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CHAPTER 1

Linear Algebra

1. Vector Spaces and Linear Transformations

1.1. Basic Definition. We start with a formal definition of vector spaces.
Most if not all of this section has already been discussed in previous mathematics
classes (e.g. Mathematics 3 or Linear Algebra with Applications), though possibly
in less detail and possibly in a slightly less abstract way.

DEFINITION 1.1.1. A wvector space over the real numbers R (the complex num-
bers C) is a set V together with the operations +: V xV =V and : RxV -V
(-: Cx V = V), such that the following properties hold:

(1) Commutativity: For all u, v € V we have v +v = v + u.

(2) Associativity: For all u, v, w € V we have (u+v)+w = u+ (v+w), and
for all v € V and all A\, p € R (A, o € C) we have A(uv) = (Au)v.

(3) Additive identity: There exists an element 0 € V such that v + 0 = v for
allv e V.

(4) Additive inverse: For every element u € V there exists an element v € V'
such that v +v = 0.

(5) Multiplicative identity: For all v € V' we have that 1v = v.

(6) Distributivity: For all u, v € V and all A\, p € R (\, u € C) we have that
Alu+v) = Au+ A, and (A + p)v = Av + po.

DEFINITION 1.1.2. An element of a vector space is called a vector.

REMARK 1.1.3. For simplicity, we will in the following denote by K either the
set R of real numbers or the set C of complex numbers in order to simplify the
notation. There will be some situations later on, when we will have to distinguish
between real and complex vector spaces, but many of the simpler results are the
same in both cases.

The letter K here stands for field, which in Norwegian is kropp (and in German
Kérper). This is the most general algebraic structure for which it makes sense
to define vector spaces. For more information, please see the course TMA4150 —
Algebra.

ExaMpPLE 1.1.4. The following are some standard examples of vector spaces
that will be used throughout the course. It is left to the reader as an exerciseﬂ
to verify that all the requirements for a vector space (that is, Items 7@ in
Definition are indeed satisfied in each example.

(1) For every n € N, the set K™ of n-tuples of real (complex) numbers
is a real (complex) vector space. Here we use the componentwise ad-
dition and scalar multiplication, that is, for @ = (x1,29,...,2,), y =
(y1,Y25---,Yn) € K" and X € K we define

(331,$27-~-a$n)+(y17927-~-ayn) = ($1 +y1’x2+y27"'7l‘n+yn)

LThese “exercises for the reader” can actually provide you with suitable training for the
exam! They are not exclusively here, because I was too lazy to formulate a complete proof.
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2 1. LINEAR ALGEBRA

and
A (21,29, oy 2n) = (AZ1, AZa, . .., Axy,).

(2) For all n, m € N, the sets Mat,, ,,, (K) = K™*" and Mat, (K) = K"*" of
(n x m)-dimensional and (n x n)-dimensional matrices, respectively, are
vector spaces.

(3) The set P(K) of all polynomials (of arbitrary degree) with coefficients in
K is a vector space.

(4) Assume that S is an arbitrary set and denote by

KS:Z{f:S—HK}

the set of K-valued functions on S. On K° we define addition and scalar
multiplication of functions by

(f+9)(s) = f(s) +g(s) and (Af)(s) == Af(s)
for f, g € K5 X € K, and s € S. With these operations, the set K
becomes a vector space.

REMARK 1.1.5. The usage of + and - for the addition and scalar multiplication
in Definition [[.1.1] is intended to be suggestive and follows the standard notation
of these operations. However, it somewhat hides how restrictive the assumptions
actually are.

A more formal (but much less intuitive) way would be to define a vector space
as a set V together with two functions f: V xV — V and g: R x V — V that
satisfy Items —@. With this notation, commutativity and parts of associativity
and distributivity, for instance, would read as

Commutativity: f(u,v) = f(v,u),
Associativity: f(f(u,v),w) = f(u, f(v,w)),
Distributivity:  g(A 4+ p,v) = f(g()\7 v), g(u, U)),

respectively.

1.2. General Properties. In the following, we will prove some general results
concerning vector spaces that follow directly from the definition of a vector space.
Amongst others, we will show that the additive identity and the additive inverse are
unique, although this seems not to be required in the definition. This is obviously
true in all the examples provided above. What these results, however, show, is that
it is impossible to construct a vector space with two different 0-elements. If one
would need such an object for whatever theoretical or practical reason, one would
need to search for it outside the realm of vector spaces.

This section is mainly intended to demonstrate by means of simple examples
how elementary algebraic proofs look like. Feel free to skip over this part, if you are
already familiar with this type of proofs.

LEMMA 1.1.6. Assume that V' is a vector space. Then the additive identity
0 € V is unique. That is, there exists no vector v € V with v # 0 such that
u+v=u foraluecV.

PROOF. Assume that v € V satisfies u +v = u for all u € V. With u = 0 we
have in particular that

which shows that v = 0. O

LEMMA 1.1.7. Assume that V is a vector space and that w € V. Then there
erists a unique vector v € V such that u + v = 0.
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PROOF. Since V is a vector space, we already know that such a vector v exists.
Thus it remains to show that v is unique.
Assume therefore that vi, vo € V satisfy u + v, = 0 and u + vo = 0. Then
vy = v1+0 =v1+(utve) = (vi+u)tva_= (utv1)+ve =04+vy = v2+0 = v,
(3) (2 1) 1)

that is, v1 = vo. This proves the uniqueness of the additive inverse. O

—

DEFINITION 1.1.8. Let V be a vector space and v € V. By —v € V we
denote the additive inverse of v, that is, the unique vector satisfying v + (—v) = 0.
Moreover, for u € V, we generally abbreviate u — v := u + (—v).

LEMMA 1.1.9. Let V be a vector space and let v € V. Then 0-v =0.
PRrROOF. We have that
v+0-v. = 1-v4+0-v = (14+0)-v=1-v_= v,
(5) (6) (5)

which shows that 0 - v is an additive identity in V. Because of the uniqueness of
the additive identity (see Lemma [1.1.6)), it follows that 0-v = 0. O

LEMMA 1.1.10. Let V' be a vector space and v € V. Then —v = (—1) - v.
PrROOF. We have that

v+(=1)v. = 1-v4+(-1)-v.=(1-1)-v=0-v = 0.
(5) (6) Lemma [[.1.0]
This shows that (—1)-v is an additive inverse for v. Now the identity (—1)-v = —v
follows from the uniqueness of the additive inverse. O

1.3. Subspaces. We will now introduce the notion of subspaces of vector
spaces.

DEFINITION 1.1.11. Assume that V is a vector space and U C V a subset of
V. We say that U is a subspace of V, if U is in itself a vector space (with the same
addition and scalar multiplication as on U, and in particular over the same field

LEMMA 1.1.12. Assume that V is a vector space and U C V. Then U is a
subspace of V', if and only if the following conditions hold:
(1) (Additive identity:) 0 € U.
(2) (Closedness under addition:) If u, v € U, then also u+v € U.
(8) (Closedness under scalar multiplication:) If w € U and X € R, then also
AueU.

PrOOF. Items (2)) and (3) guarantee that the addition and scalar multiplication
indeed map U xU and KxU onto U (and not arbitrarily into V'). Moreover, Item
guarantees that U contains an additive identity, and Item guarantees that U
contains additive inverses (namely the element (—1) - w for w € U). The other
properties of a vector space are satisfied, because they already hold on the larger
space V. O

ExampLE 1.1.13. Consider the following examples of vector spaces and subsets,
which in some cases are subspaces and in others are notﬂ

(1) For every vector space V, the sets {0} and V are subspaces of V.
(2) The set U := {(z1,x2) € R? : 33 = —x1 } is a subspace of R2.

2As an exercise, you can verify in each of the examples whether this is actually true.
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(3) Let V=K" and U := K""! x {0} = {(z1,...,Zn-1,2,) € K" : 3, = 0}.
Then U is a subspace of V.

(4) For every n € N, the sets Sym,, (K) := {4 € Mat,(K) : AT = A} of
symmetric n x n-matrices and Skew,, (K) := {A € Mat, (K) : AT = -4}
of skewsymmetric n X n-matrices are sub-spaces of Mat,, (K).

(5) For every n € N, the set P,(K) of polynomials of degree at most n is a
subspace of the vector space P(K) of all polynomials.

(6) The set C(K) of continuous K-valued functions f: R — K is a sub-space
of the space R¥ of all K-valued functions on R.

(7) Denote by V := {f € C(K) : f(7) =0}. Then V is a subspace of C(K).

(8) Let V =K" and U := K" ! x {1} = {(z1,...,2p—1,2,) € K" : 2, = 1}.
Then U is not a subspace of V.

(9) Let U := {(1;17952) €eK?:2y=00r 2y = O}. Then U is not a subspace
of K2.

(10) Let n € N, n > 2, and U := {A € Mat,(K) : det A = 0} the set of

singular matrices. Then U is not a subspace of Mat,,(K).

1.4. Linear Transformations.

DEFINITION 1.1.14. Assume that U, V are vector spaces and that T: U — V' is
some mapping. We say that T is linear (or a linear transformation) if the following
conditions hold:

e For all u, v € U we have T'(u+v) = T(u) + T(v).
e For all u € U and X € K we have T'(Au) = AT (u).

REMARK 1.1.15. For linear transformations it is common to drop the par-
antheses around the argument. That is, if T: U — V is linear, one usually writes
Tu instead of T'(u).

EXAMPLE 1.1.16. Consider the following examples of linear mappings:
(1) The mapping 7': Mat,,(K) — Mat,, (K), A — TA := AT is linear.
(2) Let P € Mat,,(K) be a fixed matrix. Then the mapping 7": Mat,,(K) —

Mat,, (K), A+~ TA := PAP is linear.
(3) The mapping D: P(K) — P(K), p — Dp := p' is linear.

If T: U — V is a linear transformation, we have two important associated
subspaces of U and V:

DEFINITION 1.1.17. Let U, V be vector spaces and T: U — V be a linear
transformation.

e The kernel of T is defined as
ker(T) :=={ueU:Tu=0} CU.
e The range of T is defined as
ran(T) := {v € V : there exists u € U with Tu =v} C V.

Put differently, the kernel of T is the set of all solutions of the equation Tu = v;
the range of T is the set of all right hand sides v for which the equation Tu = v
has a solution.

LEMMA 1.1.18. The range and the kernel of a linear transformation are sub-
spaces of the respective vector spaces.

Proor. Exercise! O

ExAMPLE 1.1.19. Consider the mapping T: Mat,(K) — Mat,(K), A —
TA:= AT + A.
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e The kernel ker(7T) is the set of all matrices A that satisfy AT + A = 0,
that is, the set of all skew-symmetric matrices.

e The range ran(7T) is the set of all matrices B that can be written in the
form B = A+ AT for some matrix A. It is easy to see that this is the case
if and only if B is symmetric.

Thus we have that
ker(T) = Skew,,(K) and ran(7) = Sym,, (K).

2. Linear Independence and Bases

2.1. Linear Span.

DEFINITION 1.2.1. Assume that V is a vector space and that S := {vi NS
I} C V is a (possibly infinite) subset of V. We define the linear span span(S) C V
of S as the set of all (finite) linear combinations of elements in S.

That is, a vector u € V is an element of span(S), if and only if there exist
N € N, vectors v;,,...,v;, €5, and scalars A,..., Ay € K such that

N
u = E )\j'Uij-
j=1

REMARK 1.2.2. It can be useful to also talk about the span of the empty set
(), mainly in order to avoid having to deal with annoying special cases in various
theoretical results. For that, we simply define

span(@) := {0} C V.

PROPOSITION 1.2.3. Assume that V is a vector space and S C V is a subset.
Then span(S) is the smallest subspace of V' containing S. That is, span(S) is a
subspace of V, and if U C V is any other subspace of V with S C U, then also
span(S) C U.

PROOF. We show first that span(S) is actually a subspace of V. To that end,
we note first that, trivially, 0 € V. Next assume that u, w € span(S). Then we can
write

N N+M
U= Z Ajvg, and w= Z Ajvg,
j=1 j=N+1
for some N, M € N, vectors v;,,..., 0y, €5, and scalars Ay,..., Ay € K. As
a consequence,
N+M
utw= Z Ajv;; € span(S).
=1

Similarly, if u € span(S) and a € K, we can write

N
u = E )\jvij
j=1

for some N € N, vectors v;,,...,v;, €5, and scalars Aj,..., Ay € K. Then

N N
A=« E Ajvg; = E QA
Jj=1 j=1

which shows that also Au € span(S). According to Lemma [1.1.12] this shows that
span(S) is a subspace of V.

Now assume that U C V is any subspace of V' containing S. Let moreover
u € span(S). We have to show that also u € U.
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Because u € span(S), we can write

N
u = E /\jvij
j=1

for some N € N, vectors v;,,...,v;y € 5, and scalars Aq,..., Ay € K. By assump-
tion, v;; € U for every j, and therefore also A\jv;; € U, as U is a subspace of V.
Next, we have that

)\1’[)1'1 + )\2’01'2 +...+ )\NUZ'N S (]7
because each term is contained in U and, again, U is a subspace of V. This shows
that v € U, which concludes the proof. O

ExAMPLE 1.2.4. Consider the space P(K) of all polynomials with coefficients in
K. Let moreover M := {1,z,22,...} be the set of all monomials. Then span(M) =
P(K), as we can write every polynomial as a linear combination of finitely many
polynomials.

2.2. Linear Independence and Bases.

DEFINITION 1.2.5. Assume that V' is a vector space and S = {vi 11 € I} is a
subset of V. We say that S is linearly independent, if the following holds:
For all N € N, vectors v;,,...,v;, €5, and scalars Ay,...,\y € K, if

N
Z )\jvij = O7
j=1

then
Aj=0forall j=1,...,N.

If S is not linearly independent, we call S linearly dependent.

PROPOSITION 1.2.6. Assume that V' is a vector space and S = {vi 11 E I} s a
subset of V. Then S is linearly independent, if and only if every vector u € span(.S)
can be written in a unique way as a finite linear combination of elements of S.

Proor. To do! O

ExAMPLE 1.2.7. Consider the space P(K) of all polynomials with coefficients
in K. Let moreover M := {1,x,22, ...} be the set of all monomials. Then M is
linearly independent.

DEFINITION 1.2.8. Let V be a vector space and B C V a subset. We say that
B is a basis of V| if B is linearly independent and span(B) = V.

REMARK 1.2.9. In view of Proposition [I.2.6] we can equivalently say that B is
a basis of V', if every vector v € V' can be written in a unique way as a finite linear
combination of elements of B.

EXAMPLE 1.2.10. The set M of monomials is a basis of the vector space of all
polynomials.

THEOREM 1.2.11. Assume that V is a vector space and S C 'V is some linearly
independent subset. Then there exists a basis B of V with S C B.
In particular, every vector space has a basis.

PrOOF. This is a surprisingly tricky result and relies heavily on a completely
non-intuitive axiom of set theory. If time permits, I will add a proof (together with
the required prerequisites); if eventually added, this proof will of course not be
part of the pensum. O
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The existence of a basis of every vector space is, for pure mathematicians, an
extremely interesting result. For practical applications, however, it turns out to
be largely useless in that generality, as one can actually show that there cannot
be a universally applicable method for actually constructing a basis. Because of
that, we will turn instead to finite dimensional vector spaces, where the situation
appears to be much simpler. This, however, requires us first to define the notion of
the dimension of a vector space.

DEFINITION 1.2.12. A vector space V is called finite dimensional, if there exists
a finite set S with span(S) = V. Else, V is called infinite dimensional.

THEOREM 1.2.13. Assume that V is finite dimensional. Then all bases of V
are finite and contain the same number of elements, called the dimension of V.

PROOF. Again, I will add a proof if time permits. In contrast to the proof of the
existence of bases for arbitrary vector spaces, the proof of this result is conceptually
not that difficult, only rather annoyingly technical. O

3. Direct Sums and Invariant Subspaces

The goal, we are currently working towards, is the decomposition of linear
transformations of finite dimensional vector spaces: Given a linear transformation
T:V — V, we want to write T in an “as simple as possible form.” In order to do
so, we will first have to introduce the necessary notation to be able to define what
we mean by a decomposition.

DEFINITION 1.3.1. Assume that V is a vector space and that Si,..., Sy are
subsets of V. We define

Si1+...+85,:= {U €V :there exist u; € S;, i=1,...,N, with v :u1+...+uN}.

We will mostly consider sums of subspaces of a vector space. In this case, it is
easy to show that this is again a subspace.

LEMMA 1.3.2. Assume that V is a vector space and that Uy, ...,Un are sub-
spaces of V.. Then Uy +...Un is again a subspace of V.

Proor. Exercise! O

ExaMPLE 1.3.3. We consider the vector space Mat,, (K) of n x n-dimensional
matrices over K. We denote by TriU} (K) C Mat,(K) the subspace of strictly
upper triangular matrices, that is, matrices A of the form

0 * ... x*

A= : D e Kn*",
: ok
0O ... ... 0

The sum
W := TriU;, (K) + Skew,,(K)
is the subspace of all matrices that can be written as a sum of a strict upper
triangular matrix and a skew-symmetric matrix. It is easy to see that W consists
of all matrices A where all the diagonal entries are equal to 0.
Now denote by Diag,, (K) C Mat, (K) the subspace of all diagonal matrices.
Then we have that

Mat,, (K) = TriU;, (K) + Skew, (K) + Diag,, (K),

that is, we can write every matrix as a sum of a strict upper triangular matrix, a
skew-symmetric matrix, and a diagonal matrix.
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The sum of subspaces U;, i = 1,..., N, thus consists of all vectors w that can
in some way be written as a sum w = uy + ...+ uy, where each of the vectors u;
is an element of the corresponding subspace U;. These vectors u;, however, need in
general not be unique. That is, there might be different ways of decomposing the
vector w into a sum of vectors in U;.

DEFINITION 1.3.4. Let V be a vector space and let Uy, ..., Uy be subspaces of
V. Denote moreover W := Uy + ...+ Uyn. We say that W is the direct sum of the
subspaces Uy, ..., Uy, denoted

W=U,&...6 Uy,

if every vector w € W can be uniquely written in the form w = u; + ...+ uy with
wu; € U; fori=1,..., N.

More explicitly, we have that W = U; & ... ® Uy, if we can conclude from the
fact that we can write
w=u+...+uy withu; €U; foralli=1,... N,
w=v1+...+vy withv; €U; foralli=1,..., N,

that necessarily
ui=wv; foralli=1,... N.

ExaAMPLE 1.3.5. We have that
Mat, (K) = TriU}, (K) & Skew,,(K) & Diag, (K),

since for every matrix A € Mat,, (K) there is one and only one way how we can write
A as a sum of a strict upper triangular matrix, a skew-symmetric matrix, and a
diagonal matrix: The diagonal entries of A need to be taken care of by the diagonal
matrix; the strict lower triangular part needs to go into the skew-symmetric matrix;
what remains of A after subtracting the diagonal and the skew-symmetric part is
strictly upper triangular.

In the case of a sum of two sets, there is a simpler way for checking whether a
sum is direct or not, as the following result shows.

LEMMA 1.3.6. Let V be a vector space and let Uy, Us C V be subspaces of V.
The sum Uy + Us is direct, if and only if Uy N Uy = {0}.

PROOF. Assume first that Uy N Uy = {0}, and assume that w € Uy + Uz can
be written as
W = U1 + Uz = V1 + V2
with uy, v1 € Uy, and ug, vo € Us. Since Uy, Uy are subspaces of V, it follows
that u; — vy € Uy and ug — vy € Us, and we also have that —(u; — v1) € U and
—(ug — vg) € Us. However, we also have that

0=w—w=(u1 —v1) + (ug — v2),
and therefore
up — vy = —(ug — va).

This shows that w3 — v; = —(ug —ve) € Uy N Uz = {0}, and thus u; —v; =
—(ug —v2) =0, or u1 = vy and ug = v9. Thus the sum Uy + Us is direct.

Now assume that the sum Uy + Us is direct, and let v € Uy NUs. Then we can
write

v=v4+0=0+v

in two ways as sum of one vector in U; and one vector in Us. Since the sum is
direct, this is only possible for v = 0, which shows that Uy N Uy = {0}. O
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REMARK 1.3.7. The result from Lemmadoes not hold in the same/similar
form for sums of more than two subspaces. That is, if we have three subspaces Uy,
U, Us and we have that all pairwise intersections are trivial, that is, Uy N U =
Ui NUs = Uy NUs = {0}, then we cannot conclude that the sum Uy + Uy + Us
is direct. As a simple counterexample, consider the spaces U; = span{(1,0)},
Uy = span{(0,1)}, U3 = span{(1,1)} of K2. Their pairwise intersection is trivial,
but their sum is not direct: The vector (1, 1), for instance, is an element of Us, but
it can also be written in the form (1,1) = (1,0) + (0,1) as a sum of vectors in Uy
and Us.

PRrROPOSITION 1.3.8. Assume that V' is a finite dimensional vector space and
that Uy, ..., Un are subspaces of V. Then

and we have equality if and only if the sum is direct.

Proor. Exercise! O

LEMMA 1.3.9. Assume that V is a vector space and U C 'V is a subspace. Then
there exists a subset W C V such that V. =U & W.

PrOOF. Let B = {ul HES I} be a basis of U. In particular, B is a linearly
independent subset of V' and thus, by Theorem|[1.2.11] can be extended to a basis of
the whole space V. That is, there exist a set C = {wj 1J € J} CVwithCcnB=10
such that B U C forms a basis of V.

Define now W := span(C). Then

U + W = span(B) + span(C) span(BUC) =V,

Ny
Exercise!
since BUC is a basis of V.

It remains to show that the sum is direct. To that end, assume that v € UNV.

Since BUC is a basis of V, there exists a unique way of writing v in the form

N M
v = Z)\juij + Z/Lk”ik-
j=1 k=1

However, because v € V, it follows that the coefficients u; have to be equal to 0
for all k. Similarly, because v € U, it follows that the coefficients A; have all to be
equal to 0. Thus v = 0, which shows that U N W = {0}. This shows that the sum
is direct, which in turn completes the proof. O

It is now time to remind ourselves of our goal: We want to write a linear
transformation 7: V' — V in an as simple as possible way. For that, we will
decompose the vector space V' into a direct sum of subspaces, on which 7" behaves
“nicely.” The next step is thus to explain what we mean by a nice behavious of T'
on a subspace.

DEFINITION 1.3.10. Assume that V' is a vector space and that T: V — V is a
linear transformation. Assume moreover that U C V is a subspace. We say that
U is a T-invariant subspace of V, if T(U) C U, that is, for all u € U we have that
Tuel.

EXERCISE 1.3.1. Show that ker(7") and ran(T") are always T-invariant sub-
spaces.

ExampLE 1.3.11. Consider the transformation 7': Mat, (K) — Mat, (K),
A+ TA = AT. Then the sets Sym, (K) and Skew,, (K) are T-invariant sub-
spaces: If A € Sym,,(K), then TA = AT = A € Sym,,(K) as well, and similarly, if
A € Skew,,(K), then TA = AT = — A € Skew,,(K) as well.
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ExAMPLE 1.3.12. Denote by C*°(R) the space of all arbitrarily differentiable
real-valued functions on R, and let P be the space of all real polynomials. Define
moreover T: C*°(R), f — Tf := f’. Then P is a T-invariant subspace of C*°(R):
If p is a polynomial, then T’p = p’ is a polynomial as well. That is, if p € P, then
also T'p € P, which is precisely the definition of T-invariance.

Until now, it is most probably not immediately obvious, why we should consider
direct sums and invariant subspaces at all, if our goal is a simple description of a
linear transformation. In the next section, we will therefore discuss matrix forms
of linear transformations and in particular see how a direct sums and T-invariant
subspaces translate into matrix form.

4. Direct Sums and Invariant Subspaces in Matrix Form

Assume that U, V are finite dimensional vector spaces (over the same field K)
with n = dim(U) and m = dim(V). Let moreover B = {uy,...,u,} C U and
C={v1,...,um} CV be bases of U and V, respectively.

Since B and C are bases of the respective spaces, we can write each vector u € U
uniquely as a linear combination

n
u:Zajuj with oy € Kfor j=1,...,n,
j=1
and similarly each vector v € V' as a linear combination
m
v:Zﬁivi with 8; e Kfori=1,...,m.
i=1
The vector @ = (ay,...,a,)T € K" is called the coordinate vector for u with

respect to the basis B, and the vector B = (B1,...,8m)T € K™ the coordinate
vector for v with respect to C. Commonly one says that one “identifies v and v
with their coordinates e and 3.” Be mindful, though, that this identification only
works (or is well-defined) once we have fized the bases on the spaces; if we change
the bases, the coordinate representations of the same vectors will usually change as
well.

Assume now that T: U — V is a linear transformation and that « € U and

v € V satisfy the relation
Tu =v.

In the following, we will discuss how this relation between the vectors translates
into a relation between their coordinate representations a and 3.

To start with, we consider the image of each of the basis vectors u;, j =
1,...,m, separately. Since C is a basis of V and Tu; € V, there exist, for each j,
unique coefficients a;;, ¢ = 1,...,n, such that

n
(1) TUj = Zaijvi.
i=1
Now consider the vector

m
u = E QU
Jj=1

with coordinates (a1, ..., a,,). The linearity of T' implies that

m m n

n m n m
(2) Tu= Zaj TUj = Z()tj (Z ClijUZ) = Z Zajaijvi = Z(Z aij()t])’l}i.
j=1 j=1 i=1

j=1i=1 i=1 j=1
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Now assume that T'u = v has the coordinate representation
n

(3) Tu:v:Z&vi.
i=1

Since {v1,...,v,} is a basis of V, the coefficients in the representation are unique.
By comparing the right hand sides of and , we obtain that

(4) Zaijoéj:ﬂi fori=1,...,n.
j=1

Now collect the coefficients a;; in an (m x n)-dimensional matrix A. Recall-
ing the definition of matrix-vector multiplication, we then see that the system of
equations translates into the matrix-vector system

Aa = (.

In other words, the matrix A € K™*” with entries a;; defined by the relation
represents the linear transformation T in the bases B and C.

ExaMPLE 1.4.1. Counsider the mapping T: P3 — Pa, p — Tp := p’ (that is,
differentiation of 3" degree polynomials). In P3 we may choose the monomial basis
B = {1,z,2% 23}, and in P the essentially same basis C = {1,z,2?} (though we
are missing the 23 term, as we are only considering 2" degree polynomials there).

In order to find the matrix representation A of T' in the monomial basis, we
apply the operation T" to the basis elements in B and write the result in terms of
the elements of C. We have

T1=0=0-1+0-2+0-2?

