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Finite Dimensional Normed Spaces

Theorem. If E is a finite-dimensional vector space and || -||1 and || - ||2 are two norms on E,
then they are equivalent norms, i.e. there exists «, 8 > 0 such that

allzlly < [lzfla < Bzl

forallxz € E.

In order to prove this we need a lemma that we do not prove.

Lemma. If A C R” is closed and bounded, and f : A — R is continuous, then there are
points to,t1 € A such that f(to) < f(t) < f(t1) for allt € A. O

Proof of the theorem. Let || - || be a norm on FE. Fix a basis e1,...,e, of E and define
f:C" =R by
f(t) =|[tier + -+ + tren]|.

Then we have that

n n l n l
F@& < Illlesl < O 141720 lleil?) 2,
j=1 j=1 j=1
and hence
F(t) < bljt]

1
for all t € C". Here b = (Z?Zl le;]1?)* > 0 and [|¢]| also denotes the norm in C™.

Let A = {t | ||t]] = 1} € C". Then A is both closed and bounded in C", and f: A — R
is continuous. By the lemma there is a tg € A such that f(tg) < f(¢) for all t € A. Let

a = f(ty) > 0. For any ¢t # 0 in C" we have that ﬁt €A, and a < f(ﬁt) = % Thus we
have

allt]| < f(t)
for all t € C".
Hence for z =377, tje; we have
allt]] < [lz]| < bfj¢]]

where a,b > 0. For the two given norms we then have

ar[ltl < |zl < baft]
ag [t < |zfl2 < blft]-

Thus b
a2 2

3 Izl < azfltl] < llzllz < beitll < |21,
1 a

and we maytakeoz:’g—f andﬁzg—i. Ol



Corollary. Any finite dimensional normed space is a Banach space. In particular C™ and R™
are Banach spaces with respect to any norm.

Proof. If @ = > "_, tje; as in the proof above, then we have (| - || denotes the norm on both
E and C™)

SYINNC)
allt] < [lzl < bl

Let (z(™)%_, be a Cauchy sequence in E, and write z(™) = PRy t§m)ej where (™ =
(tgm), e 2’")) € C™. Then (1) shows that (¢(™)%_, is a Cauchy sequence in C*. C" is

complete, so let ¢ = lim,, o t™ € C" and z = > j-1tje; € E. Using (2) we have
|20 — 2| < bl — |
and this gives that lim,, .o 2™ = z in E. Hence E is complete. The rest is then clear. [J
Recall from Problem Set No. 2, Problem 3 b) that
[2lloe < NIzl < Vallzlloo
and
[#]loc < llzl[1 < nllzlleo

in R” (or C™) where

lz]lco = lrgjfognle!

n
) =" |l
=1
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)l = (O la;l?)2.
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