =

15, u, = u 16, ugy, +%u =0 17, wy, =0 18, u, + 2yu =0

18, vy = u, 0. uy, =u 21. u, = 2xyu 220 uy, = uy

23. (Bovndary value problem) Verify thet u(x, y) = o In (+® + y?) + b satisfies Laplace’s equation
(3) and determine @ and b so that u satisfies the bovndery conditions # = 0 on the circle
x® + 3% = 1 and u = 3 on the circle x% + y® = 4. Skeich a figure of the surface represented
by this function.

24. {Surface of revelution) Show that the solutions z = z(x, ) of yz, = xz, represent surfaces of
revolution. Give examples. Hint. Use polar coordinates r, 6 and show that the equation becomes
2= 0.

. (System) Solve the system u,, = 0, u,, = 0.

>
try



//3

) How does the frequency of the fundamental mode of the vibrating string depen

1. (Freguenc

on the length of the string? On the mass per unit length? On the tension? What happens to that
frequency if we double the tension? :

Deflection w(x, ) of the String

Find u(x, ¢ of the string of length L = wr when 6‘2 = 1, the initial velocity is 2210, and the initial
) &
deflection is

2. 0.01 sin 3x 3. k(sinx — Lsin2%) 4 Olx(w — %) 5. 0.1x(m? — x7)
6. 7.
k ““““““ O 5 “—/'\
/l\.l % ] J
a T ox z nox
2
8. 3z 9. ?‘
z B 02 —====
] e N LN
o T~ % z m 3 ® X
40 42 4 2 s

2 suwing of length L= wand c® = 1
for zero uitial mgg‘&cument and “ir mn-r;lar initial velocit ty u u,(x, 0) = 0.0l if O
u,(x, 0) = 0.01(7 — x) if 3w = x = = (Initial conditions w

experimentally.)

11, CAS PROJACT. Plots of Mormal Modes, Write a program for plotting a figure of u, with
L = 7 similar to Fig. 260. Apply the program to uy, ug, uy. Plot these functions as surfaces
i =] 2 3> Hge

over the xt-plane. EA')IAL the connection between these two kinds of plot.

iiA
li/'\

1
x = 3m,
ith u,{x, 0) # 0 are hard to realize

Separation of Variables
Find solutions u(x, y) of the following equations by separating variables.

12 up +uy =0 30w, —uy =0 14, y2u, — x2u,y =0 18 u, +u,=x+yu
16. gy + ouy, =0 17, vy —u =10 18, upy — 4y =0 19, xug, +2yu=0
20. TEAM PROJECT. Forced Vibrations of an Elastic Strivg.

4

Show the following.
(2) Substitution of

nirx

L

(18) _ u(x, 1) = E (1) sin

(L = length of the string

into the wave equation (1) governing free vibrations leads to

. cnar
G, + )2G =0, A= [see (11%)].

(5) Forced vibrations of the string under an external force

P(x, 1) per unit length acting normal
to the string are governed by the equation

(19) Uy = gy + —
(¢) For a sinusoidal force P = Ap sin wt we obtain
(4A/n7) sin wt (n odd)

P ) haid . nwx
Q0) —=Asinwt =2, k@Osin—, k(1) =
P = L 0 (n even)

Substituting (18) and (20) into (19) gives

. ) 24 .
G, + X2G, = — (1 — cos nm) sin wt.
. na E
If A2 # o7 the solution is

74(1 — Cos nw)

G, (1) = B, cos )\nt + Bn sin )\ 1+ — nr O — o)

n wit.

Determine B, and B,* so that u satisfies the initial concitions u(x, 0) = f(x), uy(x, 0) =0
(d) (Rusum‘m%} Show that if A,, = w, then

A
G7,(r) B,, cos wt + B,* sin wt — — (1 — cos nm)i cos wt.
nnw

Juetion of boundary conditions) Show that & problem (1)—(4) with more complicated
ary conditions w(0 ) =0, u(L, 1) = h{7), cen be reduced to a problem for a new
WU sulis v(L, 1) = 0, v(x, 0) = f1(x), vs(x, 0) = g;(x) but

CSety = v + wand delermine w suitebly.
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15 Write a short eg essuy on the different vaneral

g2l

behavior of the solutions of these two eGuations. Begin with a comparison of Figs. 263 and
267. Then explain what Jou can say in more general s

I

- WRITING prorRoT. Wave and 1 et Boon

ituations.