Tr=1=1-14+0-2+0-2°

Ta*=22=0-1+2-2+0-2°
Te?=322=0-140-2+3- 22,

The column entries of the matrix A can then be directly read off from the coefficients

on the right hand side. For instance, the third column corresponds to the result of
T2, where we have the coefficients (0,2,0). In total, we obtain the matrix

01 0 0
A=|0 0 2 O
0 0 0 3

Now we consider again the general case of a linear transformation 7: U — V,
but we assume that we have a decomposition of the sub-spaces U and V as direct
sums, and are given bases of the corresponding subspaces. That is, we assume that
U=U;®U; and V = V) @ Vs, and that we have bases By = {uy,...,ux} of Uy,
BQ = {uk+17 ce ,um} of UQ, Cl = {’Ul7 N ,’U(} of ‘/1, and CQ = {’U@_;,_l, ce ,’Un} of ‘/2
Let now v € U and v € V such that Tu = v holds. Then we can decompose u
uniquely as

u=u 4+ u® with v € U; and u® e Us,
and we have a similar decomposition
v=20W 4@ with v € Vi and v e Vs.

Our next goal is to investigate how this decomposition translates into the matrix
of the transformation. For that, we note that we can compute a matrix represent-
ation of the transformation 7" in the same way as above after having concatenated
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B =By UBy and C = C; UCy into bases of the whole spaces U and V. Now we can
split up the resulting matrix in to sub-blocks

A A
A =
(A21 Az
corresponding to the decomposition of the spaces U and V. That is, A;; € K¢<F,
Ag € sz(m_k), Aoy € K(n_e)Xk, and Ags € Kn=8)x(m—Fk)
If we now denote by ), j = 1,2, the coefficients of u¥) with respect to the

basis B;, and by ,B(i), i = 1,2, the coefficients of v(¥) with respect to C;, then we
obtain the relation

<A11 A12> (a(1)> 5(1) ApaM + A,a® = 13(1)7

= or
Ay Ap) \a? B As1a™M + Agpa® =33,
That is, a decomposition of the spaces U and V into direct sums translates into a
block decomposition of the matrix A. Moreover, the block A;; describes the part

of the transformation that maps U; into V;, Ajo describes the part mapping Us
into Vi, and so on.

Now consider in particular the case of an operator T: V' — V', where we have
a decomposition V' = V; & Vs, and consider again a corresponding matrix in block
form as described above. In addition, assume that V; is a T-invariant subspace,
that is, Tv € V7 whenever v € V;. Now denote again the coordinates of v and
Tv by (e, a®) and (81, 3?), respectively. Then the condition v € V; means
that a(® = 0 while a(!) can be arbitrary, whereas the condition Tw € V; means
that 5(2) = 0 while again 6(1) can be arbitrary. Now recall the relation Ay oV +
Agppa@ = ,8(2) that we have derived above. The T-invariance of Vi then means
that

AsraM =0 for all M) e K(»—F)xk

which is only possible if A3; = 0 and thus
_ (A Ap
Conversely, if As; = 0, then V; will be a T-invariant subspace of V.
Thus we get the following result:

LEMMA 1.4.2. Assume that T:V — V is a linear transformation and that
we have a decomposition V.=V & V5. Then Vi is T-invariant if and only if the
corresponding matrixz A is block-upper-triangular.

Even more, if in addition the space V5 is T-invariant, then a similar argument-
ation as above shows that the sub-matrix Aqs has to be equal to 0, and thus A has
to have a block-diagonal form.

PRrROPOSITION 1.4.3. Assume that T:V — V is a linear transformation and
that we have a decomposition V. = Vi @ ...Vn such that every subspace V; is
T-invariant. Choose a basis of each of the subspaces V; and denote by A the cor-
responding matriz representation of T. Then A is block diagonal, that is, A has the
form

All 0 0
A 0 Ag ,
: . .0
0 0 Ann

with Aj; € KImV)xdim(Vi) for j =1 .. N.
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5. Eigenvalues and Eigenspaces

DEFINITION 1.5.1. Assume that V' is a vector space and T: V — V is a linear
transformation. Then A € K is an eigenvalue of T, if there exists v € V with v # 0
such that

Tv = .

Such a vector v is called an eigenvector of T' (for the eigenvalue \).
The eigenspace E(A\,T) of T for the eigenvalue A is defined as

E\T) :=ker(T — ) ={veV:Tv=\v}.

EXAMPLE 1.5.2. Consider the transformation T': Mat,,(K) — Mat,,(K), A —
TA := AT, If A € Sym,,(K) is symmetric, then TA = AT = A, that is, 1 is an
eigenvalue of T, and every symmetric matrix with exception of the 0-matrix is a
corresponding eigenvector.

Similarly, if A € Skew,,(K) is skew-symmetric, then TA = AT = —A, and
thus —1 is an eigenvalue as well, and the corresponding eigenvectors are all non-
zero skew-symmetric matrices.

LEMMA 1.5.3. Assume that V' is a vector space and T:V — V is linear.
Assume moreover that U C V is a one-dimensional subspace of V. Then U is
T-invariant, if and only if there exists an eigenvector v of T with U = span({v}).

PrOOF. Assume first that U is T-invariant. Since U is one-dimensional, we
can write U = span({v}) for some v # 0 (with {v} being a basis of U). Then
Tv € U = span({v}), which implies that there exists ¢ € K with Tv = cv. Thus v
is an eigenvector of T' (for the eigenvalue c).

Conversely, assume that v is an eigenvector of T for the eigenvalue A € K and
that U = span({v}). Let u € U. Then there exists ¢ € K with u = cv. Since v is
an eigenvector of T" we have that

Tu=T(cv) =cTv=chv €span({v}) =U.
Thus U is T-invariant. O

For the following characterisation of eigenvalues, we have to recall some basic
notation of linear algebra:

Assume that U, V are vector spaces, and that T': U — V is a linear transform-
ation.

e The transformation T is surjective if ran(T) = V.
Equivalently, T is surjective, if the equation Tu = v has for every
v € V at least one solution u € U.
e The transformation T is injective, if for all v € V', the equation Tu = v
has at most one solution.
This is (for linear transformations) equivalent to the equality ker(T') =
{0}.
e The transformation T is bijective, if it is injective and surjective. That is,
for all v € V' the equation T'uw = v has precisely one solution u.
In this case, we can define an inverse transformation T~': V — U,
which maps v € V to the unique solution u of the equation Tu = v. One
can showﬂ that the inverse T~ ! is linear, if T is linear.

LEMMA 1.5.4. Assume that U, V are vector spaces, U is finite dimensional,
and that T: U — V is bijective. Assume moreover that B = {uy,...,u,} is a

3Try to do this!
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basis of U. Then TB = {Tuy,...,Tu,} is a basis of V. In particular, V is finite
dimensional and dim(U) = dim(V).
PROOF. Assume that v € V. Since T is surjective, we have that V' = ran(T),

and thus there exists v € U with v = Tu. Since B is a basis of U we can write
U= ciui + ...+ cyuy, for some ¢, € K. As a consequence,

v=Tu=c1Tu +...4+ c,Tu,.

This shows that V' = span{Tuy, ..., Tu,}.
It remains to show that the set {Tuy, ..., Tuy} is linearly independent. Assume
to that end that
0=ciTur +...+c,Tuy.

We can rewrite this as

0= T(clul +...+ cnun),
that is,

crur + ...+ cpuy, € ker(T).
Since T is injective, we have that ker(T") = {0}, and thus

cuy + ...+ cpuy, = 0.

Now the linear independence of the set {u1,...,u,} implies that ¢; = 0 for all j,
which in turn proves the linear independence of the set {Tuq,...,Tu,}. O

THEOREM 1.5.5. Assume that U, V are vector spaces, U is finite dimensional,
and that T: U — V is linear. Then

dim U = dim(ker T') 4+ dim(ranT').

PRrROOF. By Lemma there exists a subspace W C U such that U =
(kerT) @ W. Now consider the transformation S: W — ranT, w — Sw = Tw.
That is, S is the restriction of T' to W, seen as a mapping from W to ranT. We
will show that S is a bijection.

We note first that ker S = Wnker T' = {0}, as the sum of W and ker T is direct.
Thus S is injective. In order to show that S is surjective, assume that v € ranT.
Then there exists u € U with v = Tu. Now decompose u = ug + w with ug € ker T’
and w € W. Then v = Tu = Tug + Tw = 0+ Sw = Sw. Thus v € ran S, which
shows that S is surjective as well.

As a consequence, we have that dim(W) = dim(ranT"). Next, since the sum of
ker T and W is direct, we have that dim U = dim(ker T') + dim(W), and thus

dimU = dim(ker T') + dim(W) = dim(ker T') 4+ dim(ranT').
t

THEOREM 1.5.6. Assume that V is a finite dimensional vector space and that
T:V — V is linear. The following are equivalent:
(1) T is bijective.
(2) T is injective.
(8) T is surjective.

PROOF. The implications () = and . ) hold trivially.
We now show the implication ([2)) Slnce T is injective and thus

ker T = {0}, we have
dim (V') = dim(ker T') + dim(ran T") = 0 + dim(ran T") = dim(ranT').

Thus ranT is a subspace of V' of the same dimension as V. This already implies
that V =ranT and thus T is surjective.
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Finally we show the implication = (|1). Here it remains to show that
T is injective. Since T is surjective, we have that V = ranT and in particular
dimV = dim(ranT'). Thus
dim(V') = dim(ker T') + dim(ran T') = dim(ker T') + dim(V'),

which implies that dim(ker T"). This is only possible if ker T" = {0}, that is, T is
injective. (]

DEFINITION 1.5.7. Let V be a vector space. We denote by Idy : V — V the
identity operator on V given by Idy v = v for all v € V. If the space V is clear
from the context, we omit the subscript v and write Id instead.

THEOREM 1.5.8. Assume that V is finite dimensional, T:V — V is a linear
transformation, and that A € K.
The following are equivalent:
(1) X is an eigenvalue of T'.
(2) T — A\1Id is not injective.
(8) T — A\1d is not surjective.
(4) T — A1d is not bijective.

PRrROOF. The equivalences () <= (@) < follow from Theorem [L.5.6]

Moreover, we have that A is an eigenvalue of T', if and only if there exists v #£ 0
with Tv = Av. This is in turn equivalent to stating that there exists v # 0 such
that (T'— AId)v = 0, which in turn is equivalent to the non-injectivity of 7' — A Id.
This proves the equivalence (1)) < (2). O

6. Existence of Eigenvalues

DEFINITION 1.6.1. Assume that U, V, W are sets and that T: U — V and
S:V — W are mappings. Then the composition of S and T is the mapping
SoT:U — W defined as

SoT(u) :=S(T(u)) for all u € U.
LEMMA 1.6.2. Assume that U, V., W are vector spaces and that T: U — V

and S:V — W are linear transformations. Then the composition S o T is linear
as well.

PrROOF. Let u, v € U, and A\, p € K. Then
SoT(Au+ w)=S(T(M\u+w)) =, SATu+ pTv)

T linear
= AS(Tu)+pS(Tv)=ASoT(u)+ uSoT(v).
S linear

O

If we have in particular the situation that T: V' — V is a linear transformation
of the space V', we can define the composition of T" with itself. In order to simplify
notation, we abbreviate T2 := T o T, and similarly 7% = ToT o T, and so on. This
further allows us to evaluate polynomials in linear transformations:

DEFINITION 1.6.3. Assume that V' is a vector space, T: V — V is a linear
transformation, and p is a polynomial with coefficients in K, say

p(z) =co+crz 4+ cor? + ...+ cpa™.
We define the mapping p(T): V — V by
p(T)u := cou + c1Tu + coaT?*u+...c, T"u for all u € V.



16 1. LINEAR ALGEBRA

PROPOSITION 1.6.4. Assume that V' is a vector space, T: V — V is linear, and
p, q are polynomials with coefficients in K. Denote by r(x) := p(x)q(x) the product
of p and q. Then

r(T) =p(T) o q(T') = q(T) o p(T).
ProOOF. Exercise. O

THEOREM 1.6.5. Assume that V is a finite dimensional complex vector space,
V # {0}, and that T: V — V s a linear transformation. Then T has at least one
eigenvalue A € C.

PROOF. Denote by n := dim(V') the dimension of V. Let v € V be arbitrary
with v # 0 and consider the vectors

v, Tv, T?v,..., T"v.

These are n+ 1 vectors in an n-dimensional spaces, which implies that they cannot
be linearly independent. That is, there exist numbers cg,...,c, € K, not all of
them equal to 0, such that

(5) cov+ a1 Tv+cT?*v+ ...+ e, T v =0.
Define now the polynomial
p(x):=co+crx+ ...+ cpaz™.
Then we can write (5)) as
p(T)v = 0.

Now let m be the largest index for which ¢,, # 0 (it is possible that ¢, = 0, so it
can happen that m < n). Then we can factorise the polynomial p as

p(x) = cmlz = M) (z = A2) -+ (x = Am)
with A1,..., A, € C being the complex zeroes of p (possible with higher multipli-
cities). Thus, after dividing by ¢,, # 0, the equation can be further written
as
(T —MId)o (T — X Id)o...o (T — N\, Id)v =0.

Since v # 0 by assumption, this implies that the composition (¢t — A Id)o...o (T —
Am Id) cannot be injective (as v in its kernel). This, however, is only possible if at
least one of the factors T'— A; Id is not injective. This, in turn, is equivalent to A;
being an eigenvalue of T'. O

REMARK 1.6.6. Note that the proof breaks down if we consider real vector
spaces, as in this case the factorisation of the polynomial is no longer possible (and
polynomials need not have real zeroes). Indeed, there exist linear transformations
in real vector spaces that do not have (real!) eigenvalues, the simplest example
being that of a rotation in R? (by an angle that is not an integer multiple of 7).

7. Triangularisation

LEMMA 1.7.1. Assume that the matriz

b1 x ... %
B=|" % | e Mat.(K)
0 ... 0 B

is upper triangular. Then the matriz B is invertible, if and only if all diagonal
entries B, ..., By are different from zero.
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IDEA OF PROOF. The matrix B is invertible, if and only if its columns are
linearly independent. If all diagonal entries are different from zero, this is clearly
the case (if you want, you can prove this by induction over n).

Conversely, if one of the diagonal entries is equal to zero, say 5; = 0, then the
first j columns cannot be linearly independent, as only the first j — 1 entries of each
of these columns are possibly different from zero. U

PrOPOSITION 1.7.2. Assume that V is a finite dimensional vector space and
that T:V — V is linear. Assume moreover that V' has a basis with respect to which
that matrix representation A of T is upper triangular. Then the eigenvalues of T
are precisely the distinct diagonal entries of A.

PrOOF. The matrix A is upper triangular, and thus it has the form

o k... %
A= 0 (6)
: L %
0 ... 0 a,
for some o; € K, j =1,...,n. Now note that the matrix representation of 7' — A Id
in the same basis is the matrix
a; — A * o *
A-ald=| Y e2mA
. . . *
0 - 0 «,—A

By Lemma this matrix is invertible if and only if its diagonal entries are
non-zero.

Now recall that A is an eigenvalue of T, if and only if the transformation T'— A Id
is not bijective. This is the case, if and only if its matrix representation (in any
basis) is not invertible, which, as we have just seen, is the case if and only if A = ¢;
for some j, which proves the assertion. ]

THEOREM 1.7.3. Assume that V is a finite dimensional complex vector space
and that TV — V is linear. Then there exists a basis of V with respect to which
the matriz representation of T is upper triangular.

PROOF. We prove this result by induction over n := dim V. For n = 1, this
result is trivial, as every (1 x 1)-matrix is automatically upper triangular (and even
diagonal!).

Assume therefore that we have proven the claim for every vector space U with
dim U < n and every mapping S: U — U.

Let A be an eigenvalue of V' (the existence of which follows from Theorem|1.6.5]).
If T = AId, then the result holds trivially, as the matrix of T' with respect to any
basis is simply the matrix AId. Thus we may assume without loss of generality
that T # A1d Define now U := ran(T — A1d). Since A is an eigenvalue of T, it
follows that T'— A1d is not surjective, which implies that dim(U) < dim(V'). Since
T — A1Id # 0, we also obtain that dim(U) > 1.

We now want to use our induction assumption on the space U. For that, we
show first that U is T-invariant: Indeed, assume that © € U. Then there exists
some v € V with (T — A1Id)v = u. Thus

Tu =T(T — A1d)v = (T — A1d)Tv € ran(T — A1d) = U.
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Here the second equality follows from the computation rules for polynomials in
Proposition

Define now the transformation S: U — U, u — Su := Twu. That is, the
mapping S is the restriction T'|y of T to U, but seen as a mapping from U to itself
(which is possible because U is T-invariant). Thus there exists a basis {u1, ..., um}
of U for which the matrix representation of S is upper triangular.

Now let W C V be such that V.= U®W, and choose any basis {w1, ..., wp—m}
of W. We now consider the matrix representation A of T' with respect to the basis
{ug, ..., um} U{wy,...,wyp_pm}. Following our considerations from Section {4} the
fact that U is T-invariant implies that A has a block upper triangular structure

(A A
Moreover, the matrix Aq; is precisely the matrix representation of S with respect
to the basis {u1,...,un} and thus upper triangular. Finally, we have for all w;
that
Twj = (Tw; — Aw;) + Aw; = (T — Md)w; + Aw;.
Since (T' — Ald)w; € ran(T — AId) = U, it follows that the matrix Ao (which

represents the part of T' that maps W into W) is Ag; = AId. Thus the matrix A
as a whole is upper triangular. O

8. Diagonalisation

DEFINITION 1.8.1. Let V be a finite dimensional vector space andlet T: V — V
be linear. We say that T is diagonalisable if there exists a basis of V' such that the
corresponding matrix representation of 7" is diagonal.

In the following, we will derive different equivalent conditions for the diagonal-
isability of a linear operator. For that, we show first that eigenvectors for different
eigenvalues are necessarily linearly independent.

THEOREM 1.8.2. Assume that V is a vector space and T:V — V is linear.
Let moreover Ai,..., A\, € K be distinct eigenvalues (that is, A; # X; for i # j),
and let vy, ..., v, € V be corresponding eigenvectors. Then the set {v1,...,vn} is
linearly independent.

Proor. We apply induction over m. For m = 1, the result is trivial, as every
eigenvector is non-zero.

Assume now that we have shown the result for m — 1. That is, the set
{v1,...,Um—1} is linearly independent.
Let now c¢q, ..., ¢, € K be such that

0=cvr+ ...+ cnvm.

We have to show that ¢; =0 for all j =1,...,m.
First we consider the case where ¢,,, = 0. In this case, we have that

O=civi+...+Cmn-1Vm-1-

Since by our induction assumption, the set {v1,...,v,—1} is linearly independent,
it follows that the coefficients ¢y, . .., ¢n_1 are all equal to zero as well, which proves
the claim in this case.

Now assume that ¢, # 0. Defining d; := —c¢;/c,, for j =1,...,m— 1, we then
obtain the equation

(6) U =d1v1+ ... +dm_1Vm_1-
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If we apply the transformation T to @ we then obtain that

AU = Tvp, = T(dwl +...4+ dm_lvm_l)
=diTvi+...+dpm-1TVm—1 =di A1+ ... +dp—1Am—1Vm—1-
If we now multiply @ by A, and subtract this last equation, we obtain that
0=di(Am —A)v1+ ...+ dma1 (M — A1) Vm—1-

Now the assumed linear independence of the set {vy,...,v,,—1} implies that all the
coefficients dj(A,, — A;), 7 =1,...,m—1, are equal to zero. Since A, # \; for j =
1,...,m—1, this implies that also d; # 0. Finally, this shows that ¢; = —c,nd; # 0,
which concludes the proof. ]

As a consequence of this result, we obtain that the sum of eigenspaces is direct.

LEMMA 1.8.3. Assume that T:V — V is linear and that \1,...,\, € K are
distinct eigenvalues of T. Then the sum of the eigenspaces E(A,T),...,E(Ap,T)
is direct.

PROOF. Let v € E(A,T) + ...+ E(Am,T). Assume that we can write v in
two ways as
v=u1+t...+ Un,
V=Vt ...+ Up,

such that u;, v; € E(A\;,T) for all j = 1,...,m. We have to show that in this case
u; = v; for all j.
By subtracting the two representations of v from each other, we see that

(7) 0= (u1 —v1)+ ...+ (Um — V)

with (u; —v;) € E(\;,T) for all j = 1,...,m. Now recall that we shown in
Theorem [I.8:2] that eigenvectors for distinct eigenvalues are linearly independent.
Thus can only hold if the vectors (u; — v;) are not eigenvectors of T', which is
only possible if they are equal to zero. O

THEOREM 1.8.4. Assume that V is a finite dimensional vector space and that
T:V — V is linear. Denote by A1,..., A\, € K the distinct eigenvalues of T. The
following are equivalent:

(1) T is diagonalisable.

(2) V has a basis of eigenvectors of T.

(3) We can decompose V. =U; @ Us & ... & U, such that each space U; is a
one-dimensional T-invariant subspace of V.

(4) V=EM,T)®...0 E(\y,T).

(5) dimV = dim(E(A1,T)) + ... 4+ dim(E(\y, T)).

PROOF. It is easy to see that the matrix A with respect to a basis vy, ..., v, of
V is diagonal, if and only if there exist u; € K, i = 1,...,n, (the diagonal entries of
A) such that Tv; = p;v; for all <. This shows the equivalence <~ (2). Also,
the equivalence (1)) <~ follows from the considerations in Section

Next we show the equivalence — : If V has a basis of eigenvectors,
then necessarily V' is the sum of the eigenspaces of T'. Moreover, this sum is direct
by Lemma Conversely, if holds, we can choose a basis of each eigenspace,
and concatenate the different bases to a basis of V.

The implication == 1) follows from Proposition m Finally, assume
that holds. By Lemma the sum of the eigenspaces is direct, and thus, by
Proposition

dim(E(A,T) + ...+ E(Ay, T)) = dim(E(\,T)) + ... + dim(E(A,, T)) = dim V.
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Since we already know that the sum is direct, it follows that
V=EMT)®...® E(\n,T).
O

In particular, we obtain the following result concerning diagonalisability of
operators:

COROLLARY 1.8.5. Assume that dimV = n and that the linear transformation
T:V —V has n distinct eigenvalues. Then T is diagonalisable.

9. Generalised Eigenspaces

In the previous section, we have introduce the notion of diagonalisability of a
linear transformation. Moreover, we have seen that a transformation is diagonalis-
able if and only if it has a basis of eigenvectors. Unfortunately, it turns out that
this is not the case for all transformations. As an example, consider the matrix

0 1
A= (0 0) .

Since this matrix is upper triangular, we can read off the eigenvalues from its
diagonal, which is 0. Thus the only eigenvalue of A is 0. However, the matrix A
cannot be diagonalisable: If it were, it could be transformed by a basis change into
a diagonal matrix where all the diagonal entries are equal to 0; in other words, the
matrix would have be 0.

With the same argumentation we obtain that strictly upper triangular matrices
cannot be diagonalisable, unless they are already equal to 0. Moreover, the same
holds if we add the same constant A to the diagonal: A matrix of the form

A ox L. %
(8) a=|0

. t. . *

o ... 0 X

can only be diagonalisable, if all the off-diagonal elements are equal to 0 and A =
Ald.

In this section, we will show that these is in a sense the most general form
of a non-diagonalisable matrix. More precisely, we will show that every linear
operator T" on a finite dimensional, complex vector space has a basis such that the
corresponding matrix of T has a block-diagonal form where every block is of the
form . In order to arrive at this representation, we will have to introduce some
notation, though, and then do some hard work.

Nilpotent Transformations.

DEFINITION 1.9.1. Assume that V' is a vector space and T: V — V is a linear
transformation. We say that T is nilpotent, if there exists j € N such that 77 = 0.

It is easy to show that nilpotent transformations can have no other eigenvalue
than 0:

LEMMA 1.9.2. Assume that V is a vector space and T:V — V is a nilpotent
linear transformation. Then the only eigenvalue of T is 0.

PROOF. Assume that A € K is an eigenvalue of T, and let v € V, v £ 0, be
a corresponding eigenvector. Then Tv = Av. Moreover, since T is nilpotent, there
exists j € N such that 77 = 0, and in particular 77v = 0. Thus we have that

0=Tlo=T""1To=TI"Do=XNT""1yp=... = Mo.
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Since v # 0, this implies that A = 0. O

LEMMA 1.9.3. Assume that the matriz A € Mat,, (K) is strictly upper trian-
gular, that is, its entries a;; satisfy a;; =0 for all i > j. Then A™ = 0.

ProoOF. This is a simple calculation. O

PrOPOSITION 1.9.4. Assume that V is a complex finite dimensional vector
space and that T': V. — V is nilpotent. Then

pdim(V) _ o

ProoOF. By Theorem [1.7.3] we can find a basis of V' such that the matrix A of
T is upper triangular. Next we know from Lemma that the only eigenvalue
of T is 0. Thus all the diagonal elements of A (which are the eigenvalues of T') are
0, which means that the matrix A is actually strictly upper triangular. Now the
claim follows from Lemma O

Now consider the situation where the operator T has a single eigenvalue .
After choosing a suitable basis, we can then write the matrix A of T' in the form
given in . This, however, implies that the matrix A — A1d is nilpotent and thus
(A—AId)" = 0. Now note that the matrix (A — AId)™ is precisely the matrix of
the operator (T'— AId)™ in the same basis. Thus the operator T'— AId is nilpotent
and every element v in the vector space V satisfies (T'— AId)"v = 0. In particular,
there exists a basis of V' consisting of vectors that satisfy (T' — AId)"v = 0.

DEFINITION 1.9.5. Let V be a vector space, let T: V' — V be linear and A\ € K.
A vector v € V, v # 0, is called a generalised eigenvector of T for the eigenvalue A,
if there exists j € N such that

(T — \1d)?v = 0.

The linear span of all generalised eigenvectors of T' for the eigenvalue A is called
the generalised eigenspace of T for A, and denoted by G(\,T).

REMARK 1.9.6. It is easy to see that the generalised eigenspace for the eigen-
value A consists of all the generalised eigenvectors for A together with the vector
0.

REMARK 1.9.7. If v # 0 satisfies the equation (T — A1d)’v = 0, then \ neces-
sarily has to be an eigenvalue of T: Let k be the largest non-negative integer such
that w := (T'— AId)*v # 0. Then

T—Ad)w = (T = AId)*w =0
( ) ( ) ;

and thus Tw = Aw, which in particular shows that A is an eigenvalue (and w a
corresponding eigenvector).

Preparatory Technical Results.
We will in the following show that every vector space has a basis consisting of
generalised eigenvectors. For that, we will need several additional technical results.

LEMMA 1.9.8. Let V' be a vector space, let T: V — V be linear, and let p be a
polynomial. Then the subspaces ker(p(T)) and ran(p(T)) are T-invariant.

PROOF. Assume that u € ker(p(T)). Then p(T) = 0 and thus p(T)(Tu) =
T(p(T)u) = T(0) = 0, which shows that also Tu € ker(p(T")). Thus ker(p(T)) is
T-invariant.

Now assume that u € ran(p(T)), say u = p(T)v for some v € V. Then Tu =
T(p(T)v) = p(T)(Tv) € ran(p(T)), which shows that ran(p(T)) is T-invariant as
well. (]
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LEMMA 1.9.9. Assume that V is a vector space and that T:V — V is linear.
Then

{0} CkerT C kerT? CkerT° C ...

PROOF. Let & € N and let u € kerT*. Then T%u = 0 and thus TFu =
T(T*u) = T(0) = 0 as well, which shows that u € ker T**!. This proves that
ker T* C ker TF*1 for all k. O

LEMMA 1.9.10. Assume that V is a vector space and that T:V — V is linear.
Assume moreover that for some k € N we have that ker T* = ker T*+'. Then
ker TF+™ = ker T* for all m > 0.

PROOF. We prove this result by induction over m. For m = 0, this result is
trivial.

Now assume that ker T#+t™ = ker T*. We have to show that also ker T*+m+1 =
ker T%. By Lemma[1.9.9] we know that ker 7% C ker T*+™+1, Thus we only have to
show the inclusion ker T*T™+!  ker T®. Assume therefore that u € ker TF+m+1,
Then 0 = Tktmtly = TE+L(T™y), and thus T™u € ker TH*+1. Since ker T#+1 =
ker T%, we then obtain that T™u € ker T*, which in turn shows that T#+t™y =
T*(T™u) = 0. Thus u € ker T**™_ which shows that ker T*+m+1 C ker T*+™. O

LEMMA 1.9.11. Assume that V is a finite dimensional vector space and that
T:V —V is linear. Then

ker TdimV — ker Tdim V+1 — ker Tdim V+2 _

Proor. By Lemma it is sufficient to show that the equality ker 7™V =
ker 79 V+1 holds. Assume thus that this is not the case, that is, that ker 74mV C
ker 74mV+1 - Then Lemmal[l.9.10]implies that ker 7% C ker T*+! for all k < dim V.
Thus we have that dim(ker T**!) > dim(ker T%) + 1 for all kK < dim V. This,
however, implies that dim(ker 74™V+1) > dim V + 1, which is impossible. O

PrROPOSITION 1.9.12. Assume that V is a finite dimensional vector space and
T:V —V is linear. Then

V = (ker T9™V) @ (ran 79m V),

PROOF. We show first that (ker 74™ V) 0 (ran T4 V) = {0}. Assume to that
end that v € (ker 79 V) N (ran74™ V). Then we can write v = T4V, for some
u € V. Since v € ker 7™V it then follows that T24mVy, = TdimV(TdimVy) —
TImVy = 0, that is, v € ker T?4™V . Now we know from Lemma [1.9.11] that
ker 724m V' — ker 74mV - and thus we actually have that u € ker 749™V . This,
however, implies that v = T9™Vy = 0.

We now have shown that the sum of the spaces ker
direct and thus

dim(ker 79™V) + dim(ran 7™ V) = dim((ker 7™ V) @ (ran 7™ V).
Next we know from Theorem [[L.5.5 that
dim V = dim(ker 7% V) + dim(ran 7™ V).

Thus (ker T9™V) @ (ran T4 V) is a subspace of V of the same dimension as V.
This immediately implies that it is the whole space, which finishes the proof. [

TV apnd ran T4V g

LEMMA 1.9.13. Let V be a complex finite dimensional vector space, T: V —V
linear, and \ € K an eigenvalue of T. Then

G\, T) = ker((T — AId)4™V).
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PROOF. Assume that v € G(A,T). Then there exists j € N such that (T —
M)iv = 0, that is, v € ker((I" — AId)?). From Lemma we know that
we may assume without loss of generality that j < dim V. Then, however, we
can use Lemma and obtain that v € ker((T'— AId)*™ V"), which proves the
assertion. (]

Linear Independence of Generalised Eigenvectors.

THEOREM 1.9.14. Let V' be a vector space and let T: V. — V be linear. As-
sume moreover that A1, ..., Ay are distinct eigenvalues of T and that vy,..., v,
are corresponding generalised eigenvectors. Then the set {v1,...,v,} is linearly
independent.

PROOF. Assume that cq,..., ¢, € K are such that
(9) 0=civ1+ ...+ CnUm.

For each j =1,...,m, denote by k; the largest non-negative integer such that
(T — X\jId)*v; # 0. That is,

(T — X\ Id)*iv; # 0 but (T — X\ Id)R Ty, = 0.

Such an integer exists for each j, as the vectors v; themselves are non-zero, but
(T — X\jId)*v; = 0 for some sufficiently large k.

Now denote

w = (T — Al)kl’Ul.
Then w # 0, but
(T — M\)w = (T — X))oy =0,

which shows that w is an eigenvector of T for the eigenvalue ;.

In particular, this implies that

(T— XN Id)w =Tw — Ajw = \w — A\jw = (A — A\j)w,
and thus also
(T — X 1d)Fw = (A — \j)Fw.
Now consider the operator
S = (T — M\ Id)* o (T — A Id)*2 o (T — A3 Id)**H o 0 (T — Ay, Id)Pm L,

Note that S is a polynomial of T, and thus we can rearrange the factors in any way
we want in order to evaluate S. In particular, we have

Svy = (T — M Id)*2H oo (T = Ny Id) L o (T — A 1d)F10
= (T — M Id)F2F oo (T — A Id)Fm Tl
= (A — X)) — A Tl
On the other hand, we obtain for j = 2,...,m that
Svj = (T — M Id)F o (T — Mg Id)*2 T oo (T — Nj_ Td)M—2T 1o
o (T — N IR+ T oo (T — A, 1d)P T o (T — A 1d)* oy = 0.

Now apply the operator S to both sides of the equation @D Then we obtain
that

0=25(0) =c1S(v1) + c2S(v2) + ... + S (vim)
= Cl(>\1 — /\2)k2+1 s (/\1 — )\m)k’”ﬂw.

Since w # 0 and Ay # A; for j = 2,...,m, this is only possible if ¢; = 0.
With a similar argumentation, we now obtain that alsoco =c3 = ... =¢,, =0,
which proves the linear independence of the set {vy,..., vy} ]
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Decomposition into Generalised Eigenspaces.

THEOREM 1.9.15. Assume that V is a finite dimensional complex vector space
and that T:'V — V is linear. Denote by A1, ..., A € C the distinct eigenvalues of
T. Then

(10) V=GOwT)& &G, T)

and each subspace G(A\;,T) is T-invariant.
In particular, there exists a basis of V' such that the corresponding matriz A of
T has the blockdiagonal form

A1 0 0
A= 0 ,
: ‘. - 0
0 DY 0 Amm
and each non-zero block Aj; is upper triangular with diagonal elements A;, that is,
Ajok o x
0
Ajj =
: L %
0 ... 0 A

PROOF. Since G(A;,T) = ker((T — \;1d)¥™V), the generalised eigenspaces
are the kernels of polynomials of T and thus T-invariant. Moreover, once we have
established that V is the direct sum of the generalised eigenspaces, we can find a
basis of each of spaces G(A;, V) for which the restriction of T to G(\;, V) is upper
triangular. After concatenating these bases to a basis of the whole space V', we
then obtain from our previous considerations that the matrix A of T has the above
given form.

Thus it remains to establish the decomposition , which we will do by in-
duction over the dimension n = dim V of the space V.
For dim V' = 1, the result trivially holds.

Assume now that we have shown for every finite dimensional complex
vector space U of dimension dim U < n, and every linear transformation S: U — U.

Let A1 € C be an eigenvalue of T', the existence of which follows from The-
orem [[L6.5] Define moreover

U :=ran((T — A 1d)").
Then we can write
V =ker((T — A\ 1d)") @ ran((T — A 1d)") = G(\,T) & U.

If U = {0}, we have the desired decomposition and are done. Assume therefore
that this is not the case.

Since U is the range of a polynomial of 7" it is T-invariant. Thus we can define
the operator S: U — U, u — Su := Tu. That is, S is the restriction of T' to U,
interpreted as a mapping from U to itself. We now note that the eigenvalues of
S are a subset of {Aa,..., A\ }. Indeed, if w € U C V is an eigenvector of S for
an eigenvalue A € K, then we have that Tu = Su = A\u, and thus u is already an
eigenvector of T for the same eigenvalue. However, if Su = Aju, then

u € ker(S — A\ Id) = ker(T — M\ Id)NU
- ker(T - M Id)n NnU = G()\l,T) nU = {0}
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Thus A; cannot be an eigenvalue of S.
Since dim U = dim V —dim(G(\,T)) < dim V' = n, we can apply the induction
hypothesis to the transformation S: U — U. Thus we can write

(11) U=GA\2,9)D...® G\, 5),
and consequently
V=G, T)DGN,S)@...0 G\, 5).

It is therefore sufficient to show that G(A;,S) = G(A;,T) forall j =2,...,m
We note first that

G(\;,S) ={ueU: (T -1V =0},
G\, T)={veV (T-)\I1)¥" =0}

Since U C U and dim U < dim V', we immediately obtain that G(\;,S) C G(A;,T)
forall j=2,...,m

For the converse inclusion assume that v € G(A;,T). Because of the decom-
position V = G(A1,T) ® U we can write

v=21 +u
with v; € G(A\,T) and u € U. Next, the decomposition implies that
U=U2+ ...+ Up
with u; € G()\;,5) for j =2,...,m. Thus
V=01 +U2+ ...+ Up,
which we can rewrite as
O=vi4+us+...+uj_1+ (4 —v) +ujp1+ ... + Up.

Now note that v1 € G(A\1,T), ug € G(\e, S) C G\, T) for £ =2,...,m, £ # j, and
also (u; —v) € G(A\;,T) + G(\;,8) = G(\;,T).

Thus we have written 0 as a sum of elements of the generalised eigenspaces
of T, which each consist of the generalised eigenvectors of T' for the corresponding
eigenvalue together with the vector 0. Since generalised eigenvectors of T for differ-
ent eigenvalues are linearly independent, they cannot occur on the right hand side
of this sum. Thus we have to conclude that all the terms on the right hand side are
equal to 0, and in particular that (u; —v) = 0. This shows that v = u; € G();,5).
Since v € G(\;,T) was arbitrary, this proves that G(\;,T) C G(}\;,S), which
concludes the proof. O

10. Characteristic and Minimal Polynomial

DEFINITION 1.10.1 (Multiplicities of eigenvalues). Assume that V' is a finite
dimensional vector space, that T': V' — V is linear, and that A € K is an eigenvalue
of T.

e The algebraic multiplicity of A is defined as dim(G (X, T)).
e The geometric multiplicity of X is defined as dim(E(A, T)).

REMARK 1.10.2. Assume that V is a finite dimensional complex vector space
and T:V — V is linear. We have just shown that V' can be decomposed into
the direct sum of the generalised eigenspaces of T'. In particular, this shows that
the sum of the algebraic multiplicities of all the eigenvalues of T' is equal to the
dimension of V.

In general, though, the geometric multiplicities may be smaller than the algeb-
raic multiplicities, and their sum may be smaller than the dimension of V. More
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precisely, we obtain that the geometric multiplicities of all the eigenvalues sum up
to the dimension of V', if and only if T is diagonalisable.

REMARK 1.10.3. Assume that the operator T: V' — V has for some basis an
upper triangular matrix with not necessarily distinct diagonal entries pu1, o, .. ., tin
(with n = dim V). Then the characteristic polynomial of T is

X(2) = (z = p)(z = p2) -+ (z = pin).
Note here, though, that the same linear factor may repeat several times.

DEFINITION 1.10.4. Assume that V is a finite dimensional complex vector space
and that T: V — V is linear. Denote be Aq,...,\,, the distinct eigenvalues of T,
and let dy, ..., d,, be their respective algebraic multiplicities. By

X(E) = (2 = A (= )
we denote the characteristic polynomial of T.

REMARK 1.10.5. This definition of the characteristic polynomial turns out to
be the same as the one using determinants, which you have seen in previous maths
courses. That is, one can show that

x(z) =det(z1d -T).

THEOREM 1.10.6 (Cayley—Hamilton). Assume that V is a finite dimensional
complex vector space and that T:V — V is linear, and denote by x the character-
istic polynomial of T. Then

X(T) = 0.

PRrROOF. Write
X(2) = (2 = M) (2 = A) P,
where A1, ..., A, are the distinct eigenvalues of T and dy, . . ., d,, the corresponding
algebraic multiplicities.

We show first that the restriction of x(7') to each of the generalised eigen-
spaces of T is equal to 0. Since G(\;,T) is T-invariant, we can interpret the
restriction of T to G(\;,T) as a transformation of the space G(\;,T). Now we
have defined the generalised eigenspace as G(\;,T) = ker(T — \; Id)4™ V| and thus
(T — A\;1d)4mVy = 0 for every v € G(\;,T). In other words, the restriction of
T — X\;Id to G(A;,T) is nilpotent. This, however, implies that we already have
that (T — \; I)@(EXT)y = 0 for all v € G(\;,T). Since dimG()\;,T) = d;,
this shows that (T — A; Id)%v = 0 for all v € G(\;,T). Now the definition of the
characteristic polynomial (and the fact that we can freely switch the order of the
linear factors) shows that x(T)v =0 for all v € G(A\;,T) and all j =1,...,m.

Now let v € V be arbitrary. Since V is the direct sum of its generalised
eigenspaces, we can write

v=v1+ ...+ Un with v; € G(\;,T) for j =1,...,m.
Thus
X(T)v = x(T)v1 + ...+ x(T)vym = 0.
Since this holds for all v € V, it follows that x(7") = 0. O

DEFINITION 1.10.7. A polynomial p is called monic, if its leading order coeffi-
cient is equal to 1. That is, a monic polynomial is of the form

p(2) = 2™+ Cp12™ T F Cm—22™ 2+ 12 + .
LEMMA 1.10.8. Assume that V' is a finite dimensional complex vector space

and that T:V — V is linear. There exists a unique monic polynomial p of minimal
degree such that p(T') = 0.
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Proor. From Theorem we know that there exists a polynomial such
that p(T) = 0 (namely the characteristic polynomial). Thus there also exists a
monic polynomial of minimal degree with this property. It remains to show that
this is unique.

Assume therefore to the contrary that p and ¢ are monic polynomials of minimal
degree such that p(T) = ¢(T) = 0, and that p # ¢. In particular, degp = degg,
and thus we can Write

p(z)=2z"+ m_12"" 4 .. 4+ aiz +ag,

q(z) = 2™ + by 12™ L+ bz + by,
for some coefficients a;, b; € K. Let k be the largest index such that aj # by (such
an index exists, as p # ¢). Now define the polynomial r(z) = (p(2) —q(2))/(ar —by).

Then r(T) = p(T) — ¢(T) = 0 and r is a monic polynomial of degree k < m, which
is a contradiction to the definitions of p and gq. O

DEFINITION 1.10.9. Assume that V' is a finite dimensional complex vector space
and that T: V — V is linear. The unique monic polynomial p of minimal degree
satisfying p(T') = 0 is called the minimal polynomial of T.

EXAMPLE 1.10.10. Assume that 7: C3 — C3 is the linear transformation given
by the matrix

A:

oS O N

1
2
0

N OO

with respect to the standard basis on C3. Since A4 is triangular, we can immediately
read of the characteristic polynomial of T" and obtain

X(T) = (2 —2)".
It turns out, however, that we already have that (A —21d)? = 0. Thus in this case

the minimal polynomial is different from the characteristic polynomial. In fact, one
can show that the minimal polynomial of T is p(z) = (2 — 2)2.

Next we establish some results about the relation between the minimal poly-
nomial and the characteristic polynomial.

ProrosiTION 1.10.11. Assume that V is a finite dimensional complex vector
space and that T: V — V is linear, and denote by p(z) the minimal polynomial of
T. Assume moreover that q(z) is another polynomial satisfying q(T) = 0. Then
q is a polynomial multiple of p. That is, there exists a polynomial s such that
q(z) = s(2)p(2).

PrOOF. By performing polynomial division with remainder, we can write

q(z) = s(2)p(z) + r(2),
where r and s are polynomials, and degr < degp. Now, since ¢(T) = 0 and
p(T) = 0, we obtain that also r(T) = 0. However, p is the minimal polynomial of
T and degr < degp, which is only possible if 7(z) = 0 is the 0-polynomial. Thus
we obtain the desired result. O

PROPOSITION 1.10.12. Assume that V is a finite dimensional complex vector
space and that T:V — V is linear. Then the zeroes of the minimal polynomial p
of T are precisely the eigenvalues of T. Moreover, p is of the form

p(2) = (2= M) (2 = A2) - (2 = Am)™™

with A1,..., A are the eigenvalues of T', and 1 < s; < dj for all j, with d; being
the algebraic multiplicity of the eigenvalue ;.
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Proor. We know already that the characteristic polynomial is a polynomial
multiple of p, which shows that p is of the form

p(2) = (2= M) (2 = A2)™ - (2 = Am)™™

with 0 < s; < d;. It remains to show that s; > 1 for all j. Assume therefore to
the contrary that s; = 0 for some j, that is, that the corresponding linear factor
does not appear in the minimal polynomial. Let now v; be an eigenvector for the
eigenvalue \;. Then a simple calculation (similar to those we needed for the linear
independence of generalised eigenspaces) shows that

(T = (A = A1) -+ (N = A1) 7 (A = Ajn)F - (A = Am) "5

Since v; # 0 and Ay — A; # 0 for k # j, this shows that p(T)v; # 0, which
contradicts the assumption that p(T) = 0. Therefore s; > 1 for all j, which proves
the claim. 0

11. Jordan’s Normal Form

We will now discuss a further refinement of the decomposition shown in The-
orem [1.9.15] which describes the, in a sense, simplest possibility of representing an
arbitrary linear transformation of a finite dimensional complex vector space.

THEOREM 1.11.1. Assume that V is a finite dimensional complex vector space
and that T: V. — V is linear. Then there exists a basis of V' such that the matriz
representation A of T has the blockdiagonal form

A 0 Ll 0
: . . 0
0o ... 0 Aum
where each block Ay, itself has a block-diagonal form
e
J; o ... 0
2
A= 0 7
; 0
0 ... 0 JP
and the sub-blocks are upper triangular matrices of the form
N1 0 .0
0 N 1 :
o_1. . . .
e )
: |
0 ... ... 0 N

(or possibly J]@) = (A;) for sub-blocks of size 1), where \1,..., A\ are the distinct

eigenvalues of T'. Such a basis is called a Jordan basis of T, and the sub-blocks J]@)
are called Jordan blocks of T
Moreover the following properties are satisfied:

o The blocks Aj; are (d; x d;)-matrices, where d; is the algebraic multiplicity
of the eigenvalue \;.

o The number k; of different blocks for the eigenvalue X; is the geometric
multiplicity of \;.
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e The minimal polynomial p of T has the form
p(z) = (2= A1) (2 = A)™ - (2 = Am),

where s; is the size of the largest Jordan block JJ@ for the eigenvalue A;.
e Apart from the order, the Jordan blocks are unique.

EXAMPLE 1.11.2. Assume that the operator 7: C* — C* has the only eigen-
value A = 2. Then we have the following possibilities for the Jordan normal form
of T:

(1) A decomposition in a single Jordan block of size 4:

Here the geometric multiplicity
polynomial of T is p(z) = (z — 2)*.
(2) A decomposition in a Jordan block of size 3 and a block of size 1:

Here the geometric multiplicity of the eigenvalue 2 is 2, and the minimal
polynomial of T is p(z) = (z — 2)3.
(3) A decomposition in two Jordan blocks of size 2:

A:

OO O N
S o NN
o N OO
N = OO

Here the geometric multiplicity of the eigenvalue 2 is 2, and the minimal

polynomial of T is p(z) = (2 — 2)%.

(4) A decomposition in one Jordan blocks of size 2 and two blocks of size 1:

21 0 0
0 2 0 0
A70020
0 0 0 2

Here the geometric multiplicity of the eigenvalue 2 is 3, and the minimal
polynomial of T'is p(z) = (z — 2)2.
(5) A decomposition in four Jordan blocks of size 1:

2 0 0 O
0 2 0 0
A= 0 0 2 0
0 0 0 2
Here the geometric multiplicity of the eigenvalue 2 is 4, and the minimal

polynomial of T is p(z) = (z — 2).
The algebraic multiplicity of 2 is in all cases equal to 4, and the characteristic
polynomial is always x(z) = (z — 2)*.






CHAPTER 2

Inner Product Spaces and Singular Value
Decomposition

1. Inner Products

Recall that the Euclidean (or standard) inner product on R™ is given as

n
(u,v) = Z U Vg,
i=1

and that the corresponding Euclidean norm is

ful = (32 02) ",

i=1
The intuition behind these notion is that |ju|| would be the length of the vector
u € R™, whereas the inner product (u,v) is related to the angle between the vectors
u and v. More precisely, we have
(u, v) = [[ull [lv]| cos(e),

where « is the angle between the vectors u and v.
In the following, we will develop a generalisation of this notion of inner products
for arbitrary real or complex vector spaces.

DEFINITION 2.1.1. Let V be a vector space. An inner product on V is a
mapping (-,-): V — K with the following properties:
(1) Linearity in the first component:
(v, ) = Auyw) + (v, )

for all w, v, w € V and A\, p € K.
(2) Conjugate symmetry:

for all u, v € V.
(3) Positive definiteness:
(v,v) € Rxg
for all v € V. Moreover (v,v) = 0 if and only if v = 0.
A vector space V with an inner product is called an inner product spaceﬂ

ExaMPLE 2.1.2. Consider the following examples of inner product spaces:
(1) The space C™ is an inner product space with the inner product

n
(u,v) = Z U5,
i=1

which we can also write as

u,v :’UHU
{u, v) ,

lSometimes one also uses the name pre-Hilbert space for an inner product space.
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where
o = (@)
is the Hermitian conjugate (or: “conjugate transpose”) of v.
Here the positive definiteness follows from the fact that

n n
(v,v) = ZUﬂTi = Z|Ui\2,
i=1 i=1

which is non-negative (and real) for all v € C”, and equal to zero if and
only if v = 0.

(2) We can make the space C([0, 1], C) of complex-valued continuous functions
on [0,1] to an inner product space by defining

(u,v) == /0 u(z)v(x) de
for u, v € C([0,1],C).

We obtain here the positive definiteness by writing

(u,u)z/o |u(m)\2dx,

which obviously is real and non-negative. Moreover, since the integrand
|u(z)|? is a continuous and non-negative function, the integral is equal to
zero if and only if |u(z)| = 0 for all z, which is the case if and only if
u=0.

LEMMA 2.1.3. Assume that V is an inner product space with inner product
(,-). Then we have for allu, v, w € V and A\, p € K that

(u, Mo + pw) = Mu, v) + i, w).
That is, (-,-) is conjugate linear in the second component.

Proor. We can write

(u, Ao + pw) = (Ao + pw, u) = Mo, u) + p{w, u)
= Mv, u) + i{w, u) = Mu, v) + f{u, w).
U

REMARK 2.1.4. It is also somewhat common, especially in physics, to define
inner products slightly differently by requiring linearity in the second component
and conjugate linearity in the first component. Then one would for instance write
the inner product on C" as (u,v) = uffv. From a theoretical point of view, this
makes no real difference, but it can be pretty annoying in practice, as all concrete
formulas look slightly different.

REMARK 2.1.5. The linearity of an inner product in the first component to-
gether with the conjugate linearity in the second component is sometimes called
sesquilinearity from the Latin word sesqui meaning one-and-a-half.

DEFINITION 2.1.6. Let V' be an inner product space with inner product (-, -).
The associated norm on V is the mapping ||||: V — Rx,

1/2
lvll == ({v,0)) """
LEMMA 2.1.7. The norm on an inner product space V' has the following prop-
erties:
(1) Positivity: |Jv]| > 0 for allv € V, and ||v]| = 0 if and only if v=0.
(2) Positive homogeneity: ||| = |A|||v| for allv € V and X € K.
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PROOF. The positivity follows immediately from the positive definiteness of
the inner product. For the positive homogeneity we note that
IX0]* = (Ao, M) = AX(v, v) = [A]?]o]].
O

DEFINITION 2.1.8. Let V be an inner product space with inner product (,-),
and let u, v € V. We say that u and v are orthogonal, if (u,v) = 0.

THEOREM 2.1.9 (Pythagoras). Let V' be an inner product space, and let u,
v € V be orthogonal. Then

lu+vlf* = [full® + [v]*.
PrROOF. We have that
lu+ol* = (u+v,u+v) = (u,u) + (u,0) + (v,u) + (v,v)
= (u,u) + (v, v) = [Jull® + [[o]|*.
O
REMARK 2.1.10. In an inner product space we can also write
lu+ol* = (u,u) + (u,0) + (v, 0) + (v,0) = [|ull® + [Jo]|* + 2R((u, v)),

where R(z) denotes the real part of z € C. Thus Pythagoras’ theorem actually
holds more generally for vectors u, v for which the inner product (u,v) is purely
imaginary.

THEOREM 2.1.11 (Cauchy—Schwarz—Bunyakovsky). Assume that V is an inner
product space and that u, v € V. Then

[(u, ) < [lulflv]l,
and equality holds if and only if u and v are linearly dependent.

PROOF. If v = 0, then the result holds (with equality, and v and v are linearly
dependent). We may therefore assume without loss of generality that v # 0.

Define now
(u,v)
wi=u— 5 U
[[v]]
Then
<U},U> = <u,v> - <12|T]2> <1},1}> = 07
and thus
(u,v) 2 [{u, v) > [(u, )|
Il = o+ ] = o Sl = ol + S
Thus
lull®[[0]? = [0l lwl|® + [(u, 0) > < [{u, v)]?,

and we have equality if and only if w = 0. This, however, implies that u and v are
linearly independent.

Finally, assume that u and v are linearly independent (and still v # 0), say
u = Av for some )\ € K. then

[{u, v)] = [0, 0)] = [X[[{v, 0)| = [Al]o]* = 1Ml llo] = [lull]v])
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THEOREM 2.1.12 (Triangle inequality). Assume that V is an inner product
space and u, v € V. Then

[lu+ vl < fJull + [|v]l,
and we have equality, if and only if either v =0 or u = Av for some A € R>.
PRrROOF. We can write
lu+ ol = flull® + [[v]|* + 2R((u, ) < [lull® + [[ol* + 2/ {u, v)]
< Nl + ol + 2llulllloll = (lull + [l

This shows that the inequality [lu + v|| < ||u| + [Jv|| holds.