2. (Decay) If the f st eigenfy txcm (9) of the bar decrsases 1o half its valoe within 20 seconds,
what is the value of the d ffusivity ¢®? How does the rate of dzcay of (9) for fixed n dupead
on the specific heat, the dens; ty, and the thermal conductivity of the material?

Bar lnsulated as in the Text
Find the tempe ‘:m.rk, u(x, 1) in a bar of g ilver (leng rth 10 ¢m, constant Cross section of arsa 1 cm

,

density 10.6 gm/em?, thermal conductivity 1.04 cal/(e;
that is perfectly insulated 1a ally, whose ends are 1
temperature (in °C) is Fx), where

3. f() = sin0.1mx 4 f(x) = ksin 027 5. flo) = x(2 O ~—x) 6 flxy=2- 0.4lx — 5

T

sec °C), specific heat 0. 056 cal/(gm L))
ept at temperature 0°C and whose initial

7. (Different temperatnres at ﬁe e::f‘{s) What is the limjt w{x) of the rempmam of the bar in
the text as 1 — o if the ends are kept at u(0, 0 = U, = const and WL, 1) = Uy = const?

8. (Diferent te emperatices) What is the temperature in the bar in Prob, 7 at any time?

Adiabatic and Other Conditions
9. (Insnlated ends, adiabatic beundary con ces at the ends
of a bar is found 1o be proportional to u,, = aL/Jn att 10w that if the bar Is perfectly

insulated, also at the endsx =0, x = [, (“adiabatic umdmxm"') and the initial tcmperaturﬂ
is f(x), then

»J‘

Ctlux through the

u, (0, £) = 0, u (L, 5 = 0, ux, 0) = f(x)

and separating variables gives the solution

==
niTx cnar
u(x, t)=A0+2Ancos~“ Xp {~~ t
L (L
n=1
with A,, = a, given by (4), Sec. 10.4. Note that u — Ag as 1 — . Does this ageee with your

physu,al mtmﬂon"

whiatic Conditions. Find the temperature in the bar in Prob. 9 when L = 7, ¢ =‘1, and /
0. f(x) =x 11, f(&x) = k = const 12. f(x) = cos 2x 13 f) =1 —xlm

Sh consisting of
34. (Nonhomogeneous heat equation) Show that the problem g
-—aX
Uy — 2y, = Ne™®

- P at} sett]
nd (2}, (3) can be reduced to a problem for the homogeneous heat equation by sett mi
a L) A3 d > TEC g .
(( 1) = v(x, 1) + w(x) end determini ng w so that v satisfies the homogeneous equation an
ulx, 1) = vlx, X)) al el1ey e -
the concitions v(0, 1) = v(L, 1) = 0, v(x, 0) = f(x) — w (x). (The term Ne may repr
ae i )
heat Joss due to radioactive décay in J‘,«ﬁ‘ bdl‘)

RS

15. The houndary condition of heat transfer
2N —ug(m, 1y = ku(m, 1) — ug)

. N =0
plies when a bar of length 7 with ¢ = 1 is laterally insulated, the left enlci xl\ :
& l = - . . et
i ept a1 G°C, end at the right end heat is flowing into air of constant temperature ug -

i ion i = -» $ a solution
fo implicity, and ug = 0. Show that a solution is u(x, 1) = sin px e Pt where p i
T Sunp N

’ ns
Eh craphically that this equation has infinitely many positive solutio
ftanpw = —p Show é aphical } poe soutions
7 end Iim (p, — a + 1) = 0. (Formula (21) is also know
3 00, where p 1~ 3 and )i :
F1> P2s 3, 5 ¥ n

Ti—s oo

as radjation boundary condiuon, but this is misleading; see Ref. [C1], p. 19)

i ' = ( is defined by = —Ku, (0, 1). Find the heat flux
16. The heat ,(_!u'xon u(x, 1) across x = 0 is defined by ¢(7) N )

i sicé ider able?
for the solution (10) and note that it goes 10 zero as 1 — «. Is this physically understandab

Explain lhe name.