Moreover, we have an equality, if and only if we have an equality in all the
steps of our estimate above. The third step was the Cauchy—Schwarz—Bunyakovsky
inequality, where we have an equality if and only if « and v are linearly independent,
that is, if either v = 0 or u = Av for some A € K. For the second step, we have an
equality if and only if R((u,v)) = [{u,v)|. If v = 0, this trivially holds; if u = Av
for some A € K, we need the additional condition that A € R>q, which proves the
assertion. (]

2. Bases of Inner Product Spaces

DEFINITION 2.2.1. Let V' be an inner product space. A set {v1,...,v,} CV
of vectors is called orthonormal, if ||v;|| =1 for all i =1,...,m, and (v;,v;) = 0 for
alld, j=1,...,m with i # J.

LEMMA 2.2.2. Assume that V is an inner product space and that {vy,...,vm} C
V' is orthonormal. Then {v1,...,v,,} is linearly independent.
PROOF. Assume that cq,..., ¢, € K are such that

O=cv1+...+cmvm.

A repeated application of Pythagoras’ theorem implies that

0= |lcivr + ...+ cmom|® = llcrvi]|®> + . .. + |lemvml?
= e ol + - lemPlloml? = e + -+ fem]*.
Thus ¢; = ¢ = ... = ¢, = 0, which proves the linear independence of the set

{v1,...,Um }. O

DEFINITION 2.2.3. Let V be an inner product space. An orthonormal basis of
V' is an orthonormal set that is a basis of V.

THEOREM 2.2.4 (Gram—Schmidt Orthogonalisation). Assume that'V is a vector
space and that S = {v1,va,...} CV is a linearly independent subset of V.. Then
we can construct a set E = {ey, ea,...} as follows:

e Start with setting

01
e = —.
(vl
o Assume we have already constructed orthonormal vectors ey, ..., em,. We
define first
fmt1 = Vmi1 — (Umy1,e1)er — (Umy1, €2)e2 — ... — (U1, €m)em
and then set
e _ fm+1
mtl = T
[ frmtal

Then the set {e1,ea,...} is a well-defined orthonormal set. Moreover, we have
that span{vy, va, ..., vm} = span{ey, ez, ..., en} for all m.
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PROOF. We show by induction over m that the set {e1,ea,...,emn} is well-
defined and orthonormal, and satisfies span{vy, ..., v, } = span{ey, ..., emn}.

For m = 1, this is obvious (as v; # 0).

Now assume that we have shown the result for m. Then we have for all 1 <
7 < m that

(fm41,€5) = (Um+1,€5) — (Ums1,e1)(er, €5) — ... — (VUmt1, €m) (€m, €5)
= (Um+1,€5) — (v, €5)(ej, €5) = 0.
Here we have used that (e;,e;) =0 for ¢ # j and (ej,e;) = 1.
In order to show that e,,+1 is well-defined, we need to show that f,,11 # 0.
Assume therefore to the contrary that f,,,4+1 = 0. Then we can write

Umt1 = (Umy1,e1)er + (Umyr,e2)e2 + ..+ (Uma1, €m)em
€ spanfer, ..., em} = span{vi, ..., Un},
which contradicts the linear independence of the set {vi,...,vm,vmy1}. Thus
fm+1 # 0, and ey, 11 is well-defined and satisfies ||e;,+1]] = 1. Therefore the set
{e1,.-.,Em,emt1} is orthonormal.

Finally, by construction every vector e; can be written as a linear combination of
the vectors vq,...,v;, and thus span{es,...,em, €ms1} C span{vi,..., Um, Vmy1}-
Since those spaces have the same dimension (namely m + 1) they have to be equal.

O

COROLLARY 2.2.5. FEwvery finite dimensional inner product space has an or-
thonormal basis.

PROOF. Start with any basis of the vector space, and apply Gram—Schmidt
orthogonalisation. O

LEMMA 2.2.6. Assume that V is a finite dimensional inner product space with
orthonormal basis {v1,...,v,}. Assume that u, w € V have the coordinates x =
(x1,...,2,)T €K™ and y = (y1,...,yn)T € K", respectively, that is,

U=2T1V1 + ...+ Tpln, wW=1YV1 + ...+ YnUn.
Then
n
i=1

PRrOOF. We have

n n n n n
(u,w) = <Z Tiv;, Zijj> = Z Z%%(Un vj) = szy
i=1 j=1 i=1

i=1j=1
O
DEFINITION 2.2.7. Assume that V is a finite dimensional inner product space

and that {v1,...,v,} is a basis of V. The Gram matriz for this basis is the matrix
G € Mat,,(K) with entries G;; = (v;,v;). That is,

<’Ul,1}1> <U2,’Ul> <’Un,111>
_ <’01, ”02> <’U2, U2> e <Un7 ’02>
<vl,.11n> <v2,.vn> <vn,.vn>

REMARK 2.2.8. We see immediately that the Gram matrix for a basis is the
identity if and only if the basis is orthonormal.
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PROPOSITION 2.2.9. Assume that V is a finite dimensional inner product space,

that {v1,...,v,} is a basis of V, and that G is the corresponding Gram matriz.
Assume that u, w € V have the coordinates x = (x1,...,2,)7 € K and y =
(Y1, -,yn)T € K", respectively. Then

(u,w) =y Gu.

PRrROOF. We have

n n n

(u,w) = Z in@j<vi,vj> = Z Z%Gﬁxi =y"Ga.

i=1 j=1 j=1i=1

O
DEFINITION 2.2.10. A matrix A € Mat,,(K) is called Hermitian, if A7 = A,

that is, if a;; =aj; for all ¢, 7 =1,...,n.
DEFINITION 2.2.11. A matrix A € Mat,, (K) is called positive definite, if
e Az € Rug
for all z € K™ with x # 0.

LEMMA 2.2.12. Assume that V is a finite dimensional inner product space and
that {v1,...,v,} is a basis of V, and denote by G the corresponding Gram matriz.
Then G is Hermitian and positive definite.

PROOF. Since

Gij = (vj,vi) = (i, v5) = G,
the matrix G is Hermitian.
Now let € K" with  # 0, and let v = Y_." | x;v; be the vector with coordin-
ates (z1,...,2,)7. Then v # 0 and thus

2 G = (v,v) = [[o]|* > 0,
which proves that G is positive definite. (|

REMARK 2.2.13. Conversely, assume that {v1,...,v,} is a basis of V and G €
Mat,, (K) is positive definite and Hermitian. Then we can define an inner product
on V by setting

<’LL, U>G = yHva
if z, y € K™ are the coordinates of the vectors u, v € V. (It is straight-forward to
show that this is indeed an inner product.) Thus we have a one-to-one correspond-
ence between positive definite Hermitian matrices and inner products.

PROPOSITION 2.2.14. Assume that V is a finite dimensional inner product space

and that {v1,...,v,} is a basis of V, denote by G the corresponding Gram matriz
and by G~ its inverse, and let v € V.. Then the coordinates x1, ..., T, are given
as

n

x; = Z G;j1<v,vj>.

i=1
PRrROOF. Exercise! O

COROLLARY 2.2.15. Assume that V is a finite dimensional inner product space
and that {ey,...,e,} is an orthonormal basis of V. Then

n
v = Z<U»ei>6i
i=1

for allv € V. In particular, the coordinate vector of v is ({(v,e1),...,{v,en)).
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3. Orthogonal Complements and Projections

DEFINITION 2.3.1. Assume that V' is an inner product space and U C V is a
subset. We denote by

Ut .= {veV:(uv)=0foraluecU}
the orthogonal complement of U.

LEMMA 2.3.2. Let V' be an inner product space and U C V a subset. Then U+
is a subspace of V and UNU+L = {0}.

PROOF. We note first that 0 € U+, since (u,0) = 0 for all u € V. Now assume
that v, w € UL. Then we have for all u € U that

(u,v +w) = (u,v) + (u,w) =0+0 =0,
and thus v +w € UL, Similarly, if v € U+ and A € K, then
(u, ) = Mu,v) =0

for all u € U and therefore Av € U+. This shows that U~ is a subspace.
Finally assume that v € U N U*. Then we have in particular that (u,u) = 0,
and thus v = 0. O

LEMMA 2.3.3. Let V' be an inner product space and U, W be subsets of V
satisfying U C W. Then W+ C U+.

PROOF. Assume that v € W+. Then (w,v) = 0 for all w € W. Since U C W,
this implies that, in particular, (u,v) = 0 for all uw € U, which in turn shows that
ve Ut O

PROPOSITION 2.3.4. Assume that V' is a finite dimensional inner product space
and that U C V is a subspace. Then

V=UoU" .
PROOF. Denote n = dimV and m = dimU. Let B = {ui,...,un} be an
orthonormal basis of U. Using the Gram—Schmidt algorithm, we can extend this
to an orthonormal basis of V. That is, we can find a set C = {v1,...,05_m} such

that BUC is an orthonormal basis of V. We claim that U+ = spanC.

For this, we note first that C C U~ by construction (as every vector v; is
orthogonal to all the basis elements of U). Since U~ is a subspace, this shows that
spanC C U~. In order to show the converse inclusion, we recall that U+ NU = {0},
which implies that the sum of U and U+ is direct. In particular,

dim U+ = dim(U @ U*) —dimU < n — m = dim(spanC).

Since spanC C U™, this implies that U+ = spanC.
As a consequence, we have that

V =spanB@® spanC =U o U+,
which concludes the proof. O

PROPOSITION 2.3.5. Assume that V' is a finite dimensional inner product space
and that U C 'V is a subspace. Then (U+)+ =U.

PROOF. Assume that u € U. Then we have for every v € U+ that (u,v) = 0.
This, however, implies that u € (U+)%. This shows that U C (U*)+

Now assume that v € (U)%. Since V = U @ U', we can write v in the
form v = u 4+ w with u € U and w € UL. We have to show that w = 0. Since
ue U C (U1, it follows that w = v — u € (U+)L. On the other hand, we know
that w € U+, Since U+ N (U+)+ = {0}, this implies that w = 0. Thus v =u € U,
which shows that (U+)4 C U. O
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DEFINITION 2.3.6. Assume that V' is a finite dimensional inner product space
and that U C V is a subspace. Since V = U & U, we can decompose each vector
v €V uniquely as v = u +w with u € U and w € U*. The mapping ny: V — V
maps v to the corresponding vector u € U is called the orthogonal projection onto

U.

THEOREM 2.3.7. Assume that V' is a finite dimensional inner product space
and that U C V is a subspace. Then the projection my onto U has the following
properties:

(1) 7y: V=V is a linear transformation.

(2) myu=wu for allu e U.

(3) Tyw =0 for allw € U+.

(4) ranmy = U and kermy = U+,

(5) v—mgv € UL for allve V.

(6) 7% = my.

(7) |II* = llruvl? + [[v — 7yl

(8) ||muv| < ||v|| for all v € V, and we have equality if and only if v € U.
(9) wyv is the unique solution of the optimisation problem

min||v — ul?.
uclU
(10) If{e1,...,em} is an orthonormal basis of U, then
myv = (v,e1)er + ...+ (v, em)em.

PROOF. Let {ey,...,en} be an orthonormal basis of U, and let {€,,11,...,en}
be an orthonormal basis of U+, such that {ey,...,e,} is an orthonormal basis of
V. Then we can write

v = i(v,eﬁei = (i(v,eﬁei) + < i (v,ei)ei) cUaUL.
i=1 i=1 i=m+1

From the definition of 7w, it now follows that

m n
TUv = Z(% €i)ei and v Myt = Z (v, ei)es,
i=1 1=m-+1

which shows , and also proves . Next, and follow directly from the
definition of the orthogonal projection. By definition, we have that rannwy C U.
Since myu = u for every u € U, we then obtain that, actually, ran 7y = U. Because
of the decomposition V = U @ U~ and the definition of 7y we obtain next that
ker my = UL, which proves . The item follows from the definition of the
orthogonal projection. Since myv € U for all v € V, we obtain from that
7y (myv) = wyo for all v € V, which shows @

Since (ryv,v — myv) = 0, we can apply Pythagoras’ Theorem and obtain that

[v]|* = gl + v = ool

which proves . In addition, we obtain that |ryv||? < ||v]|? with equality if and
only if |[v — myv|| = 0, that is, v = myv, which in turn is the case if and only if
v € U. This proves .

Finally, assume that v € V. Then we have for all u € U that
lo —ul® = llv = myv + 7o —ul* = [lo = 7pol* + |Tve —ul?,

since v — v € U+ and myv—u € U. Thus the minimisation problem mingeyl||v—
ul|? is equivalent to the problem

: o 2
min||myv — ull%,
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which has the obvious unique solution v = mywv. This proves @, which concludes
the proof. O

4. Singular Value Decomposition

THEOREM 2.4.1 (Singular Value Decomposition (SVD)). Assume that U and
V are finite dimensional inner product spaces with inner products (-,-)y and (-, -)v,
respectively, and that T: U — V is linear. Denote by p := rank T = dim(ranT) the
rank of T. Then there exist orthonormal sets {u1,...,up} C U and {v1,...,v,} C
V', and real numbers o1 > 02 > ... > 0, > 0 such that

p
= Z 0(“7 ui>vi
=1

forallueU.
The numbers o; are called the singular values of T', and the systems {u1, ..., up}
and {v1,...,v,} singular systems of T'.

PRrROOF. We use induction over n = dim U. For n = 0, the claim trivially holds
(with T: {0} — V being the zero operator, p = 0, empty orthonormal systems and
no singular values).

Assume therefore that n > 1 and that the claim holds for all linear transform-
ations between inner product spaces, where the dimension of the domain is strictly
smaller than n. If Tu = 0 for all u € U, then there is nothing to show (we can
again choose p = 0, empty orthonormal systems, and no singular values). Assume
therefore without loss of generality that there exists some u € U with Tu # 0.

Denote now by ||| and |||y the norms on U and V, respectively, and consider
the optimisation problem

(12) mas [ Tully.

The function w — ||Tul|y is continuous, and the set {u € U : |lully = 1} is closed
and bounded, and thus this optimisation problem admits a solution

Now choose a solution uy of (12), define oy = ||Tu;|| and vy = Tu1/01E| Then
we have in particular that

(13) ITully =l |[7 ()|, < rlullo

for all w € U with u # 0, and the same inequality ||Tu|ly < o1]ju||y obviously holds
for u = 0.

Define now U; = span{u;} and U = Ui, and define similarly Vi = span{v;}
and V5 = V1 . We will show in the following that Tw € V5 for all w € Us.

Assume therefore that w € Us, and let @ € K. Then

T(au +w) = aTu; + Tw = aoyv; + Tw.

2Here we have actually used quite a number of results from calculus in several variables,
which may not seem immediately obvious.
3Note here that the solution u] can never be unique, as —u; is another obvious solution.
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As a consequence, we have that
|17 (aur +w)[[} = aorvr + Twl,
= [lagivr + @y, (Tw) |} + [ Tw — mv, wlf,
= lao1 + (Tw,v1)v[* + | Tw — w3},
= otlal? + 201 [al[(Tw, vi)v| + [{Tw,v1)v |* + | Tw — 7y, w]f}
= oilal® + 201 |a|[(Tw, v1)v | + |7y, Tw[[y + || Tw — my; wlff
= otlal? + 201 [al[(Tw, v )v| + || Tw]}.
On the other hand, we have by that
1T (cur +w)lyy < ofaws +wlf; = oflal® + oF||w][?-
Combining these estimates, we obtain that
atlal® + 201 [al[(Tw,vi)v| + [|Tw[f} < oflaf® + of|wll?,
or
201[al[(Tw, vi)v| < oF[lw]f; — | Tw]T-

Since « € K was arbitrary and o7 > 0, this is only possible if (Tw,v;)y = 0, that
is, if Tw € Vit = Va.

We have thus shown that Tw € V5 whenever w € Us. Consider therefore the
mapping S: Uy — Vo, w — Sw := Tw. Since dimU; < dim U, we can apply the
induction hypothesis. We can easily see that rank S = p — 1 (one dimension of the

range of T' being the space V7). Thus there exist orthonormal systems {usg, ..., up}
and {vs,...,v,} in Uy and V3, respectively, and positive numbers o3 > ... > g, > 0
such that

P
Sw = Z oi{w, u;)v;.
i=2

Since U, and U, are orthogonal, it follows that {u1,us,...,u,} is an orthonormal
system in U, and similarly {v1,vs, ..., vp} is an orthonormal system in V. Moreover,
we have that

Tu =T(my,u) + T(my,u) = T({(u,ur)ur) + T'(my,u) = o1{u, uq)vy + Z(u, U )v;

i=2
for all u € U. Finally, we note that vo = ggus and thus, by 7
o2 = o2ljva|| = [Juz|| < o1fjuz|| = o1.
This shows that 01 > 03 > ... > 0, > 0, which concludes the proof. O

REMARK 2.4.2. One can show that the singular values of a mapping are unique.
In addition, one obtains a limited uniqueness result for the singular vectors: If the
singular values satisfy 0,1 > 0; =041 = ... = 0j4k > Ojyk+1 - .., then the linear
spans span{u;, ..., w15} and span{v;,...,vj4x} are

LEMMA 2.4.3. Assume that the mapping T: U — V has the singular value
decomposition

P
Tu = Zai<u,ui)vi.
i=1
Then
ranT = span{vi,...,vp} and ker T = span{uy,...,up}™".

PRrROOF. This is immediately obvious from the decomposition. U
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We will come back soon to the singular value decomposition in order to discuss
important properties, but also slightly different representations. For that, we will
need some further notation, though.

5. Unitary Transformations and Adjoints

In real vector spaces, we have the notion of orthogonal transformations, which
are linear mappings that preserve inner products between vectors. In complex
vector spaces, we have the same idea, but we call these transformation unitary
instead:

DEFINITION 2.5.1. Let U and V be inner product spaces, and let 7: U — V
be linear. Then T is called unitary, if

(Tu, Tv)y = (u,v)y
for all u, v € U.

LEMMA 2.5.2. Let U and V be inner product spaces, and let T: U — V be
unitary. Then T is injective.

PROOF. Assume that u € U is such that Tu = 0. Then
0= [Tull = (Tu, Tu)yy = (u,w)v = |[ully
and thus v = 0. O

LEMMA 2.5.3. Assume that U and V are finite dimensional inner product spaces
with bases {uy,...,un}t and {v1,..., vy}, respectively, and denote by Gy and Gy
the corresponding Gram matrices. Let moreover T: U — V be a linear transform-
ation with matriz representation A € K™*™. Then T is unitary, if and only if

Gy = AP Gy A.
PROOF. Let u, v € U be arbitrary with coordinate vectors =, y € K”. Then
(u,0)y = y" Gy,
and
(Tu, Tv)y = (Ax)H Gy Ay = 2" (AH Gy A)y.
Thus 7T is unitary, if and only if
y" Gy = 2" (AT Gy A)y

for all , y € K", which is the case if and only if Gy = A7 Gy A. O

REMARK 2.5.4. If {us,...,un} and {vy,...,v,} are orthonormal bases of U
and V', then the corresponding Gram matrices are just the identity matrices of the
corresponding dimensions. In this case, the transformation is unitary, if and only
if

AT A =14,

that is, matriz A is unitary.

DEFINITION 2.5.5 (Adjoint of a linear transformation). Assume that U and V

are finite dimensional inner product spaces and that T: U — V is linear. Assume
moreover that T" has the singular value decomposition

p
Tu = Zai<u, Ui )V;
i=1

for all u € U. The adjoint transformation T*: V — U is defined as

P
Ty = Z i (v, v;)u;
i=1
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for all v e V.

THEOREM 2.5.6. Assume that U and V are finite dimensional inner product
spaces and that T: U — V is linear. The adjoint T*: V — U 1is the unique linear
transformation satisfying

(14) (Tu,v)y = {u, T*v)y forallue U andv e V.

PROOF. The linearity of T™ is obvious from its definition.
‘We next show that (| . ) holds. Let therefore u € U and v € V. Then

<Tuvv—<g oi{u, u;)yvi, v > g oi{u, u;)y(vi, v)y.

On the other hand, we have that

(u, T*v) < Zaz v, v; Vu1>

<

M@

oi{v (u,u)y = Zal Vi, )y (U, Ui ) U
=1
The resulting expressions are the same in the two cases, Wthh shows that
holds.
It remains to show that T is the unique linear transformation with this prop-
erty. Assume therefore that S: V — U is another linear transformation such that
(Tu,vyy = (u, Sv)y for all u € U and v € V. Then

(u, T*v)y = (Tu,v)y = (u, Sv)u
for all w € U and v € V, and thus
(u, (T* = S)v)u =0
for all w € U and v € V. That is, (T* — S)v € U+ = {0} for all v € V, which is the
same as saying that T*v = Sv for all v € V| that is, T* = §. O

LEMMA 2.5.7. Assume that U and V' are inner product spaces and that T: U —
V' is linear. Then
T=(T")".
ProOOF. Exercise!
(Use Theorem [2.5.6]) O

LEMMA 2.5.8. Assume that U, V., W are inner product spaces and thatT: U —
Vand S: V. — W are linear. Then

(SoT)*=T"0S".

PrOOF. Exercise!
(Use Theorem ) O

LEMMA 2.5.9. Assume that U andV are finite dimensional inner product spaces
and that T: U — 'V is linear. Then

ker T = (ran T*)* and ranT = (ker T%)*.

PROOF. We have that u € kerT if and only if Tu = 0. This is equivalent
to u satisfying (Tu,v)y = 0 for all v € V. Using Theorem this in turn is
equivalent to wu satisfying (u, T*v)y = 0 for all v € V| which is equivalent to the
inclusion u € (ranT*)*. This shows that ker T = (ranT*)*

By applying this result to 7 and recalling that (7T*)* = T, we obtain that
ker T* = (ranT)*. Taking orthogonal complements on both sides, we finally obtain
that ran T = (ker T*)* as claimed. O
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Adjoints of unitary transformations.
Using the notion of the adjoint of a mapping, we can find a different charac-
terisation of unitary transformations:

PROPOSITION 2.5.10. Assume that U and V' are inner product spaces and that
T:U — V is a linear transformation. Then T is unitary, if and only if

T =1dy.
PROOF. Assume first that 7*T = Idy. Then we have for all u, v € U that
<T1L,T’U>V = <U7T*TU>U = <U,U>U,

which shows that T' is unitary.
Conversely, assume that T is unitary. Then

(u, T*Tv)y = (Tu, Tvyy = (u,v)y
for all u, v € U, and thus
(u, (T*T — Idy)v)y =0
for all u, v € U. This shows that (T*T — Idy)v € U+ = {0} for all v € U, which in
turn shows that 7T%7T = Idy. O

ProOPOSITION 2.5.11. Assume that U and V are inner product spaces and that
T:U —V is unitary. Then
TT" = Tran T -

PrROOF. Let v € V. Then we can decompose v as v = v; + vg with v1 € ranT
and ve € (ranT)*. We have to show that T7T*v = v;.

Since v; € ranT, there exists u; € U such that vy = Tuy. Since T*T = Idy,
we then have that

TT v =TT (v1 +v2) =TT Tuy + TT vs
=T(T*Tuy) + TT ve = Tuy + TT* vy = vy + TT vs.
Thus it remains to show that T7T™*v, = 0.
By the definition of the adjoint, we have for every w € V that
(TT*vo,w)y = (T ve, T*w)y = (v, (T*)* T w)y = (va, TT W)y .
Since TT*w € ranT and v, € (ranT)*, we conclude that (TT*v,,w)y = 0. Since

w € V was arbitrary, this shows that TT*vs = 0, which concludes the proof. O

Adjoints in matrix form.
Finally, we investigate how the adjoint of a linear transformation looks in matrix
form:

LEMMA 2.5.12. Assume that the linear transformation T: U — V has the
matriz representation A € K™*™ with respect to bases of U and V', and denote
by Gy and Gy the Gram matrices of U and V. Then the matrix A* of the adjoint
transformation T* is

A* =Gyt ARGy

PROOF. The adjoint T* is uniquely characterised by the condition (Tu,v)y =

(u, T*v)y for all w € U and v € V. Translated to coordinates, this means that
yAGy(Az) = (A Gy

for all x € K™ and y € K™. We can rewrite this to the equation
yHGy Az =y (A Gy



44 2. INNER PRODUCT SPACES AND SINGULAR VALUE DECOMPOSITION

Since this has to hold for all z € K™ and y € K™, we obtain that
GvA= (AN ay,
or
(AHH = Gy AG".
Finally, we take the Hermitian conjugate on both sides and obtain
A* = (GHP ARG = G AR Gy,

as the matrices Gy and Gy, and thus also their inverses (which exist as they are
positive definite), are Hermitian. O

REMARK 2.5.13. If A € K™*" is the matrix of linear transformation with
respect to orthonormal bases on the involved spaces, then

A* = AT,

6. Singular Value Decomposition Revisited

Assume now again that U and V are inner product spaces, and that the linear
transformation T': U — V has the singular value decomposition

p
Tu = Z o {u, u;)v;.
i=1

We can alternatively interpret this as a composition of three different mappings:

e The first mapping is the transformation

P:U > KP,
<U7 U1>
u +— :
(u, up)
e The second mapping is the transformation
¥: KPP — KP,
1 ... 0
T 0121 . . . L1
0 . . .
—> =
Zp OpTp ; w0 Zp
0 ... 0 oy

e The third and final mapping is the transformation

Q:KP =V,

Y1 P
= Z YiVi-
Uy i=1

Moreover, if we consider the standard (Euclidean) inner product on KP?, then the
orthonormality of the set {v1,...,v,} implies that the mapping Q: K? — V is
unitary.

The mapping P:U — Kp typically is not unitary itself (it actually will not
be injective, if T' is not injective). However, it turns out that its adjoint is. More
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precisely, consider the mapping
P:KP = U,

p
i=1

€

Tp

Then P is unitary and P = P*.

In addition, we have that ran(@) = span{vi,...,v,} = ranT, and ranP =
span{uy,...,u,} = (ker T)L.

All in all, we obtain the following re-interpretation of the singular value decom-
position:

THEOREM 2.6.1 (Singular Value Decomposition, again). Assume that U and V
are finite dimensional inner product spaces and that T: U — V is linear. Denote
by p the rank of T. There exist unitary mappings P: KP — U and Q: KP — V and
a diagonal mapping X: KP — KP with diagonal entries o1 > 09 > ... > 0p > 0
such that

T=QoXoP"
Moreover, ranT = ran Q and ker T = (ran P)*.

Finally, we can rewrite this decomposition in terms of matrix products, once
we have chosen orthonormal bases on the spaces U and V.

THEOREM 2.6.2 (Singular Value Decomposition in Matrix Form). Assume that
U and V are finite dimensional inner product spaces and that T: U — V is linear,
and that A € K™*" is the matriz of T with respect to orthonormal bases on U and
V', respectively. Then there exist unitary matrices Q@ € K™*P and P € K"*P qs
well as a diagonal matriz ¥ € RP*P with positive entries o1 > g > ... > op > 0
such that
A=QxPH.

7. The Moore—Penrose Inverse

Assume that we want to solve a linear system Tu = v. If T is bijective, then
the solution is simply v = T~ 'u. Also, this solution can be actually computed
numerically (provided we have sufficient time and memory available), and we can
use any linear solver of our choice to do so. If, however, T is not injective, then
solutions of the equation will not be unique, and if 7" is not surjective, they might
not exist at all. In that case, we can use the singular value decomposition of T to
define a generalised inverse that comes, in a sense, as close as possible to an actual
inverse of T'.

DEFINITION 2.7.1. Assume that U and V are finite dimensional inner product
spaces and that T: U — V has the singular value decomposition

P
Tu = Z (Ti<7.L, ’U,Z)’UZ
i=1
The Moore—Penrose inverse or pseudo-inverse of T is the mapping TT: V — U,
"1
Tty = — (v, V) U;.
; (v v

REMARK 2.7.2. Alternatively, if we use the decomposition
T=QoXoP"
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as in Theorem [2.6.1} we can write the Moore—Penrose inverse as
Tt =Pox 1oQ".

THEOREM 2.7.3. Assume that U and V are finite dimensional inner product
spaces and that T: U — V is linear. Then the Moore—Penrose inverse Tt of T' has
the following properties:

(1) ker TT = (ranT)*.
(2) ranTT = (ker T')*.
(3) TT' = Tran -

(4) T'T = T (ker T+ -
(5) TITTT = T1.

(6) TT'T =T.

PrROOF. Write T' = QX P* with Q: KP — U and P: KP — V unitary, and
¥: KP — KP diagonal with positive diagonal entries. Then 7T = PX~1Q*.

From the results of the singular value decomposition we now obtain that ranT =
ran @ and ker T = (ran P)*. Now note that the decomposition 7T = PEX~1Q* is
actually a singular value decomposition of 7' (up to a necessary reordering of the
singular values). Thus we also have that ranT! = ran P and ker 7T = (ranQ)*.
Therefore ran TT)+ = ran P = (ker T)* and ker T = (ran Q)+ = (ranT)> .

Recall now that P and @) are unitary, and therefore P*P = 1Id, and Q*Q = Id,.
Thus

TT' = QYXP*PY Q" = QXX 'Q* = QQ™.
This in turn shows that
TT! = QQ* = Tran@ = TranT'-
Next we have that
T'T = PS'Q*QXP* = PL7'SP* = PP* = Tyan p = M(ker )~ -
Moreover,
T'TT! = PP*PY1Q* = PY1Q* =TT
and
TT'T = QQ*QTP* = QLP* =T,
which concludes the proof. O
THEOREM 2.7.4. Assume that U and V are finite dimensional inner product
spaces and that T: U — V is linear. Let v € V. Then
ul =T
solves the (bi-level) optimisation problem
(15) min||u % s.t. u solves min||Tu — v||3.
In other words, the Moore—Penrose inverse looks at the least squares problem

min, ||[Tu — v||? and selects from all solutions of this problems the one with the
smallest norm.

PROOF. The vector u € U solves the problem min,||Tu — v||}, if and only if
the vector ¥ = T'u solves the problem

min||o — v||} s.t. b €ranT.
v

In other words, Tu = © = myan7v. Thus we can reformulate equivalently as

(16) mu1n||u||2U s.t. Tu = Tpan 0.

We will show in the following that ut = TTv solves .



8. SINGULAR VALUE DECOMPOSITION OF MATRICES 47

For that, we note first that Tul = TT'v = mpan v, which shows that u'
satisfies the constraint in . Now assume that @ € U is an arbitrary vector
satisfying T4 = Tran7v. Then T(4 — uf) = 0 and thus @ — u! € kerT. Since
ut =TTl € ran Tt = (ker T)*, it follows that

lallEr = 1% — wH |+ |7 > [l

Since this inequality holds for all % satisfying T% = man7v, it follows that uf
solves ([16)), which concludes the proof. O

8. Singular Value Decomposition of Matrices

We consider now specifically the case where U = K", V = K™, both regarded
with the standard inner product, and 7': U — V is a linear mapping, which we can
identify with a matrix A € K™*". According to Theorem we can decompose
A as

A = Q Yy PH
m m m m
KmXn  [KmXp RKpXp KPXn
with @ and P unitary matrices, that is Q#Q = Id, and P¥P = 1Id,, and ¥ a
diagonal matrix with non-increasing positive diagonal entries.
Now consider the matrices A7 A € K"*" and AAT € K™*™, We have

AP A = (QePP)HQuPH = PYHQRQEPH = PR2PH,
and similarly
AAR = QuPH(QuPH)H = QP PxHQH = Qx2QY.
Next we will have a closer look at the decomposition of A7 A and provide
a different interpretation of it. The matrix P € K"*P is unitary, and thus its
columns form an orthonormal system in K" (the columns of P are precisely the
coordinates of the vectors uq,...,u, in the SVD). We can now use Gram—Schmidt
orthogonalisation in order to extend this orthonormal system to an orthonormal

basis of K™ and then collect this basis in a square matrix. That is, we can find a
matrix P’ € K"*("=P) such that

P:=(P P)eK™"
is unitary. In addition, we can extend the matrix & € KP*? to a matrix & € K"*"

by adding zeroes as necessary. That is, we define the matrix

f: — ( x Opx(n—p) ) e Knxn,
Otn—p)xp  O(n—p)x(n—p)

PP = (P P <%2 8) <(£,;IH) =(P P (22§H) =pPy?pi = Af A

Now note that P € K"*" satisfies PP P = Id,. Since P is a square matrix,
this implies that P is actually invertible with
p~t=pH,
Thus we actually have the decomposition
AT A = P3Pl
This means that $2 is the matrix of the mapping A A in the basis of K" given

by the columns of P. Since moreover 2 € K"*" ig diagonal, this implies that

AM A is diagonalisable with non-zero eigenvalues of,...,02 and the eigenvalue 0

with multiplicity (n — p). In addition, the columns of P form an (orthonormal)
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eigenbasis for A# A. Moreover, the eigenvectors of A¥ A that correspond to non-
zero eigenvalues are precisely the columns of the matrix P.

We can now apply the same idea to the matrix AAH¥ € K™*™. That is, we
find a matrix Q' € K™*(m=P) guch that Q := (QQ’) € K™*™ is unitary, and then

obtain that
~ (Y2 0\ -
H _ -1

where we have again filled up the matrix %2 € KP*P with zeroes to obtain an

(m x m)-matrix. Again, we obtain that o?,... 7012, are the non-zero eigenvalues of
AAH  and the columns of Q are corresponding eigenvectors.

The considerations above yield the following result:

THEOREM 2.8.1. Let A € K"*™. The singular values of A are precisely the
square roots of the non-zero eigenvalues of the matrices A A or AHA, and the
singular vectors of A are eigenvalues of A" A and AT A, respectively.

Reduced and full SVD.

The decomposition of a matrix A = QX PH with Q € K™*P, ¥ € KP*P, and
P € K"*P ig in the literature often called the reduced singular value decomposition of
the matrix A. The full singular value decomposition then is of the form A = QL PH
with Q e Kmxm, imX", and P € K", Here the matrices Q and P are unitary,
and ¥ is a rectangular diagonal matrix with ordered non-negative diagonal entries.
That is, 5311 > 5322 > ... > f]kk > 0, where k = min{m, n}, and all other entries of
3 are equal to zero.

In order to compute the (full) SVD of a matrix A € K™*" one can proceed
as follows: If n < m, we start by computing A¥A € K"*" and compute the
eigenvalues as well as an orthonormal eigenbasis of A7 A. That is, we write

AP A = PY2P?

with P € Knxn unitary and 2 diagonal (with necessarily non-negative diagonal
entries).
We then define the matrix ¥ € K™*" by adding zeroes, that is,

R »
5= ,
<0<mn>xn>

A=QxpH
with yet to be determined Q € K™*™ By multiplying this equation from the right
with P, we obtain that

AP =Q% = (6141 G242 ... 6nln),
where §1,..., G, are the columns of Q Thus we obtain the j-th column of Q by
dividing the j-th column of AP by &; whenever possible (that is, whenever 6, # 0).

and we write

Finally, we obtain the remaining columns of Q by completing the computed ones
to an orthonormal basis of K™.

If m < n, we can in theory use the same approach, but it is usually simpler
to start with the matrix AAH = Qf?QH instead, as this matrix is smaller than
A A. Thus one computes first an orthonormal eigenvalue decomposition AA” =
QX2Q. Then the j-th column of P can be obtained by dividing the j-th column
of AZQ by 6; if possible. The remaining columns of P can again be obtained by
orthogonalisation.
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ExAMPLE 2.8.2. Consider the matrix

1 ¢
()
with ¢ # 0.

We first compute a Jordan decomposition of A in order to demonstrate the
difference to the SVD. This matrix has a single geometric eigenvalue A\; = 1 with
corresponding eigenvector (1,0). A possible Jordan decomposition of A reads

(5 06 D6 )

Next we will compute a singular value decomposition of A. To that end, we
will compute first the eigenvalues and eigenvectors of AAH (doing the computations
with A” A would work fine as Welﬂ ). We have

g [(1+& ¢
ant = (11D

2 ct
Mo=1+S /24 S
1,2 + B cc + 1

As a consequence, the singular values of A are /A1 and /Ao, or

2 1 2 1
U1=\/1+02+ 02—1—% and 022\/1—1—62—\/024-64.

In the particular case ¢ = 8/3 (which noticeable simplifies all the following
calculations) we have

alzm:?) and 02:@:1/3.

Moreover, the eigenvalues of AAH corresponding to A; and Ay are

vg) = o)

Thus we can write

1 /3 —-1\/9 0 1 3 1
H _ Avy2nH _
ar =02 = 5 (1 5) (0 1) v (B 5)
Moreover, the matrix @ in this decomposition of AAT can be chosen to be precisely

the matrix @ in the singular value decomposition A = QX PH of A. Now the
equation A = QX PH implies that

1 1 -3
P=AHQy 1= — .
=T (3 1)

We therefore obtain the singular value decomposition
1 8/3\ 1 (3 —-1\(3 0 1 1 3
0 1) vio\r 3 0 1/3) yio \-3 1/)°

4The decision of whether to start with AAH or AF A should be based on which of these
matrices is expected to look simpler. In this case, there is no real difference between them, so it
does not matter. In some cases, one can make one’s life significantly harder, though, by starting
the computations the wrong way.

with eigenvalues
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9. Self-adjoint and Positive Definite Transformations

We now turn back to the more general case where T is a linear transformation
between the finite dimensional inner product spaces U and V', and try to emulate
the results of the previous section also in this matrix free situation. Since the
matrix A corresponds to the operator T*, this indicates that we should look at
the eigenvalues and eigenvectors of the transformations T*T and TT™*, respectively.
For that, we will first discuss some properties of these types of transformations
independent of the singular value decomposition.

DEFINITION 2.9.1. A linear transformation 7: U — U on an inner product
spaces U is called self-adjoint or Hermitian if T* =T

PROPOSITION 2.9.2. Assume that U is a finite dimensional inner product spaces
and that T: U — U is self-adjoint. Then the eigenvalues of T are real. In addition,
if A1 # Ao are different eigenvalues of T with corresponding eigenvectors uy and
ug, then (ui,us) = 0.

PrROOF. Assume that A € K is an eigenvalue of T" with eigenvector u € U.
Then

Mull? = O, u) = (Tu,u) = (u, T*u) = (u, Tu) = (u, M) = M|ul*.

Since ||ul| # 0, it follows that A = A, and thus X € R.
Next assume that \; # Ay are distinct eigenvalues of T and that wy, us are
corresponding eigenvectors. Then

A1 {ug, ug) = (Aug, ug) = (Tuy, ug) = (uy, T usz) = (ug, Tuz)
= (u1, Aaua) = Ag(uy, ug) = Ao (uy, us).
Thus
(M — A2){ug,uz) =0,
which shows that {(uq,us) = 0. O

Even more, it is actually possible to show that self-adjoint transformations are
diagonalisable:

THEOREM 2.9.3. Assume U is a finite dimensional inner product spaces and
that T: U — U is self-adjoint. Then U has an orthonormal basis consisting of
eigenvectors of T. In particular, T is diagonalisable.

REMARK 2.9.4. One can show that a more general class of linear transforma-
tions has an orthonormal eigenbasis. We say that a linear transformation T: U — U
is mormal, if TT* = T*T. One can then show that T is normal, if and only if U
has an orthonormal basis consisting of eigenvectors of T'.

DEFINITION 2.9.5. Assume that U is a finite dimensional inner product space
and T: U — U is self-adjoint. We say that T is positive semi-definite, if

(Tu,uy >0
for all uw € U. We say that T is positive definite, if (T'u,u) > 0 for all w € U, u # 0.

LEMMA 2.9.6. Assume that U is a finite dimensional inner product space and
T:U — U is Hermitian. Then T is positive semi-definite, if and only if all eigen-
values of T are non-negative.

Moreover, T is positive definite, if and only if all eigenvalues of T are positive.
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PROOF. Assume first that T is positive semi-definite and that A is an eigenvalue
of T with eigenvector u. Then

Mull? = A\, u) = (Tu,u) >0,

which shows that A > 0.

Now assume that all eigenvalues of T" are non-negative. Denote by Ay, ..., A\, >
0 the eigenvalues of T, and let {uy,...,u,} be a corresponding orthonormal basis
of eigenvectors. Let moreover u € U. Then we can write

U=2T1U1 + ... +Tpun

for some z; € K, i = 1,...,n. Since the vectors u; are eigenvectors of T' for the
eigenvalues \;, we have that

Tu=MNziul + ...+ ApZTnly,.

Since {u1,...,u,} is an orthonormal basis of U and \; > 0 for all i, we obtain that
(Tu,u) = Z Ailai? > 0,
i=1

which shows that T is positive semi-definite.
The proof for positive definiteness is similar. O

LEMMA 2.9.7. Assume that U andV are finite dimensional inner product spaces
and T: U — V is a linear transformation. Then T*T: U — U and TT*:V —- V
are self-adjoint positive semi-definite.

ProoOF. We note first that (T*7)* = T*(T*)* = T*T and (TT*)* = (T*)*T* =
TT*, which shows that T*T and TT™* are self-adjoint.
Next we have for all u € U that

(u, T*Tu)y = (Tu, Tu)y = | Tul} >0,
and for all v € V' that
(TT*v,v)y = (T*v, T*v)y = ||T*v||% >0,
which proves the positive semi-definiteness of T*T and TT*. O

In order to relate the singular value decomposition of 7' to the properties of
T*T and TT*, we need an additional result that shows that the transformations T
and T*T have the same kernel.

LEMMA 2.9.8. Assume that U and V' are finite dimensional inner product spaces
and T: U =V is a linear transformation. Then ker(T*T) = kerT.

PrOOF. Assume first that v € kerT. Then Tu = 0 and thus also T*Tu =
T*0 = 0. This shows that ker T' C ker(T7*T).
Conversely, assume that u € ker(T*T'). Then T*Tu = 0, and thus

(T*Tu,u)y = (Tu, Tu)y = ||Tul? =0,
which shows that Tu = 0 and thus u € ker T'. O

THEOREM 2.9.9. Assume that U and V are finite dimensional inner product
spaces and that T: U — V is linear. Let {uq,...,u,} be an orthonormal eigenbasis
of T*T for the eigenvalues Ay > Ao > ... > A, > 0.

Denote p =rank T, and define

o; = \/)\7 and v; = Tui

gi
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fork=1,....p. Then
P

(17) Tu= Zm(u,ui)w
i=1

is a singular value decomposition of T'.
In particular, the singular values of T are precisely the non-zero eigenvalues of
the mapping T*T.

PrOOF. We have to show that the numbers o; and the vectors v; are well-
defined, and that all the conditions for a singular value decomposition are satisfied.
That is, that the sets {ui,...,u,} and {v1,...,v,} are orthonormal, o1 > o9 >
... >0, >0, and that Tu actually has the form given in .

Since ker(T*T) = ker T, it follows that

rank(7*T) = dim(ran T*T) = dim U — dim(ker T*T)
=dimU — dim(ker T') = dim(ranT') = rank T.

Thus the number of non-zero eigenvalues of T*T (with multiplicity) is precisely p.
Since T™*T is positive semi-definite, all its non-zero eigenvalues are strictly positive,
and thus the numbers o; > 0 and the vectors v; are well-defined. Since Ay > Ay >
..., we also have that o1 > 09 > ..
Since {u1,...,u,} is an orthonormal basis of U, the set {u1,...,u,} is or-
thonormal as well. Moreover, we have that
n
u = Z(u, Ui YU
i=1
for all w € U. Now we note that u; € ker(T*T) = kerT for all i = p+1,...,n,
since the corresponding eigenvalue \; of T*T is by assumption equal to 0. Thus
Tu; =0fori=p+1,...,n, and thus
n p p
Tu = Z(u,ui>Tui = Z(u,ui>Tui = Zm(u, U )v;
i=1 i=1 i=1
for all u € U, which shows that the representation of T" given in is valid.
It remains to show that the set {v1,...,v,} is orthonormal as well. For that,
we compute for 1 < 4,5 < p the inner product

1
<Tui, T’u,j>v = —(ui, T*TUj>U
0;04 0;0;

. lifi=j
= (uy, 0%uy = oy, uy = ’
N 0,0 <u“0]uj>U i {uir i)y 0if 7 # j,

as the set {uq,...,up} is orthonormal. This concludes the proof. O



CHAPTER 3

Banach and Hilbert Spaces

Until now, we have treated vector spaces and linear mappings in a purely algeb-
raic way. That is, alﬂ the constructions we have performed in the proofs required
finitely many well defined steps, involving only linear operations and at times also
polynomials. Although we were sometimes dealing with infinite dimensional vector
spaces, we were never required to rely on infinite sums of vectors.

This restriction to pure algebra is fine for solving some mathematical problems.
The vast majority of problems that occur in practice in physics and engineering,
however, cannot be reasonably treated in that way. Instead, it is necessary to bring
in methods from analysis as well, in particular the ideas of convergence of sequences
and continuity of mappingsﬁ In the following, we will introduce the main ideas in
that direction.

1. Metric Spaces

We start by defining the notion of a distance or metric on arbitrary sets. With
that, we can define notions of convergence of sequences and continuity of functions
between sets. We will return to vector spaces a bit later.

DEFINITION 3.1.1 (Metric space). Assume that X is a set. A metric on X is a
function d: X x X — R with the following properties:
e Positivity: d(xz,y) > 0 for all z, y € X, and d(z,y) = 0 if and only if
x=y.
. Symijnetry: d(z,y) =d(y,z) for all z, y € X.
o Triangle inequality: d(z,z) < d(z,y) + d(y, z) for all z, y, z € X.
A set X together with a metric d is called a metric space.

ExaMPLE 3.1.2. The following are some examples of metric spaces, some of
which you might be familiar with:

(1) The space C™ with the distance d(x,y) := ||z — y|| is a metric space.

(2) On the n-dimensional unit sphere S” := {z € R™*! : [z = 1} we
can define the metric d(z,y) := arccos({(z,y)). This metric measures the
length of the shortest path between the points x and y that does not leave
the sphere (this path is actually part of the great circle connecting the
points z and y).

(3) If U is an inner product space, we can define a metric on U by d(u,v) :=
|lu — v|| with ||-]| being the norm induced by the inner product.

(4) Every set X can be made a metric space with the discrete metric d: X x
X — Ry defined by d(z,y) =0 if ¢ = y and d(z,y) = 1 if v # y. This
metric is pretty useless for all practical applications, though.

1Arguably with the exception of the existence of the singular value decomposition, where
we actually employed a result from calculus concerning the existence of solutions of optimisation
problems. Also, the existence of a basis of an arbitrary vector space requires a more complicated
argumentation, but then we didn’t actually discuss this proof.

2Diﬂferentiabﬂity of mappings would be the next important idea, but, alas, we won’t have
time in this course to go that far.
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(5) On the space C™ we can define the metric d(z,y) = #{k : xx # i},
which counts the number of components in which the vectors x and y
differ.

(6) The space C([0, 1]; C™) of continuous functions f: [0, 1] — C™ can be made
a metric space with the metric

d(f,9) = max [|f(z) — g(@)]-

z€[0,1]

There are (reasonable) alternatives to this metric, though. For instance,
we can define the metric as

d(f.g) = / 1) - ()] .

We will see later that these two metrics have pretty different properties.
(7) Denote by X the set of all non-empty, bounded and closed subsets of R™
(where n € N is fixed). We can define a metric d on X setting

d(A, B) := maxmin||z — y|| + max min||z — y||.
r€A yeB yeEB €A
That is, we compute first for each z € A the minimal distance to the
set B, and then take the maximum of all those values. Then we do the
same for the set B, and add the resulting two numbers. (In contrast to

the other examples here, it is quite a bit harder to verify that this defines
actually a metric.)

DEFINITION 3.1.3 (Convergence and limits). Assume that (X,d) is a metric
space and that {z,}ney C X is a sequence in X. We say that the sequence
converges to x € X, if there exists for every € > 0 some index N € N such that

d(xn,z) <e whenever n > N.
We call  the limit of the sequence {x, },en and denote the convergence by

r= lim z,.
n—oo

REMARK 3.1.4. The statement that for all € > 0 there exists N € N such
that d(x,,z) < € whenever n > N is precisely the same as the convergence of the
sequence of real numbers d(x,,z) to 0. That is, we have that

lim z, == — lim d(x,,z) =0.
n— oo n—00

ExAMPLE 3.1.5. Counsider the space C([0, 1]) of continuous real valued functions
on the interval [0, 1] with the metric

1

a(f.9) =117 =gl = [ 1) - g(o)] da.

0
and define the sequence {f, }nen by
fulz) :=2™.
Then this sequence converges to the function f(z) = 0. Indeed, we have that
1 1
1
di(fn, f) :/ |2" — 0| dx :/ 2" dr =
0 0

n+1’
which shows that

im di(fn, f) = 0.

n—r oo
However, if we consider the same space with the metric

doo(f,9) = |f = glloc :== max [f(z) — g(z)|,
z€[0,1]
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then the same sequence does not converge to 0 (in fact, it does not converge at all).
In this case, we have that
doo(frn,0) = max [z" — 0| =1
z€[0,1]
for all n € N. This shows that the notion of convergence of a sequence can change
drastically if we change the metric on the space.

LEMMA 3.1.6 (Uniqueness of the limit). Assume that (X,d) is a metric space
and that {x,}neny C X is a sequence in X. If the limit lim,, o x, exists, it is
unique.

PROOF. Let z = lim,_, o 2, and y = lim,,_, o, £,,. Assume to the contrary that
x #y. Then d(z,y) > 0. Define now ¢ := d(x,y)/2. Then there exist Ni, N2 € N
such that d(z,,x) < & whenever n > Ny and d(x,,y) < € whenever n > Na. Let
now n := max{ Ny, No}. Then the properties of the metric d imply that

2e =d(z,y) < d(z,zn) + d(zn,y) = d(zn,x) + d(Xh,y) < e+ =2,

which is clearly a contradiction. This shows that x = y. O

DEFINITION 3.1.7 (Continuity). Assume that (X, dx) and (Y, dy) are metric
spaces and that f: X — Y is a mapping. We say that f is continuous at a point
xz € X if for every sequence {zy}reny C X with limg o zx = = we have that
limy o f(25) = f(2).

We say that f is continuous everywhere or simply continuous, if it is continuous
at every point x € X.

Alternatively to this definition of continuity, we have the e-d-characterisation
that everyone loves and likes:

THEOREM 3.1.8. Let (X,dx) and (Y,dy) be metric spaces. The function
f: X = Y is continuous at x € X if and only if for every € > 0 there exists
0 > 0 such that

(18) dy (f(z), f(&)) <e whenever dx(z, &) <.

PROOF. Assume that holds for all e > 0 and § > 0. Now let {2 }ren be
a sequence converging to . We have to show that {f(zj}ren converges to f(x).
That is, we have to show that there exists for every ¢ > 0 some K € N such that
dy (f(zk), f(x)) < € whenever k > K.

Let therefore € > 0 and let 6 > 0 be such that holds. Since x = limy_, o Xk,
there exists K € N such that dx (zx,2) < 6 for all k > K. According to (I8), this
implies that dy (f(xr), f(x)) < € for all k > K. This proves that f is continuous at
x.

Now assume that does not hold. That is, assume that there exists some
e > 0 such that for every § > 0 there exists £ € X with dx(z,Z) < § and
dy (f(x),f(ﬁ)) > e. Applying this with § = 1/k, this means that we can find
a sequence {z}ren such that dx(z,zr) < 1/k and dy (f(z), f(zx)) > e. Since
dx(z,zr) < 1/k, we then have that © = limg_, o ;. On the other hand, since
d(f(x), f(zr)) > e, the sequence {f(xk)}ren does not converge to f(x). This
shows that f is not continuous at x. O

There is an alternative characterisation of continuity that can be much easier
to work with in certain cases. For that, however, we will need to introduce some
additional notation, or, rather, generalise some well known notation from R™ to
arbitrary metric spaces.
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Open and closed sets.

DEFINITION 3.1.9 (Open ball). Assume that (X, d) is a metric space, let z € X
and r > 0. By
B(z) :={ye X :d(z,y) <r}
we denote the (open) ball of radius r around z.

DEFINITION 3.1.10 (Open set). A subset U C X of a metric space (X,d) is
open if there exists for every « € U some r > 0 such that B,(z) C U.

That is, a set U is open if we can find for each point x in X a small ball around
x that is still completely contained in U.

ExAMPLE 3.1.11. Consider the space C([0,1]) with the metric

doo(f:9) = If = glloc = max [f(z) — g(z)|.
z€[0,1]
Then the set
U:={feC(0,1]): f(z) >0 for all z € [0,1]}
is open.

In order to see that this is actually true, assume that f € U. Since f is
continuous, the function f admits its minimum on the interval [0,1]. That is, the
optimisation problem ming,epg 1) f(x) has at least one solution z* € [0,1]. Define
now r := f(z*). Since f € U, we have that r > 0. Also, from the definition of r it
follows that f(z) > r for all z € [0,1].

Assume to that end that g € B,.(f). Then

9(x) 2 f(x) = |f(z) — g(x)| = f(z) — max |f(y) — g(y)|

y€[0,1]
= f(z) —dw(f,9) > f(2") =7 =0

for all € [0, 1], which shows that g € U. Since this holds for every g € B,.(f), it
follows that B,.(f) C U, which in turn shows that U is open.

We now revisit the previous example with a different metric.

ExAMPLE 3.1.12. Consider the space C(]0,1]) with the metric

1
di(f.9) = IIf — gl :/O (@) — g(2)| de.

Then the set
U:={feC(0,1]) : f(z) >0 for all z € [0,1]}
is not open.
Take for instance the function f(x) = 1, which is clearly contained in U. For
every r > 0 we can then define the function

4
1+ fo<a< i,
fr(x);: r r 2
1 1f§§x§1.

It is easy to see that this function is continuous and not contained in U (since
fr(0) = —1). In addition, we have that

1
it d) = [ 1@ - f@ldo= [ o] <
0 0 r 2
Thus f, € B.(f) and f, € U. Since r was arbitrary, this shows that U is not open.

DEFINITION 3.1.13 (Closed set). A subset K C X of a metric space (X, d) is
closed, if every convergent sequence in K has its limit in K. That is, if {2 }ren is
a convergent sequence with xx € K for all k € N, then limy_, zp € K.



1. METRIC SPACES 57

PROPOSITION 3.1.14 (Relation between open and closed sets). A set U in a
metric space (X, d) is open, if and only if its complement U® := X \ U is closed.

PROOF. Assume that U is open. Let moreover {zj}ren be a convergent se-
quence with xy ¢ U for all £ € N. We have to show that z := limg_,c o € U.

Assume to the contrary that « € U. Then there exists ¢ > 0 such that B.(z) C
U. Next, since z = limg_,o ok, there exists K € N such that d(xg,z) < € for
all £k > K. In other words, z, € B.(z) C U for all Kk > K. This is clearly a
contradiction to the assumption that xx & U for all K € N. Thus = ¢ U, which
shows that U is closed.

Now assume that U is not open. Then there exists x € U such that for every
€ > 0 we have that B.(z) ¢ U. As a consequence, we can find for each k € N
some z; € UY with d(zy,z) < 1/k. The resulting sequence {z}ren then by
construction converges to x and satisfies that z;, € U® for all k € N. However,

limy o0 2 = & € UC, which shows that U is not closed. [l
LEmMA 3.1.15. Assume that (X, d) is a metric space, let x € X and r > 0.
Then the open ball B.(z) = {y € X :d(z,y) < r} is an open set, and the closed
ball B, ( {y € X: d(x y) < r} s a closed set.
PrOOF. Exercise! O

Now we can formulate an alternative characterisation of continuity:
THEOREM 3.1.16 (Continuity). Let (X,dx) and (Y,dy) be metric spaces and
let f: X =Y be a function. The following are equivalent:
(1) The function f is continuous.

(2) For every open set V. .CY the set f=1 {3: eX: f(x)e V} is open.

(8) For every closed set K C Y the set f ={reX: flx)e K} is
closed.

PrOOF. To be added when I find the time. O

REMARK 3.1.17. Assume that (X, d) is a metric space and that f: X — R is
continuous. Then the sets

{reX:f(z)=0}=f"
and

{weX f(z >O} F71([0,00))

are closed, and the set

{zeX: f(z)>0}=f"(0,00)
is open.

We now investigate open and closed sets a bit further. We show first that
arbitrary unions of open sets are open, and that arbitrary intersections of closed
sets are closed.

PROPOSITION 3.1.18. Assume that (X,d) is a metric space and that U;, i € I,
are open subsets of X. Then the set U :=J,.; U; is open.

Similarly, if K;, i € I, are closed subsets of X, then the set K := (., K; is
closed.

PROOF. Assume that 2 € U = |J;; Us. Then there exists an index ¢ € I such
that & € U;. Since U; is open, there exists r > 0 such that B,(xz) C U;. This implies
that

By(z)cU;c | Ui =0,
iel
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which shows that U is open.
In order to show that K is closed, we note that

c
KC = (ﬂK) - UEK?.
il =
Since K; is closed for each 4, the set K is open. Thus K¢ is the union of open
sets and therefore open. As a consequence K is closed. U

For intersections of open sets, the situation is different. It is still possible to
show that finite intersections of open sets are open, but for infinite intersections,
this is usually not the case.

PROPOSITION 3.1.19. Assume that (X, d) is a metric space and that Uy, ..., U,
are finitely many open sets. Then the sets U := (;_, Uy is open.

Similarly, if K1,...,K, are finitely many closed sets, then K = J;_, Ky is
closed.

PROOF. Let x € ﬂ:zl Ug. Then x € Uy for each k. Since each set Uy is
open, there exist 7, > 0, k = 1,...,n, such that B,, () C Ug. Now define
r := min{ry,...,r,}. Then B,.(z) C B, (z) C Uy for each k, and thus B,(z) C
M=y Ux = U. This shows that U is open.

For showing that K is closed, we write again

n C n
KC = (U Kk) - N K¢
k=1 k=1
Each set K kc is open, and thus K€ is the finite intersection of open sets and
therefore itself open. Thus K is closed. O

DEFINITION 3.1.20 (Interior, closure, and boundary). Let (X, d) be a metric
space, and let A C X be a set.

e The interior A° of A is the union of all open sets contained in A.
e The closure A of A is the intersection of all closed sets containing A.
e The boundary A of A is defined as 0A = A\ A°.

REMARK 3.1.21. Since the union of open sets is open, and the intersection of
closed sets is closed, it follows that A° is open, and A is closed. Moreover, the set
OA is the intersection of the closed set A and the closed set (A°)°, and therefore
closed as well.

In addition, we can characterise A° as the largest set contained in A, and A4 as
the smallest set containing A.

PROPOSITION 3.1.22. Let (X,d) be a metric space, and let A C X be a set.
Then x € A° if and only if there exists r > 0 such that B,(xz) C A.

PRrROOF. Assume first that x € A°. Then there exists an open set U C A such
that € U. Since U is open, there exists r > 0 such that B,.(x) C U. As a
consequence, B.(x) C U C A.

Conversely, assume that there exists r > 0 such that B,.(z) C A. Since the set
B,.(z) is open and contained in A, it follows that B,.(x) C A°. In particular, this
shows that = € A°. (]

LEMMA 3.1.23. Let (X,d) be a metric space, and let A C X be a set. Then
(A°)¢ = AC and (A)¢ = (A“)°.
PROOF. The set A° is open and A° C A. Thus (A°)C is closed and A® C

(A°)C. This shows that AC C (A°)C, as AC is the smallest closed set containing
AC.
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Similarly, A is closed and A C A. Thus (A)% is open and (4)¢ C A®. This
shows that (A)¢ C (A9)°, as (A9)° is the largest open set contained in AC.

Now denote B := A®. Applying the first result we have shown in this proof,
we obtain that BC C (B°)®, which can be rewritten as A C ((A%)°)%, or (A®)° C
(A)°.

Similarly, applying the second result we have shown in this proof to B = A,
we obtain that (B)° c (B)°, or (AC)¢ C A°, which shows that (A4°)¢ c AC. O

LEMMA 3.1.24. Let (X,d) be a metric space, and let A C X be a set. Then
0A = AN A°.
PROOF. By definition, 94 = A\ A°. However, by Lemma [3.1.23| we have that
A° =A% Thus B B -
DA =A\A°=AN(A°)° = AN AC,
U

LEMMA 3.1.25. Let (X, d) be a metric space, and let A C X be a set. Then
x € A, if and only if for all T > 0 we have that B.(x) N A # (.

Proor. By Lemma we have that x € A, if and only if = ¢ (A®)°.
By Proposition this is the case if and only if for all » > 0 we have that
B.(z) ¢ AC. This, in turn, is the case if and only if for all 7 > 0 we have that
B,.(x) N A # (), which proves the assertion. O

LEMMA 3.1.26. Let (X,d) be a metric space, and let A C X be a set. Then
x € DA, if and only if for all 7 > 0 we have that B, (x)N A # () and B,(x)NA # ().

PRrOOF. By Lemma [3.1.24} we have that x € JA, if and only if z € A and
x € AC. By applying Lemma |3.1.25(to both A and A€, we thus obtain the claimed
result. (]

PROPOSITION 3.1.27. Let (X,d) be a metric space, and let A C X be a set.
The closure A of A consists of all limits of convergent sequences in A.

PROOF. Since A is closed, is contains the limits of all convergent sequences in
A, and thus a forteriori the limits of all convergent sequences in A.

Conversely, assume that z € A. By Lemma we have for all k£ € N that
Bip(x) N A # (. In other words, for every k € N there exists x € A such that
d(zp,x) < 1/k. Thus ¢ = limy_, o 2, which proves the assertion. O

DEFINITION 3.1.28 (Dense set). Assume that (X,d) is a metric space, that
A C B C X are subsets of X and that B is closed. We say that A is dense in B, if
A=B.

Equivalently, we have that A is dense in B, if there exists for every € B some
sequence {2 }reny with © = limy_, o zx and x € A for all k.

EXAMPLE 3.1.29. The set Q of rational numbers is dense in R, as we can ap-
proximate every real number up to arbitrary (finite) accuracy by a rational number.

The following theorems show some non-trivial (and fairly hard to prove) ex-
amples of dense subsets:

THEOREM 3.1.30 (Stone-Weierstral). The space P of polynomials is dense in
C([0,1]) with respect to the metric doo(f,g) := maxgep 11| f(x) — g(z)|.

THEOREM 3.1.31 (Weierstrafl). The space of trigonometric polynomials, that
is, the set of functions of the form f(x) = Zg:_N cpe™ with N € N and ¢, € C,
is dense in the space of complex 2mw-periodic continuous functions on R with respect
to the metric doo(f, g) = max,er|f(z) — g(x)|.
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REMARK 3.1.32. The previous result does not state that the Fourier series of
an arbitrary continuous function f converges with respect to ds, to f. In fact, there
exists examples of continuous functions, where the Fourier series does not converge.
However, it is possible to show that running averages (so called “Cesaro means”)
of the Fourier series converge.

2. Cauchy—sequences and Completeness

The set Q of the rational numbers is a metric space with the metric d(z,y) =
|z — y|. However, it can be very difficult to treat sequences and functions on the
rational numbers with analytic means, as many of the well-known results from
calculus fail to hold there. For instance, the intermediate value theorem that states
that a continuous function f on an interval [a,d] takes as function values all the
numbers between f(a) and f(b) fails to hold over the rational numbers.

A major problem is that many sequences of rational numbers that appear to be
converging, actually don’t. Or, to be more precise, they only converge if we allow
the limit to lie outside the rational numbers. In fact, this is the main reason for
the introduction of the real numbers. One intuition here is that Q is incomplete,
but has “holes” filled with the irrational numbers. Take for instance the sequence
{1 }ren of rational numbers defined by z¢p = 1 and

xi -2 xi +2

19 = —_— =
( ) Thtl = Tk 2xy 2xy

This is the sequence one obtains by applying Newton’s method to the equation

2 _ 2 =0, and thus the sequence converges to v/2, which, however, is not a real
number. Thus, if we restrict ourselves only to the real numbers, the sequence does
not converge at all, even though it should.

In the case of the rational numbers, we got around that problem by introdu-
cing the real numbers and working with them instead when we want to do calculus.
However, something similar happens, when we are investigating different metric
spaces. Take for instance the space C ([O 1]) of continuous real functions on the in-

terval [0, 1] with the metric d1(f, g) fo |f(z)—g(x)| dx, and consider the sequence
of functions
1
0 ifer< -,
1 1 2 1 1
(20) fu(@) = k(m—f) fo<z<=+-,
2 2 1 % k
1 if -
x> - 5 + e

This sequence appears to converge to the function

This function, however, is not continuous and thus not contained in the space
C([0,1]) we are interested in.

In the cases discussed above, it appears pretty clear to us that the sequence we
consider should converge, and it is possible for us to find a limit after turning to
a larger space: the space of real numbers in the first case, the space of piecewise
continuous functions in the second case. A question now is, if this is possible in
general: If we are given a metric space (X, d), can we find a larger space Y in which
every sequence in X that should converge actually converges? In order to begin
to tackle this question, we first have to clarify what we mean when we say that a
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sequence “should converge”. Even more, we need to find a suitable definition that
does not rely on the limit of the sequence (which as of now might not exist).

For that, we recall the definition of convergence of a sequence in a metric space:
The sequence {x,, }nen converges in the metric space (X, d) to x € X, if there exists
for each € > 0 some n € N such that d(z,,x) < ¢ for all n > N. Now assume that
this is the case, and take n, m > N. Then the triangle inequality implies that

A Xp, ) < d(@n, ) +d(z, 2m) < 2€.

Note here that the inequality d(z,,, z,,) < 2¢ makes no mention of the limit z of the
sequence. Thus we can use this in a definition of sequences that should converge.

DEFINITION 3.2.1 (Cauchy sequence). A sequence {x,}nen in a metric space
(X,d) is a Cauchy sequence, if there exists for each £ > 0 some N € N such that

d(xp,xm) <e€ whenever n, m > N.

From our discussion before the definition, we immediately get the following
result:

LEMMA 3.2.2. Ewvery convergent sequence in a metric space is a Cauchy se-
quence.

Conversely, the sequence defined in is a Cauchy sequence in QQ, but does
not converge in that space. Moreover, within the real numbers, there is no difference
between convergent sequences and Cauchy sequences.

THEOREM / AXIOM 3.2.3. Ewvery Cauchy sequence in the real numbers R con-
verges.

DiscussioN. What makes this result somewhat awkward to even state is that
we have never said what the real numbers actually are.

One possible definition of the real numbers is as the completion of the rational
numbers (we will discuss the idea of completions of metric spaces later, I guess).
In that case, the completeness of the real numbers is a direct consequence of their
definition.

However, there are other possibilities for defining R that use a different ap-
proach. In that case, the completeness of the real numbers actually requires a
proof. O

REMARK 3.2.4. In the definition of a Cauchy sequence, it is crucial that we
take the distances between all elements in the sequence after the given index. If
we were to restrict ourselves to only the consecutive differences d(x,,, x,+1), the
definition would not be helpful: The harmonic series S,, := >"}'_; 1/k diverges, but
|Sn+1 - Sn' = 1/” — 0.

DEFINITION 3.2.5 (Completeness). A metric space (X, d) is complete, if every
Cauchy sequence in X converges.

Thus our Theorem/Axiom above can be rephrased as saying that the real num-
bers are complete.

LEMMA 3.2.6. The space C([0,1]) with the distance d1(f,g) = fol |f(z)—g(x)| dz
is not complete.

PROOF. Let fi: [0,1] — R be as in (20). We will show explicitly that the
sequence {fx}ren is a Cauchy sequence with respect to d;. For that, let ¢ > 0 and
choose some N > 1/e. Let moreover n, m > N. Then

(@) = fm(x) for all z & [1 1, 1 }

3TN
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Moreover, for 1/2 < z < 1/N we have that |f,(x) — fi(z)| < 1. Thus

1/241/N 1/2+1/N 1
dl(fnafm):/ |fn(x)ffm(x)|dx§/ ldx:N <e.
1/2 1/2

This shows that the sequence {f, }nen is a Cauchy sequence.

Now we will show that the sequence {f,}nen does not converge in C([0, 1]).
Assume to the contrary that lim,_,« f, = f € C([0,1]). Then we have for each
interval [a, b] C [0,1] that

0= lim/|fn — f(x)| dx > hm/|fn — f(z)] de.

n— oo

We now consider specifically intervals [a, b] = [0,1/2] and [a,b] = [1/2+1/N, 1]
for some fixed N € N.

e Since f,(xz) =0 for all x € [0,1/2] and all n € N, we have that

1/2 1/2

1/2
0=t [ 1@~ f@lde = tim [ i@ldr= [T i) as.

Since f is continuous, this is only possible if f(z) = 0 for all z € [0,1/2].
e Since f,(x) =1 for all x € [0,1/2+ 1/N] and all n > N, we have that

1 1

0= lim |fr(x) — f(z)|dz = lim |f(z) — 1] dx
oo J1/241/N o0 J1/241/N

=/1 £(2) — 1] da.

1/2+41/N
Since f is continuous, this is only possible if f(z) =1 for all x € [1/2 +
1/N,1].
The above considerations hold for each N € N, and thus it follows that f(z) =0
for all 0 <z <1/2, and f(x) =1 for all 1/2 < 2z < 1. Therefore the possible limit

of the sequence { f,, }nen is not continuous, and thus the sequence { f,, }nen does not
converge in C([0,1]). Thus the space is incomplete. O

The situation looks different when we regard the space C([0, 1]) with a different
metric.

THEOREM 3.2.7. The space C([0,1]) with the metric
doo(f,9) = max |f(z) — g(z)]
z€[0,1]
is complete.

PROOF. Let {f,}nen be a Cauchy sequence in C([0,1]). We have to show that
the sequence converges to some function f € C([0,1]). We start by identifying a
potential candidate for the limit function f. For each x € [0, 1] we have that

Since { fy }nen is a Cauchy sequence, this implies that the sequence of real numbers
{fn(z)}nen is a Cauchy sequence as well. Because R is complete, there exists some
f(z) € R with lim,_,o fn(z) = f(2).

We will now show that the resulting function f: [0,1] — R is the limit of the
sequence of functions {f,, }nen. For that, we have to show that f is continuous and
that doo(frn, f) — 0 as n — 0.
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We will first show that f is continuous. Let therefore e > 0. Since {f,, }nen is
a Cauchy sequence, there exists N € N such that

oo (frs fm) = mrg[gﬁ]lfn(w) — fm(2)] <e/3

for all n, m € N. Since f(z) = limy,— 0o fm(2), we have that
(21) |fo(x)—f(z)| = lim |fn(x)—fm(x)] <e/3 for all z € [0,1] and n > N.
m— o0

Now let y € [0,1] be arbitrary. The function fy is continuous, and thus there
exists 0 > 0 such that | fx(y) — fn(2)| < £/3 whenever |y—z| < §. By applying (21)
with n = N we thus obtain for every z with |y — z| that

E € €
) = FE) £ 15) — In @+ fv() = In ()] + ()~ F) < S+ 5+ 5 =<
Since € was arbitrary, this shows that f is continuous at y € [0,1]. Since y was
arbitrary, it follows that f is continuous.

Now we use again to conclude that

doo (frr ) = rg[%ﬁ]lfn(o:) — f(@)] <e/3 for all n > N.

Since € was arbitrary, this shows that f = lim, s fn-
Thus we have shown that every Cauchy sequence in C([0,1]) converges, and
thus C([0,1]) is complete with respect to duo. O

REMARK 3.2.8. Assume that {f, }nen is a sequence of functions f,,: [0,1] — R,
and assume that f: [0,1] — R.

e The sequence { fy, }nen converges pointwise to f, if
lim |f,,(z) — f(z)] =0 for all z € [0, 1].
n—oo

e The sequence {f, }nen converges uniformly to f, if
lim Sup1]|fn($) - f(@)|=0.

n—=00 4clp
That is, uniform convergence of a sequence of functions is precisely convergence with
respect to the metric do, (though it makes sense to use the expression “uniform
convergence” also for discontinuous functions). Thus Theorem in particu-
lar implies that the uniform limit of a sequence of continuous functions is again
continuous.

However, from the pointwise convergence of a sequence { fy, }nen of continuous
to some f: [0,1] — R we cannot conclude that f is continuous as well. An example
is the sequence of continuous functions from that converges pointwise to the
discontinuous function f: [0,1] = R, f(z) =0 for 0 < z < 1/2 and f(z) = 1 for
1/2 <z <1

REMARK 3.2.9. In Theorem [3:2.7] we have used the completeness of R to show
that the space C([0, 1]) of continuous R-valued functions is complete as well with
respect to the metric do.

Now assume that (Y, dy) is an arbitrary metric space. Then we can consider
the space C([0,1],Y") of continuous functions f: [0,1] — Y with the metric

doo(fr9) = max dy (f(z), 9(z)).

With essentially the same proof, we can show that the space C([0,1],Y") with this
metric is complete as well. Also, we can change the interval [0,1] to an arbitrary
closed and bounded interval I C R (or a closed and bounded set 2 C R”)H

3The reason for requiring the interval (or set) to be closed and bounded is that we want
the maximum actually to exist and, in particular, be finite. If we allow non-closed or unbounded
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Since it is possible to show that the space R¢ is complete respect to the Euc-
lidean distance, this implies in particular that the space C(I;R?) is complete with
respect to do, whenever I C R is a closed and bounded interval. This is something
we will make use of in Section M below.

THEOREM 3.2.10. Assume that (X,d) is a complete metric space and that Y C
X is a subset. Then'Y is complete (with respect to the restriction of d to'Y ) if and
only if Y is closed (as a subspace of X ).

PROOF. Assume that Y is complete as a metric space. Let moreover {x, }nen
be a sequence with z,, € Y for all n € N and lim,, ,~ z,, = x for some x € X. We
have to show that x € Y.

Since the sequence {z,}nen converges in X, it is a Cauchy sequence in X.
This, however, implies that it is a Cauchy sequence in Y, which is complete. Thus
the sequence {x, }nen converges to some y € Y. Because of the uniqueness of the
limit of convergent sequences in metric spaces, it follows that xt =y € Y. Thus Y
is closed.

Now assume that Y is closed, and let {y,}n,en be a Cauchy sequence in Y.
Then this is a Cauchy sequence in X as well, and thus the completeness of X
implies that it converges to some y € X. Because Y is closed and y = lim,, o0 Yn,
it follows that y € Y. Thus the Cauchy sequence {y,, }nen converges in Y, and thus
Y is complete. O

3. Banach’s Fixed Point Theorem

DEFINITION 3.3.1 (Lipschitz continuity). Let (X,dx) and (Y,dy) be metric
spaces and let f: X — Y be a function. We say that f is Lipschitz continuous, if
there exists L > 0 such that

(22) dy (f(2), f(y)) < Ldx(z,y)
for all z, y € X. A constant L with this property is called a Lipschitz constant of
f-

REMARK 3.3.2. Sometimes one defines the Lipschitz constant of f as the smal-
lest constant for which holds. We will refrain from doing so, as the smallest

such constant is often difficult to find, whereas finding any such constant is often
feasible in practice.

LEMMA 3.3.3 (Continuity of Lipschitz functions). Fvery Lipschitz continuous
function is continuous.

PRrROOF. Assume that (X, dx) and (Y, dy) are metric spaces and let f: X — Y
be a Lipschitz continuous function and let L > 0 be a (strictly positive) Lipschitz
constant for f. Let € > 0 and define § := ¢/L. Let moreover z, y € X be such that
dx(x,y) < 4. Then

dy (f(z), f(y)) < Ldx(z,y) < Le/L =e.
Thus f is continuous. O

REMARK 3.3.4. Assume that f: R®™ — R is continuously differentiable and
that there exists L > 0 such that |V f(z)|| < L for all z € R™. Then f is Lipschitz
continuous with Lipschitz constant L. In order to see that, note that

1
) = F() + /0 (VF(o+ty—a),y— o) dt

intervals, this is no longer the case, and it could happen that the distance between two functions
is +00. (We could remedy this problem, though, by restricting ourselves to bounded continuous
functions, but we won’t go that far.)
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and therefore

16 @ = | [ (75 + tty - )y -yt
< [T 1+t 0) oy =)
0

1
s/ IV (z + tly — 2))llly — 2]l dt < Lijy — |
0
for all z, y € R™.

DEFINITION 3.3.5 (Contraction). Let (X,dx) and (Y,dy) be metric spaces
and let f: X — Y be a function. We say that f is a contraction, if f is Lipschitz
continuous with a Lipschitz constant L satisfying 0 < L < 1.

In other words, f is a contraction, if there exists 0 < L < 1 such that

dy (f(l‘), f(y)) < de(xvy)
for all z, y € X.

REMARK 3.3.6. Note that it is not sufficient for a function f to be a contraction
that it satisfies
for all = # y. Instead, we require the Lipschitz constant to be strictly smaller than
1.
For instance, the function f: R — R, f(x) = 2 — arctan x is not a contraction,
although
1 x?

B S ——T
z24+1 2241

fl@)=1
for all z € R.
THEOREM 3.3.7 (Banach’s Fixed Point Theorem). Assume that (X,d) is a

complete metric space and that f: X — X is a contraction. Then there exists a
unique element z* € X (a fixed point of f) such that

(23) fa) ="
PRrROOF. Let 0 < L < 1 be a Lipschitz constant of f.
We start by showing that the solution of , if it exists, is unique. Assume
therefore that z, y € X satisfy f(x) =z and f(y) =y. Then
d(z,y) = d(f(), f(y)) < Ld(z,y).

Since L < 1, this is only possible if d(x,y) = 0 and thus « = y. This shows
uniqueness of a fixed point of f. It remains to show that a fixed point actually
exists.
Let now zp € X be arbitrary and consider the sequence given by
Tnt1 = f(zn).

We will show that this sequence converges to a fixed point of f.
We start by showing that this is actually a Cauchy sequence. For that, we note
that for all n € N,

d(xn+17xn) = d(f(xn)7 f(xn71>) < Ld(xn7xn71)~
By induction over n we thus obtain that

d(xpy1,2n) < Ld(x1,0).
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Thus we have for all n € N and k& € N that

k k
(24) d(anrk? xn) < Z d(xn+j7 xn+j71) < Z L"+‘j_1d($1, :EO)
j=1 j=1
k ) [eS) . n
= L"d(x1, z0) Z LIt < L™d(zy, o) Z L= d(z1,x0).
j=0

1-L

j=1
Now let € > 0 and let N € N be such that
LN

ﬁd(fﬁl,ﬁco) <e.
Let moreover n, m > N. Without loss of generality, assume that m > n. Then we
can apply with £ = m — n and obtain that

n LN
Ld(ml,xo) < ﬁd(xl,xo) <e.

dm;ng
(@m, 2n) < 7

Thus the sequence {z, },en is a Cauchy sequence. Since (X, d) is complete, there
exists x* € X such that z* = lim,, o0 -

It remains to show that z* is a fixed point of f. Since f is a contraction, it is
in particular Lipschitz continuous and thus continuous. Since z* = lim,, ,o ,, be
definition, we thus have that

f(aj ) = nh—>I2<; f(mn) = nh—>H;<> Tpn+1 =T,

which concludes the proof. O

REMARK 3.3.8. It is important to note here that the proof is constructive
in that it provides us with an explicit algorithm, namely fized point iteration, to
approximate the fixed point z* of f. In fact, we have shown that the sequence

Tnt1 = f(zn)

converges for each starting point o € X to xz*. In fact, we have therefore formu-
lated a numerical algorithm for the solution of the fixed point equation under the
assumption that f is a contraction.

Moreover, if we refine some of the analysis of the proof, we can obtain some
estimates for how close we are to x* after a finite number of steps:

By letting £ tend to infinity in , we obtain the a-priori estimate

n

L
d(l’*, l'n) S ﬁd(l‘h 1’0).

This allows us to estimate already after the first step how close we will be to x*
after n steps.
In addition, we can show the a-posteriori estimate

L
d(iﬂ*, xn) S ﬁd(xna xn71)~
This gives us an upper bound for how close we are to the solution by only looking
at the size of the last step we made.

COROLLARY 3.3.9. Assume that (X, d) is a complete metric space, that f: X —
X is a function, and that K C X is a closed subset. Assume moreover that

flz) e K whenever x € K
and that there exists 0 < L < 1 such that
d(f(x), f(y)) < Ld(z,y) Jorallz, y € K.

Then there exists a unique x* € K such that f(z*) = z*.
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PROOF. Since K is a closed subset of a complete metric space, it is a complete
metric space itself. Moreover, by assumption the restriction f|x: K — K is a
contraction on K. Thus the result follows from Banach’s fixed point Theorem. [

Application to Integral Equations. Assume that k: [0,1] x [0,1] > Ris a
continuous function satisfying

c:= max |k(z,y)| <1,
(w)e[oﬁlpl (z,y)|

and let h € C([0,1]) be a given function. We want to solve the integral equation

(25) f) + / k(. y) f(y) dy = h(z).

That is, we want to find a function f € C([0,1]) such that holds for each
€ [0,1]. Using Banach’s fixed point theorem, we can show that this equation has
a unique solution:

Since k is continuous, it follows that the function z — fol k(x,y)f(y)dy is
continuous. Since h is assumed to be continuous as well, we can therefore the
mapping T C([0, 1]) — C([0,1]),

1
Tf(z) == hx) - / k(e,y) F ) d.

Then f € C([0,1]) solves if and only if f is a fixed point of T
Now we show that T is a contraction on the space C([0,1]) with respect to the
metric do,. For that

doo(Tf,Tg) = max |Tf(z) — Tg(z)|
z€0,1]

= max 1 k(z,y)(f(y) — 9(y)) dy
1Mo

z€[0,1

< max]/o \k:(x,y)Hf(y)—g(y)My

z€[0,1

z€]0,1]

1
< max/o c|f(y) —g9(y)| dy

1
—c [ 15w - sl dy
0
< —
< cyrg[gﬁ]\f(y) 9()|
= Cdoo (fa g)
Thus T is a contraction on the complete metric space (C’ ([0,1]), doo), and therefore

T has a unique fixed point. Put differently, the equation has, under the given
assumptions on k and h, a unique continuous solution f.

4. Application of the Fixed Point Theorem: Existence for ODEs

We now consider the application of Banach’s fixed point Theorem to the ques-
tion of existence and uniqueness of solutions of ODEs. For that, we consider an
initial value problem of the form

y = f(t,y),
(26) y(to) = o,

where f: R x R? — R? is some continuous function, ¢, € R, and 35 € R? is a given
initial value.
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THEOREM 3.4.1 (Picard-Lindelof). Leta > 0 and b > 0, and define the cylinder
Z:={(t,y) eRxR*: [t —to| < a and |ly — yo| < b}.

Assume that the function f: R x R® — R is continuous on Z and that it satisfies
a Lipschitz condition with respect to its second component in the sense that there
exists L > 0 such that

[f(ty) = f(t.2)]| < Llly — =]
for all (t,y), (t,z) € Z. Assume moreover that

M = t, <
(t{g?gzllf( Yl <

Q| o

Then the initial value problem has a unique solution on the interval I = [to—a,to+
al.

PROOF. Since the proof is somewhat longish, we split it up into separate steps.

Step 1: Rewrite the ODE as an integral equation.
Assume that y solves the initial value problem . Then we have that

t

y(t) = yo +/ y'(s) ds = yo +/ f(s,y(s)) ds

to to

for all t. Conversely, if y is a continuous function that satisfies the equation

(27) y(t) = yo + / f(5.5(5)) ds,

to

then y is necessarily differentiable (because the right hand side is) and it satis-

fies .
Define therefore the mapping T: C(I;R?) — C(I;R9),

Ty(t) := yo —|—/ f(s, y(s)) ds.

to
Then y solves the initial value problem [26]if and only if it satisfies the fixed point
equation Ty = y.
Step 2: Restrict T to a suitable subset of C(I;RY).
Our goal is to apply Banach’s fixed point theorem to the equation Ty = y. For
that, we need to find a suitable subset K C C(I;R?) such that 7 maps K into itself
and T is a contraction on K. Define therefore

K:={ye C(L;RY) : |ly(t) —yol| < bforall t € I}
and assume that y € K. Then

1/ (s.9(s))|| < M
for all s € I and thus

I s = | [ o ] | [ utl oo < - it <o =

for all ¢t € I. Since Ty is continuous, it follows that Ty € K as well.

Step 8: Show that we do not lose any possible solutions.

Assume now that y € C(I;R?) is any solution of the equation (or, equival-
ently, of the ODE ) We want to show that, necessarily, y € K. Assume there-
fore to the contrary that y ¢ K. Then there exists ¢ € I such that |ly(t) — yo|| > b.
Since y(t) = yo by assumption, it follows that ¢ # ¢.
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Assume now that ¢ > ty. Since the mapping ¢ — ||y(t) —yo|| is continuous, there
exists a minimal value ¢ty < ¢; < tp + a such that ||y(¢1) — yo|| = b. In particular,
ly(t1) — yol| < b for all £y < s < t;. As a consequence

t1
b= loter) =woll = || [ F(svus)) | < Mty — o] < b0 =,
0

which is an obvious contradiction.

We obtain a contradiction in a similar way if we assume that ¢ < ¢tg. This shows
that such a ¢ cannot exist, and thus y € K.

Step 4: Define a suitable metric on C(I;R?).

We now need to define a metric on C'(I; R?) with respect to which the mapping
T is a contraction on K. For that we define

(28) d(y, 2) = max e 21l y (1) — 2(1)].
€
Assume now that y, z € K. Then
d(Ty, T2) = max e 200 Ty (1) — T=(1)|
te

— el o+ [ o) ds o [ 5(sv200)) o]

tel to t

= max e 2Lt tol ’/tt F(s:y(5)) = f(s:2(9)) dsH

tel

tel o

< max e~2Llt—to /t 1 (5.0(5)) = £ (5. () | s

< mace 2] [ Ly(s) - 2(5)) ]
tel to

t
_ ntnalx o~ 2Llt—to / L€2L|s—to\e—2L|s—to|Hy(s) _ z(s)H ds‘
€ to

t
< —2L|t—to| Le2Lls—tol g ‘ ( —2L|s—to| _ )
< maxe e s| (maxe ly(s) = z(s)|l

t
/ L€2L|57t0| ds
to

2L|t—to|
)y, 2)

72L|t7t0|

)d(y, z)

= (maxe
tel

_ _, €
= (maxe 2L|t—tol
tel 2

= (. 2).

This shows that T is a contraction with respect to the metric defined in .

Step 5: Show that C(I;R?) is complete and K closed.
Denote by ds, the standard metric on C(I;R?), that is,

doc(y,2) = may(t) — =(0)]|.
Since
1> e 2Llt—to] > —2La
for all t € I, we have that
Mo (y, 2) < d(y, 2) < doo(y, 2)

for all y, z € C(I;R%). This, however, implies that a sequence converges with
respect to do, if and only if it converges with respect to d. Moreover, a sequence is
a Cauchy sequence with respect to d, if and only if it is a Cauchy sequence with
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respect to d. Since C(I;R?) with the metric do, is complete, this implies that it is
also complete with the metric d.

Also, a set is closed with respect to d if and only if it is closed with respect to
dso. Since K is precisely the closed ball of radius b around the constant function
yo with respect to do, it is closed for that metric. Thus K is closed for the metric
d as well.

Step 6: Collect everything and call it a day.

We have shown that K is a closed subset of the complete metric space C(I; R?)
(Step 5), that Ty € K whenever y € K (Step 2), and that the restriction of T
to K is a contraction (Step 4). Thus Banach’s fixed point theorem implies that
the mapping T has a unique fixed point y* in K. Since solving the ODE is
equivalent to finding a fixed point of T in C(I;R?) (Step 1), we can conclude that
the solution has at least one solution (namely y*). Moreover, if z is another
solution, it cannot be contained in K. This, however, is not possible by Step 3. O

REMARK 3.4.2. It is possible to show that the ODE has a solution if the
function f is continuous; the Lipschitz condition we have assumed in the proof is
actually not necessary for that (this is the statement of the Peano existence theorem
for ODEs). However, without the Lipschitz condition, we can no longer guarantee
that the solution is unique. A classical example for this is the ODE

y =y'/3, y(0) =0.

An obvious solution of the initial value problem is the constant function y(t) = 0.
However, the functions

y(t) = £(2t/3)°

for ¢ > 0 are also solutions of the same ODE. Even worse, for any T' > t; we can
define the functions

(1) = 0 ift<T,
VETWI= L0 —T)/3)%2 it >T.

All of these functions solve the same initial value problem.
This does not contradict the Picard-Lindel6f Theorem, though, as the function
y — y/3 is not Lipschitz continuous in a neighbourhood of 0.

REMARK 3.4.3 (Picard iteration). Since we have proved Theorem by
showing that the Banach fixed point Theorem is applicable, we obtain in addition
that the fixed point iteration (the Picard iteration)

(29) Yo (1) = Tyn(t) = yo + / F(s,i(s)) ds

to
(where we use the initialisation yo(¢) = yo, although this is not necessary for the

convergence) actually converges to a solution of the ODE (26)).
If we apply this to the ODE

y =y, y(0) =1,
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we obtain the iterates

yo(t) =1,

t
yl(t)=1—|—/ lds =1+t
0

t
yg(t)zl-i—/ 1+sds:1+t+§,
ot 82 t2 tB
y3(t)=1—|—/01+S+5d821+t+§+€,
and, in general,

k=0
which happens to be the truncated Taylor series expansion of the exponential func-
tion.

More generally, one can in principle use the iteration in order to define a
numerical solution method for ODEs. A difficulty here is that the integrals that
need to be evaluated in each step of the iteration can in general not be solved
analytically. This problem can, however, be solved in practice by falling back
to numerical quadratures. Still, methods based on Picard iteration appear to be
limited to some niche applications, and in general one uses either some Runge-
Kutte method or some multi-step method for the numerical solution of initial value
problems.

5. Normed Spaces

‘We now come back to the study of vector spaces and linear transformations, but
now with the additional tools we have developed during our discussion of metrics
and metric spaces. Since we have discussed metrics in the much more general setting
of arbitrary sets, however, we might want to add some further conditions in order
to make a metric a useful notion on a vector space.

A first reasonable assumption for a metric on a vector space U is that the
distance between two vectors u and v does not change, if we add the same vector
w to both of them. That is, it makes sense to require that

d(u,v) = d(u+ w,v + w)
for all u, v, w € U. This in particular implies that
d(u,v) = d(u —v,0)

for all u, v € U. That is, the distance between u and v only depends on their
difference u — v.

Next, we might find it useful to require that the distance behaves reasonably
under scaling. If we multiply two vectors u and v with the same scalar A, then their
distance should scale with |\|. That is, we probably want to require that

d(Au, \v) = |A|d(u,v)

for all u, v € U and A € K.
We now introduce the notion of a norm, which allows us to define a metric on
a vector space with these properties:

DEFINITION 3.5.1 (Norm). A norm on a vector space U over K is a function
[Ill: U — R with the following properties:
(1) Positivity: |lull > 0 for all w € U, and ||u|| = 0 if and only if u = 0.
(2) Homogeneity: ||[Aul| = |A|||ul| for all w € U and A € K.
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(3) Triangle inequality: ||u+ v| < ||ul| + ||v|| for all u, v € U.
A vector space together with a norm is called a normed space.
The next result shows that these properties are sufficient for allowing us to

define a metric on U. Thus we are able to use all results on metric space also for
normed spaces.

LEMMA 3.5.2. If ||-|| is a norm on the vector space U, then d(u,v) = ||u — v|
s a metric on U.

PROOF. We have that d(u,v) = |ju —v|| > 0 for all w, v € U, and d(u,v) =0 if
and only if ||u — v|| = 0, which is the case if and only if w = v. Next we have that

d(v,u) = |lv —ul| = [[(=1)(u = v)[| = [=1[]lu — v[| = d(u,v).
Finally,
d(u, w) = flu—wl = [lu —v+v—w| < [lu—v|]|+[v—wl]|=du,v)+dv,w)
for all u, v, w € U. Thus d satisfies all requirements for a metric. O

REMARK 3.5.3. If (U,|||) is a normed space, then a sequence {u,}nen con-
verges to u, if and only if
lun — u|| = d(tn, u) =n—oo 0.

Thus we can (and will) formulate convergence of sequences, and thus also continuity
of functions, completely in terms of the norm without mentioning the induced
metric.

We will now state a consequence of the triangle inequality that turns out to be
useful in a large number of estimates.

LEMMA 3.5.4 (Reverse triangle inequality). Assume that (U, |-||) is a normed
space and that u, v € U. Then

[l = Nloll| < llu =l
Proor. We have that
[ull = llu— v+ o] < [lu—o] + o]
and therefore
[ull = o)l < [lu—v.
Similarly,
[oll = [l — w4 ul] < flv—ul| + [Jull
and thus
[oll = flull < [lu—v.

Together, these inequalities imply that
[l = Toll| < flu—vll,
which proves the assertion. O
A particular class of normed spaces is that of inner product spaces. There we

have already defined a normed induced by the inner product. We now show that
that “norm” indeed satisfies the requirements put forward in Definition [3.5.1

LEMMA 3.5.5. Assume that U is an inner product space with inner product
(-,). Then
lull == (u, u)'/

defines a norm on U.
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PROOF. Since the inner product is positive definite, it follows that ||u|| > 0 for
all u € U with equality if and only if u = 0. Next, if u € U and A\ € K, then

1/2
Xl = v, Aa) 2 = (AR, ) = [\, )2 = [A[[ful],
which proves the positive homogeneity. Finally, the triangle inequality has been

shown in Theorem [2.1.12] O

While inner products give us one possibility for defining norms, there are al-
ternatives that can be useful in certain contexts. We present some examples here,
though there will be a more detailed discussion about related norms and spaces in
the next section.

EXAMPLE 3.5.6. On the space K™ we define
ully = ur] 4+ ... + |un|
and

||t oo := max{|u1\, . |un|}

for v € K™. Both of these are norms on K", as positivity and homogeneity are
clearly satisfied and the triangle inequality follows from the triangle inequality on
the real/complex numbers.

Actually, we have used similar definitions previously when discussing metrics
on the space of continuous functions:

EXAMPLE 3.5.7. One the space C([0,1]) we define

T —/ (@) da

[flloc = max [f(2)|

z€[0,1]

for f € C(][0,1]). Both of these are norms on C([0,1]), and the corresponding
metrics are d; and d., respectively.

and

It is obvious that the norms ||-||; and ||||s on the space K™ (with n > 2) are
different from the Euclidean norm that is induced by the standard inner product.
However, it might be still possible that there is another inner product on K" that
induces these norms. We will show in the following that this is not the case by
deducing a property that all norms induced by an inner product need to satisfy.

LEMMA 3.5.8 (Parallelogram law). Assume that U is an inner product space
and that ||u|| = (u,u)'/? is the induced norm on U. Then

llu = vlf* + [lu+ o|* = 2[|ul|* + 2||v]®
for all u, v e U.
PrOOF. We write
lu = v]|* + flu+ [ = (u = v,u—v) + (u+v,u+v)
= (u,u) — (v,u) + (v,v) — (u,v) + (u, u) + (v,u) + (v,v) + (u,v)
= 2(u, u) + 2(v,v) = 2||ul|* + 2}v[|*.
U
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EXAMPLE 3.5.9. The norms ||-||; and ||-||cc on K™ with n > 2 are not induced
by an inner product. We show this by demonstrating that the parallelogram law
fails to hold in both cases. For this, we take u = e; and v = es, the first and second
standard basis vector in K”. Then

lex —eall? + ller + 2| ] =44+ 4 =38,

whereas
2llex]|F + 2lleaf =242 = 4.
Similarly,
lex = eal% + ller +eallZ =141 =2,
whereas

2llex)lZ + 2llezllZ, =2 +2=4.

Interestingly, the parallelogram law provides a complete characterisation of
norms induced by inner products:

THEOREM 3.5.10 (Jordan—von Neumann). Assume that (U, |-||) is a normed
space and that the parallelogram law
llu =l + lu+l* = 2[|ul® + 2[jo[|?
holds for all u, v € U. Then there exists an inner product (-,-) on U such that
lul| = (u,u)/? for allu € U.
e If U is a real vector space, then (-,-) is given as

1
(u,v) = Z(IIU + )| = flu—vl?).

e IfU is a complex vector space, then (-,-) is given as
14
(u,v) = ;iknu + i),

ProoF. I will add the proof for the real case when I find time. (It is not
difficult to check that the requirements for an inner product are satisfied in the
real case, but it is somewhat tedious. In the complex case, the tediousness rises
significantly.) O

We will now show that norms work well together with the linear structure of a
vector space in that the basic operations of addition and scalar multiplication will
always be continuous on a normed space. Afterwards we will show that this is not
always the case for (reasonable) metrics on vector spaces.

THEOREM 3.5.11. Assume that U is a normed space. Then the following hold:
(1) Continuity of the norm: If up —n—oo U, then |Juy| —n—oo |||
(2) Continuity of addition: If u, —n—eo u and v, —rpeo U, then (u, +
Upn) —Fn—oo U+ V.
(8) Continuity of scalar multiplication: If un, —>n—oo U and Ay —n—o0o A, then
(Antn) = n—oco AU.

PROOF. Assume that u = lim,,_, o uy, that is, ||u — u,|| = 0 as n — co. Then
the reverse triangle inequality implies that

ull = fluall] < lu—wunl =0 asn— oo,

which proves that ||u,|| — |Ju||.
Now assume that v = lim,,_, o u,, and v = lim,,_yoc v,,. Then

lu+v—(up+v)|| = ||l —twn +v—2v,| <||Ju—up|+||lv—ovn| =0 as n — 0o,

which shows that u + v = lim,,—, oo (ty, + vp).
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Finally, assume that v = lim,,_ %, and A = lim,, o, A\,,. Then
[Aw = Apun || = [[Adu = Aun, + Aup — Apun || < A = ug) || + [[(A = An)un |
= |A|lw — up |l + [A = An|lJun|] = 0 as n — 0o,
as the sequence {||un|| }nen converges to ||u|| and therefore is bounded. O
EXAMPLE 3.5.12. On K" we define the 0-"norm” ||-||op by
l[ullo == #{k : ur # 0}.

That is, ||ul|o is the number of non-zero components of the vector u. We stress that
this is not a norm on K", because the homogeneity is not satisfied: We have for
instance that ||e1|| = 1, but also ||2e1]| = 1.

Still, it is straightforward to show that

do(u,v) :== |lu—vlo

defines a metric on K”: Positivity and symmetry are clear from the definition
(d(u,v) = 0 if and only if |ju — v||p = 0, that is, if and only if the vector u — v
has no non-zero components; and we obviously have ||u — v|o = ||v — ul|p). Also,
the number of non-zero components of a vector © — w cannot be larger the sum of
non-zero components of u — v and v — w, which proves the triangle inequality.

However, scalar multiplication is not a continuous operation on (K™, ||-||o). Take
for instance the constant sequence u,, = e; for all n and A\, = % Then u,, — €1
and A\, — 0 as n — oo, but

1
[Anun —0]jo = erlH =1 for all n,
n
that is, the sequence {A,up }nen does not converge to 0.

Finally, we introduce the notion of a bounded set in a normed space:

DEFINITION 3.5.13 (Bounded sets). Assume that (U, |||) is a normed space
and that A C U is some subset. We say that A is bounded, if it is contained in
some ball centered at 0, that is, there exists » > 0 such that A C B,.(0).

In particular, we have that Cauchy sequences (and consequently also convergent
sequences) in a normed space are necessarily bounded.

LEMMA 3.5.14. Assume that (U, ||-||) is a normed space and that {un}nen is a
Cauchy sequence in U. Then the set {up}nen s bounded.

PROOF. Since the sequence {uy, }nen is a Cauchy sequence, there exists N € N
such that ||u, — um| < 1 whenever n, m > N. Define now

o= max{|[ui |, [luzl],. .., [lun[} + 1.
Then by construction u,, € B,.(0) for all 1 <n < N. Also, for n > N we have that
unll < llun —unll + [lun]] < [lun]|+1 <.

Thus we have that u, € B,.(0) for all n € N, which shows that the sequence is
bounded. g

6. p-norms

A particularly interesting and useful class of norms on K" are the so called
p-norms, which are generalisations of the Euclidean norm as well as the norms ||-||;
and ||||oo-
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DEFINITION 3.6.1 (p-norm on K™). Let 1 < p < co. We define the mapping
[-llp: K" = R,
lally == (ja1l? + ... + leal?) 77
for z € K".
Similarly, we define ||| : K" — R by

||| oo := max{|m1\, e |xn|}

for x € K™.

We will show in the following that |||, is indeed a norm on K”. The symmetry
and positivity are fairly obvious, but the triangle inequality is not, unless we are in
the simpler cases p =1 or p = co. Also, for p = 2, we simply obtain the Euclidean
norm, which we have previously considered in the context of inner products.

For proving the triangle inequality in all other cases, we will need some addi-
tional results.

DEFINITION 3.6.2 (Conjugate). Let 1 < p < co. We define the conjugate (or
Hélder conjugate) of p as the solution 1 < p, < oo of the equation

Tyl
P D«
Moreover, for p = 1 we define the conjugate as p, := oo, and for p = oo as
Py = 1.
Alternatively, we can write the conjugate of 1 < p < oo explicitly as
4
q= Pfl

LEMMA 3.6.3 (Young’s inequality). Let 1 < p < o0, and let 1 < p, < 0o be the
conjugate of p. Then for all a, b > 0 the inequality
1 1
(30) ab < =aP + —bP~
p P+«
holds.

PRrROOF. For b = 0, this inequality holds obviously. Now assume that b > 0 and
consider the function f: R>¢ — Rx,

fla) :=ab— %a”.

Then is equivalent to the statement that f(a) < p%bp* for all @ > 0. In order
to show this, we compute the maximum of f. Since lim,_ o f(a) = +o0, this
maximum actually exists in R>(. Moreover, since f'(0) = b > 0, the point 0 cannot
be the maximum of f, and thus the function f attains the maximum at some point
0 < a < co. In particular, we can therefore find this maximum by computing the
derivative of f and setting it to 0. We have that

f/(CL) =b- apila

which is equal to 0 for a = b*/®=1_ Thus a = /=1 is the unique maximiser of
f, and therefore f(a) < f(b"/=1) for all a > 0. Thus

ab — lap = f(a) < f(bl/(p—l)) — ppt/ (=) _ lbp/(p—l)
p p
_ /o= _ L/ Z P ey L
p p D

which proves . O
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LEMMA 3.6.4 (Holder’s inequality). Assume that 1 < p < co. Then we have
for all x, y € K" that

(31) ]kayk] <3 mnyk\ < (Smr)”(
k=1 k=1

PROOF. Assume without loss of generality that x, y # 0, else the claim is
trivial.
The estimate

1/p«
) = Yallplll.

n n
> | < Dol
k=1 k=1

is simply the triangle inequality on K. Now define
|| vkl
]l

Then Young’s inequality implies that

Zmuym Zakbkglzaz+izb£
= k=1 pk:l D

IER NN

- p;

1 ||5UHP

ap = and bk =

lelpllyllp*

*

LEMMA 3.6.5 (Minkowski’s inequality). Assume that 1 < p < co. Then

- / - / ~ /
32) No-tlly = (Slantun?) " < (Dlenl?) "+ (Sluel) " = lelly vl

for all x, y € K".

PROOF. Without loss of generality, assume that = + y # 0, else the claim is
trivial.
We start by estimating the p-th power of the left hand side by

n n
Z|3€k + yil” < Z|$k + ylP " (|| + lyxl)
k=1 k=1

n n
=D laow + gl el + Y Jon + ylP el
k=1 k=1

Now we apply Holder’s inequality and obtain that

n i 1/pe /& 1/p
Z\$k+yk|p_1|$k| < <Z|xk+yk|(p_1)p*) (Z‘mﬂp)
k=1 k=1 k=1
- (p—1)/p
= (Dl + wel?) (Dmp)
k=1

where we have used that the conjugate p, of p satisfies

Similarly, we get that

- " /p
>l 4y k| < <Z|$k+yk|p) (Z|yk\ )
k=1 k=1
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Inserting these estimates in , we obtain
- ~ (=1)/p /1 1/p - 1/p
S la el < (e wl?) T ((leel?) T+ (lel?) )-
k=1 k=1 k=1 k=1

(r—1)/p
) results

Now dividing both sides of this inequality by (Zzzl\xk + yrl?
in .

THEOREM 3.6.6. For all 1 < p < oo, the function ||-||,: K» — R is a norm on
K™.

PROOF. For p = 1 and p = oo, we have already discussed this earlier. Next,
for 1 < p < oo, the symmetry and positivity of |-||, are obvious from the defin-
ition. Finally, the triangle inequality for |||, is precisely Minkowski’s inequality,
Lemma O

Similarly, we can define the p-norm of a continuous function:

DEFINITION 3.6.7. Let 1 < p < co. We define the function ||-||,: C([0,1]) = R

by
151 = ([ 1#@laz)"”
for all f € C([0,1)).

Moreover, for p = oo we define

[flloe = max]lf(fv)|-

z€[0,1

We now show that this defines a norm on C([0,1]). The steps towards this
results are really the same as for the case (K", ||-||p). We will first show Hélder’s
inequality for the integral, and then Minkowski’s inequality. Also, the proofs of
these inequalities are essentially the same as for K™. All we have to do is to replace
every sum by an integralﬁ

LEMMA 3.6.8 (Holder’s inequality). Assume that 1 < p < co. Then we have
for all f, g € C([0,1]) that

o |[ s < [ 1@ @

s(fﬁ@ﬁ@ﬂ%é%@

Proor. Without loss of generality assume that f, g # 0, else the claim is
trivial. Moreover, the estimate

‘/Olf(x)g(x) dw‘ < /Olf(x)g(x) dz|

follows from standard properties of the integral. Define now

P -

1/p«
vde) " =1 f g

N 1 N 7
fey=1igy, @)=

AThe fact that we can use essentially the same proof in two seemingly different situations
should give us a hint that these situations are not that different after all. In fact, both cases can
be seen as special cases of a result that holds on general so called “measure spaces.” For (many)
more results on this topic, I refer to the course TMA4225 — Foundations of Analysis.
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Then Young’s inequality implies that

1 1 1 1 - » i (s

11
S+ =1

| f (x)[P 1Ig()
- dr + — dr —
P/o (Al * P« Jo T T,

LEMMA 3.6.9 (Minkowski’s inequality). Assume that 1 < p < co. Then

P« dx

I+l = ([ 17 +g<x>|pdx)””

/ F@)Pd)’ / g dz)”” = 171, + gl

for all f, g € C([0,1]).

PRrROOF. We estimate

I +gll} =/O |f(x) + g()[” dx S/O [f(2) + g@)P~ (I (@)] + |g(2)]) d

< ([ v+ awra)” ([ 1)+ ([ wra)”)

where we have used Holder’s inequality and the fact that p, = p/(p—1) in the
(r—1)/p
last step. Then we obtain the result by dividing by (fol |f(x)+g(z)P dm) .

THEOREM 3.6.10. For all 1 < p < oo, the function |-||,: C([0,1]) — R is a
norm on C([0,1]).

PrROOF. For p = 1 and p = oo, we have already discussed this earlier. Next,
for 1 < p < oo, the symmetry and positivity of |-||, are obvious from the defin-
ition. Finally, the triangle inequality for ||-||, is precisely Minkowski’s inequality,

Lemma [3.6.9 O

7. Sequence Spaces

Assume that f: R — Z is a periodic function with period 27. Assuming enough
regularity of f, we can then represent it as a Fourier series of the form

f(x) — cheinm’
neZ

where
1 2

o

is the n-th Fourier coefficient of f. ThlS Fourier coefficient indicates the contribution
of oscillations of angular frequency n to the whole function f. For many practical
problems it then can make sense to work directly with the Fourier coefficients
instead of working with the function f itself. In other words, it makes sense to
identify the function f with its Fourier series, which is a sequence {c,, }nez. In this
section, we will thus develop a theory of spaces of sequences and norms on such
spaces.

fla)e™™ da

Cn =
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DEFINITION 3.7.1 (¢P-spaces). Let 1 < p < oo. By ¢ (or also #?(N)), we denote
the set of all sequences (zx)ren such that

> 1/p
ol == (D lzl?) < oo.
k=1

Moreover, we denote by £*° (or ¢*°(N)) the set of all bounded sequences, that is,
all sequences for which
||| := sup|zk| < oo.
keN

REMARK 3.7.2. There is a large conceptual difference between the constructions
of the p-norms on K™ and the construction of the ¢P-spaces. In the former case we
started with the vector space K™ and then defined a norm on this space. In the
latter case the construction is in some sense reversed: We start by defining a “p-
norm” on the set of all sequences, but then say that the space £ consists of all
those sequences for which this “norm” is actually finite.

In the following we will show that these are indeed vector spaces and that the
mapping ||-||,: ¢ — R is a norm on ¢P.

REMARK 3.7.3. One or both sides of the inequality may in principle by
infinite. However, the inequality in this case still is satisfied. That is, if the right
hand side of is finite, then so is the left hand side. In other words, if z € /P
and y € P+, then the pointwise product z defined by 2z, = x,y, satisfies z € £1.

THEOREM 3.7.4 (¢ as normed space). Let 1 < p < co. Then (7, |]|,) is a
normed space.

PrOOF. We only prove the claim for 1 < p < co and leave the case p = oo to
the interested reader.

We have to show that ¢? is a vector space and that ||-||, is a norm on ¢P. For
the former, we will show that ¢P is a subspace of the vector space of all sequences
in K. Following Lemma [[.1.12] we thus have to show that 0 € (7, that  +y € (P if
x,y € P, and that Az € P if z € /P and A\ € K.

The inclusion 0 € ¢7 holds trivially. Moreover, it is clear that |lz|/, > 0 for all
x € P with ||z||, = 0 if and only if x = 0.

Now assume that « € P and A € K. Then

el = (S Pasl?) " = (1P Sfeel?) " = Nl < .

This shows that Az € ¢¥ and also that ||-||, is homogeneous.
Finally, assume that x, y € fP. By Minkowski’s inequality in K™ (Lemma|3.6.5)

we have that
n 1/p i 1/p ~ 1/p
(Dl wel”) < (Slel”) "+ (Sl
k=1

for all n € N. Taking the limit n — oo and using that ||z||, < co and ||y||, < oo, it
follows that

> 1/p > /p & 1/p
oty = (D lantul?) < (Mlanl”) "+ (hel?) T = el +liglly < oo
k=1 k=1 k=1

This shows that = 4+ y € ¢, and also that ||-||, satisfies the triangle inequality.
Thus ¢P is a subspace of the space of all sequences and thus a vector space
itself, and ||-||, is a norm on £P. O

In addition, we can also show that Holder’s inequality holds on ¢P:
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LEMMA 3.7.5 (Hoélder’s inequality on ¢P). Let 1 < p < co. For all sequences
(7r)ren, (Yr)ren C K we have that

oo o3} 0 1/p S
(35) ’Z $kyk‘ < Z|$kyk| < (Z|$k|p) (Z\yk
k=1 k=1 k=1 k=1

PROOF. The first inequality in is obvious.
Moreover, we obtain from Hélder’s inequality in K™ (see Lemma [3.6.4]) that

p*)l/p*.

n n 1/p n 1/1’)*
> Jzwyel < (D leal”) " (D luel)
k=1 k=1 k=1
for all n € N. Taking the limit n — oo now results in . O

The space ¢ is the space of all bounded sequence, whereas ¢! is the space
of all absolutely summable sequences. Since every summable sequence necessary
has to be bounded (and, in fact, converge to 0), it follows that ¢! is contained
in £°°. However, the converse inclusion does not hold, as the constant sequence
x = (1,1,1,...) is contained in ¢>° but certainly not in ¢!. Thus we have that
¢' C . This type of inclusion can be generalised to all £ spaces:

LEMMA 3.7.6. Assume that1 <p < g < oo. Then
0 C T,

PrOOF. We show first that all the inclusions hold. Here we note first that
all sequences in 9 necessarily have to converge to 0 and thus are bounded, which
proves the last inclusion. Next assume that z € ¢P. Then

o0 oo oo
ol = S kewlt = S lanltPlont” < (suplas =) S Janl? = (suplor|7) 22
Pt = keN Pt keN
Since ¢ > p and the sequence z is bounded, it follows that ||z||, < oo and thus
2 € ¢9. This shows that 2 C ¢9. Moreover, the inclusion ¢! C ¢’ can be shown
using a similar argument.

Now we show that the inclusions are actually strict. First we note that the
constant sequence x = (1, 1,...) is contained in ¢*° but not in #9, which shows that
¢+ C ¢*°. Next consider the sequence x = (1, 22, ...) given by

1

Then

oo

1
lzxlla = Zm <0

k=1
as ¢ > p and therefore = € /9. However,

oo
el =
k=1

which shows that « ¢ ¢P. Thus 7 C 9. Moreover, the proof of the strict inclusion
01 C (P is similar. O

= +OO,

T =

LEMMA 3.7.7 (Inner product on ¢2). The norm ||-||2 on the space £? is induced
by the inner product

oo
<IZ’, y> = Z TrYk-
k=1
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PROOF. Tt is clear from the definition that ||z||2 = ((z,z))'/2. Thus we only
have to show that (-, -) is actually an inner product. However, it is straightforward
to verify that all the requirements for an inner product, that is, linearity in the first
component, conjugate symmetry, and positive definiteness, are satisfied. O

8. Banach and Hilbert spaces

We now discuss the completeness of the different normed and inner product
spaces we have defined.

DEFINITION 3.8.1 (Banach space). A Banach space is a complete normed space.

DEFINITION 3.8.2 (Hilbert space). A Hilbert space is a complete inner product
space.

ExAMPLE 3.8.3. The space (K", ||-||,) is a Banach space for all 1 < p < oo,
and a Hilbert space for p = 2.

THEOREM 3.8.4. The space (C([0,1]), |I|lc) s @ Banach space.
PROOF. This has in fact been shown in Theorem [3.2.7 O

ExXAMPLE 3.8.5. The space (C[0,1],]]|l1) is not a Banach space, as it is not

complete (see Lemma [3.2.6]).

THEOREM 3.8.6. The space (€7, ||||p) is a Banach space for all 1 < p < oo, and
a Hilbert space for p = 2.

PRrOOF. We only have to show that (¢, ||-||,) is complete. For simplicity, we
will restrict ourselves to the case p = 1. (The case 1 < p < oo is similar; the case
p = oo is simpler, and actually a problem on the current exercise sheet.)

Assume that {z(™}, ey C £ is a Cauchy sequence. We have to show that this
sequence convergences with respect to ||-||; to some x € ¢1. We start by identifying
a candidate for x.

Since {x(”)}neN is a Cauchy sequence, there exists for all € > 0 some N € N
such that

2™ =2l =3 ey -2 <«
k=1

whenever n, m > N. In particular, this shows that
|:c,(€") - w,im)| <e

for all kK € N and all n, m > N, and thus {x,(cn)}neN C K is for all £ € N a Cauchy
sequence in K. Since K is complete, it follows that x; := lim,_ .o w,(cn) exists for
all k € N. Define now = := (z1,72,...). We will show that = € ¢! and that
lim,, o0 ||2(™ — z||; = 0, that is, = lim,,_, (™) with respect to Il1-

Since {w(")}neN is a Cauchy sequence, it is bounded by Lemma Thus
there exists R > 0 such that

=™, < R for all n € N.
For all K € N we have that

K K K K
(36) el = 3| i oy = 37 tim o) =l 3 e}
k=1 k=1 k=1 k=1

K %)
<sup Y o] < sup Y Jay”| = sup[a™; < R.
ne b—1 "ENkzl neN
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Note here that we were able to exchange the order of the limit and the sum, as we
were only dealing with a finite sum. The estimate holds for all K € N. Thus
it still holds in the limit K — oo, which shows that

K
g 3l <
l|z[l1 Kgnook71|33k|_R,

and, in particular, « € £

Finally we show that lim, [z — z||; = 0. Let therefore ¢ > 0. Since
{x(M}, ey is a Cauchy sequence, there exists N € N such that ||z — 2(™)||; < ¢
whenever n, m > N. In particular, we have for every K € N that

K
Z‘xgn) - x,gm)l <e for all n, m > N.
k=1

Taking the limit m — oo, this implies that

K
Z|x§cn) —xp| <e
k=1

for all K € N and all n > N. Now we can again take the limit K — oo and obtain
that

oo
2™ — 2y = e — x| < e
k=1

for all n > N. Since € > 0 was arbitrary, this proves that [|z(™ — z||; — 0. Thus
(€1, |I-]l1) is complete. O

9. Completions

We have seen that there exist incomplete normed spaces like, for instance, the
space C([0,1]) with the norm [|-||;. Now one can ask the question, whether it is
possible to enlarge this space in such a way that it becomes complete. The basic
intuition for this is that we only need to “add all limits of the non-convergent
Cauchy sequences” to the space in order to achieve this goal. In this section, we
will discuss this idea in an somewhat more mathematical manner. For that, we
have to introduce some more notation.

DEFINITION 3.9.1 (Isomorphism). Let U and V' be vector spaces (over the same
field K). An isomorphism between U and V is a bijective linear transformation
T:U — V. The spaces U and V are called isomorphic, if an isomorphism between
U and V exists.

EXAMPLE 3.9.2. The spaces K"+ and P, (K) (of polynomials of degree < n)
are isomorphic. An example of an isomorphism between K"*! and P, (K) is the
mapping that maps a vector (cg,cy,...,c,) to the polynomial p(x) = ¢y + 1z +
et cpa™.

ExaMPLE 3.9.3. The spaces K" and Mat,, (K) are isomorphic. One example
of an isomorphism between K" and Mat,, (K) is the mapping that maps a vector
z € K to the matrix A = (@ij)1<ij<n € Mat, (K) with entries given as a;; =
Tnigj for 1 <4,5 <n.

EXAMPLE 3.9.4. Generally, every n-dimensional vector space U over K is iso-
morphic to K™. If {uy,...,u,} is a basis of U, we can define an isomorphism
T: K" —U by

T(a,...,0n) = 01Uy + ... + aptiy.
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Essentially, we say that the spaces U and V are isomorphic if they “look the
same” as vector spaces. However, we ignore all additional structures like norms or
inner product in this definition.

DEFINITION 3.9.5 (Isometry). Let (U,|-||lv) and (V,]|-||v) be normed spaces
and let T: U — V be linear. We say that T is an isometry or an embedding, if
|ITully = ||u|ly for all u € U.

We say that (U, ||-||v) is embedded in (V,||-]|v), if there exists an embedding
T:U—=V.

REMARK 3.9.6. If T: U — V is an isometry, then it is necessarily injective: If
Tu = 0, then ||Tu|ly = 0 and thus also ||u||y = 0, which can only happen if u = 0.
This shows that ker T' = {0}, which implies the injectivity of T.

EXAMPLE 3.9.7. The space (K", |-||,) is embedded in (K"*!,[|-|,). One ex-
ample of an embedding is the mapping 7: K® — K"*! defined by (z1,...,2,) —
(1,...,20,0).

In general, however, the space (K", ||-||,) is not embedded in (K"*1,||,) if
q # p. Whereas there exist many linear mappings 7: K® — K"*1, in general it is
impossible to find any one that satisfies | Tu||, = |Ju||, for all u € K"ﬂ

THEOREM 3.9.8 (Completion). Assume that (U, ||-||v) is a normed space. Then
there exists a Banach space (V,||-||v) and an embedding i: U — V such that rani
is dense in V.

Moreover, the space V is unique in the following sense: If W is another Banach
space with the same properties, then the spaces V. and W are isometrically iso-
morphic. (That is, there exists a bijective isometry T:V — W.)

DEFINITION 3.9.9. The space (V, ||-|lv) from Theorem is called the com-
pletion of (U, ||-||v)-

Intuitively, we can say that U is a dense subspace of V' and that the mapping
i: U — V is just the inclusion operator that maps u € U to itself, but now seen as
an element of V. Because of the density of U in V, it now follows that every element
v € V can be approached by a sequence {uy}reny C U such that v = limg_, o ug.
We thus can say informally that the completion V' of U consists of the “limits” of
all Cauchy sequences in the space U.

EXAMPLE 3.9.10. Denote by
Cin = {& = (Tk)pen : there exists K € N such that z;, =0 for all k > K}

the set of all finite sequences. Then it is easy to see that cg, is a vector space.
Moreover, for each 1 < p < co we can consider the p-norm ||-||, on 7.

We will show in the following that for 1 < p < oo the completion of (can, ||||p)
is equal to ¢P. For that, we recall first that /P is indeed a Banach space. Moreover,
the inclusion

i: con — £P, r=x
is an embedding of cgy, into 7. We therefore only have to show that cg, is dense
in /P.
Let therefore = (zx)ken € P be arbitrary. We have to show that there exist
2™ € cgp, such that limn_>oo||x(”) — z||p = 0. Define therefore

2™ = (z1,...,2,,0,0,...) € cgn.

5There are some exceptions to this, though. Try to find them!
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Let moreover € > 0. Since x € ¢P, we have that
> 1/p
ol = (Y lael?) ™ < oo,
k=1
and thus there exists N € N such that

> 1/p
(> fal) " <.
k=N+1
Let now n > N. Then

> 1/p s 1/p
lo =@l = (3 feul?) T < (X lanl?) T <=
k=nt1 k=N+1
Since this holds for all n > N and ¢ > 0 was arbitrary, this shows that z =
lim,, o0 (™. Thus every vector x € ¢P can be approximate (in the p-norm) by a
sequence of vectors in cqy, and thus cgy, is dense in #P. Together, this implies that
7 is the completion of cs, with respect to |||, for 1 < p < oc.

We now consider the case p = co. In this case, it is easy to see that cgy is not
dense in £°. Indeed, take x = (1,1,...) € £*°. Then, ify = (y1,...,Yx,0,...) € Cfn
is any finite sequence, it follows that ||z — y||c > 1. Thus it is impossible to find
any sequence of finite sequences that converges to x.

In fact, one can show that the completion of cg, with respect to ||| is the
space ¢g of all sequences that converge to 0. For a proof, I have to refer to the
exercises.

REMARK 3.9.11. One important example in practice is the case of the space
C([0,1]) with the norm ||-||,, 1 < p < co. Here the completion of (C([0,1]), ||-||p) is
the space LP([0,1]) of Lebesgue p-integrable functions. A detailed discussion of the
construction of these spaces can be found in the course TMA4225 - Foundations of
Analysis.

REMARK 3.9.12. If U is an inner product space, then its completion V will
necessarily be a Hilbert space. The reason for this is that the parallelogram law
holds on the dense subspace U C V because U is a Hilbert space, and therefore
also on the whole space.






CHAPTER 4

Bounded Linear Operators

1. Continuity of linear mappings

In the following, we will study linear mappings between normed spaces. To
start with, we have to address the question of continuity. It is not that difficult to
see that linear mappings 7': K — K™ are necessarily continuous. In the case of
linear mappings between arbitrary (infinite dimensional) normed spaces, however,
the continuity need not necessarily hold. As an example, consider the mapping
T:C([0,1]) = R, f = Tf := f(1). This mapping is not continuous with respect to
the norm ||-||; on C(]0,1]). This can be seen by considering the sequence f,(z) :=
z". We have that

1ol —/ o dr = = s O,

which shows that 0 = lim,,_,, f,,. However, T(fn) = fn(1) =1 for all n € N and
thus

T(lim f,)=T(0)=0#1= lim Tf,.
n—oo n—oo
Now assume that (U, ||-||v) and (V,||-]|v) are normed spaces and that T: U — V/
is an arbitrary (not necessarily linear) mapping. Then T is continuous at a point
u € U if one of the following equivalent conditions hold:
(1) For all sequences {up, }nen With ||u, —ully —n—oo 0 we have that || T (u,)—
T(u)|lv =n—ooo 0.
(2) For all € > 0 there exists 6 > 0 such that ||T(u) — T'(v)|lv < e whenever
v € U satisfies ||u — v|jy < ¢.
In the case of linear mappings, though, these conditions can be simplified sig-
nificantly.

DEFINITION 4.1.1 (Bounded linear mapping). Let (U, ||-||v) and (V,]-||v) be
normed spaces and let T: U — V be linear. We say that T is bounded, if there
exists C' > 0 such that

(37) ITullv < Cllullu forallu € U.

EXAMPLE 4.1.2. Let A = (a;;) € K™*" be a matrix and consider the linear
mapping A: K" — K™ x +— Ax. We will show that A is bounded with respect to
|-|li on both K™ and K™. For that we estimate

Az = Z\ ()] = 33 | € 323 |

=1 j5=1 =1 j=1
n m m n m

1< (g, Dol ) (2lesl) = (g, 3 sl el
Z(D%)uﬂ_(@agn_ jaigl) (X lesl) = (e >l )l
j=1 =1 1=1 Jj=1 =1

Thus holds with
0= s 3l

87
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and thus the mapping A is bounded.

ExAMPLE 4.1.3. Let k: [0,1] x [0,1] — K be continuous and define
T: ¢((0,1]) = ([0, 1)),

/k:xy

Then T is bounded with respect to ||-|| on both spaces. Indeed, we can estimate

TS = mas 110 = | [ b))
z€[0,1]

1
< k( )| d k d
—Jél[%ﬁ]<y?%)§] z,y I/ |f () y) ((I’;na[o’l]zl (w,y)l> (/ If(y)] y>

< ( max Jk@,y)]) 1]

(z,y)€[0,1]?

Thus holds with

C= max |k(x,
(zyy)€[071]2| (z,9)|

and T is bounded.

EXAMPLE 4.1.4. Let T: C([0,1]) = K, T'f = f(1). Then T is bounded with
respect to |||, because

(T4 = 15(0)] < max 7] = 7]

for all f € C([0,1)).
However, the mapping T is unbounded with respect to ||-||;. Consider e.g. the
functions f,(z) := (n + 1)a™. Then

1
||fn||1:/ ((n + 1)z de = 1
0
for all n € N, but

Tfol = fa(D)]=n+1=(n+1)[fal1
Thus it is not possible to find a finite number C' > 0 such that holds, and thus
T is unbounded with respect to ||-||1.

It is not by accident that we found the same mapping T' to be both unbounded
and discontinuous, as the following important theorem shows:

THEOREM 4.1.5 (Boundedness and continuity). Let (U, ||-||lv) and (V,||lv) be
normed spaces and let T: U — V be linear. The following are equivalent:

(1) T is bounded.
(2) T is continuous.
(3) There exists ug € U such that T is continuous at ug.

Proor. We start by showing the implication = . Assume therefore
that T is bounded, that is, that there exists C' > 0 such that

ITu|lv < Cllullo for all u e U.

Assume moreover that v € U and that {u,}nen is a sequence in U satisfying
lim,,—yoo Uy, = u. Then

1T (un) = T(w)llv = 1T (un — w)llv < Cllun = ullv =n-00 0,

and thus Tu = lim,,_,~, T'u,, which proves that T' is continuous at u. Since u was
arbitrary, this proves the continuity of T
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The implication — is trivial.

For the implication = (1)), assume that wy € U is such that T is
continuous at ug. Then there exists § > 0 such that

|Tuo — To|ly <1 whenever v € U satisfies ||ug — vy < 9.

Now let w € U be arbitrary with w # 0. Define moreover

v=u+ w.
2||wllo
Then
fu—ol = | grou| = s lhwlo =2 <8
u—v|| = ||lz—w|| ==——I|wlv==2 <3,
2wl Mo~ 2w T 2
and thus
8
1> ||Tu —Tw|y = HTU —T(qu 7w>H
2)wljo /v

1) 1)
I Gz )y = Fpap 1Tl
This shows that 5
[Twly < g||w||U-

Since w was arbitrary and the constant on the right hand side is independent of w,
it follows that T is bounded. (]

We have thus shown that, for linear mappings on normed spaces, continuity is
precisely the same as boundedness and continuous linear mappings are the same as
bounded linear mappings. Because of the relatively simpler definition of bounded-
ness, one usually the term “bounded linear mapping” instead of “continuous linear
mapping.”

REMARK 4.1.6. The equivalence of boundedness and continuity does not hold
for general non-linear mappings. There are some generalisation to e.g. bilinear
mappings available, that turn out to be extremely useful for the analysis of partial
differential equations.

ExaMPLE 4.1.7. We now revisit the examples from the start of this section.

e Every mapping A: K" — K™ (defined by a matrix) is bounded and thus
continuous with respect to ||-|[; on both spaces. More general, it is possible
to show that every linear mapping between finite dimensional normed
spaces is continuous. (We might actually prove this later in the course.)

e The mapping T: C([0,1]) = K, T'f = f(1), is bounded and thus continu-
ous with respect to |||/, but unbounded and discontinuous with respect
to |11

e If k: [0,1]2 — K is continuous, then the mapping T': C([0,1]) — C([0,1]),
Tf(z) = fol k(z,y)f(y)dy is bounded and thus continuous with respect
0 [|-lo-

We now discuss some further examples on sequence spaces:

ExaMPLE 4.1.8. Let 1 < p < oo. The left shift operator L: ¢P — P is the
mapping defined as

L(xy,xe,x3,...) := (x2, T3, T4, .. .).
The right shift operator R: P — (P is the mapping defined as

R(.’L‘l,l‘g,l‘g, .. ) = (O,xl,.’L‘g, .. )
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Both of these operators are bounded. Specifically, we have that ||Rz||, = ||z||, for
all z € ¢, and || Lz||, < ||z|, for all z € ¢P.

EXAMPLE 4.1.9. Assume that y = (y1,¥2,...) € £°° is some fixed sequence,
and define the mapping T': #* — K,

oo
Tx = Z TrYk-
k=1

This mapping is well-defined (in the sense that the infinite series on the right hand
side converges for all z € ¢!, as

o0
> m] < (suplyel) Dleel = llyllo ol
k=1 k k

In fact, this last inequality actually shows that 7" is bounded, the constant C' in

being ||y||oo-
More general, let 1 < p < oo and let p, be the Holder conjugate of p. Let
moreover y € P+ be fixed and define T': /P — K,

oo
Tx = Z TrYk-
k=1

Then Hoélder’s inequality implies that

DPx>

oo
(Tl = | an| < llallplly
k=1
which shows that T is a well-defined bounded linear mapping.

2. Norms of bounded linear operators

Assume that U and V are vector spaces. Let moreover T', S: U — V be linear
operators. Then we can define a new operator T'+ S: U — V by

(T + S)(u) :=Tu+ Su.
Moreover, it is easy to verify that this operator 7'+ S again is linear. For instance,
we have that
(T+S)(u+v) =T(u+v)+S(u+v) = Tu+Tv+Su+Sv = (T+S)(u)+(T+5S5)(v).
Moreover, for A € K we can define the operator AXT: U — V by
(AT (u) :== A(Tu).

Again, the linearity of T" implies that also AT is linear. Now we can see that the
set of all linear operators between two vector spaces U and V forms itself a vector
space (with the just defined addition and scalar multiplication).

DEFINITION 4.2.1. Let (U, ||-||y) and (V, ||-||v) be normed spaces. By L(U, V)
we denote the set of bounded linear operators T: U — V.

LEMMA 4.2.2. Let (U, |||lv) and (V,|-|lv) be normed spaces. The set L(U, V)
18 a vector space.

PrROOF. We have to show that L(U, V) is a subspace of the space of all linear
operators from U to V. For that, we have to verify that 0 is bounded linear, that the
sum of two bounded linear operators is again bounded, and that scalar multiples
of bounded linear operators are bounded.

First, the 0-operator is obviously bounded, as

10ullv = [[0[lv = 0 = Oljull
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for all w € U. Thus 0 € L(U,V).
Next, assume that T, S € L(U,V) are bounded linear operators. Then there
exist C, D > 0 such that

[Tully < Cllully and  [[Sullv < Dljullu
for all w € U. Now the triangle inequality implies that
1T+ Syully = [TutSully < [ Tully +[Sully < Cllulls +Dljully = (C+D)ullo,

which shows that 7'+ S is bounded as well.
Finally, assume that T' € L(U,V) and A € K. Because of the boundedness of
T, there exists C' > 0 such that

[Tullv < Cllullu
for all uw € U. Now the homogeneity of the norm and the linearity of 7" imply that
[AT)ullv = [MTu)llv = ITOwlly < Clldully = ClA[[ullu
for all w € U, and thus AT is bounded. O

Next, we will use the definition of boundedness of linear operators in order to
define a norm on L(U, V). By definition, we can find for every T' € L(U, V') some
number C' > 0 such that ||Tully < C|lul|y for all w € U. The smallest such number
C can be used as a norm.

DEFINITION 4.2.3. Let (U, ||-||lv) and (V,|-||v) be normed spaces. We define
the mapping ||-||zw,vy: L(U,V) — R by

(38) IT L, vy :=nf{C > 0:|Tully < Clully for all u € U}.

The following result provides an alternative characterisation of ||-||.(v,vy that
is more useful in practice.

LEMMA 4.2.4. Let (U, |||luv) and (V,|-|lv) be normed spaces with U # {0}.
Then

Tu 1%
(39) [ Tul| L,y = sup ITully _ sup || Tullv .
wev, |lullu uel,
u#0 lullo=1

PrOOF. We note first that, for all u € U with u # 0, we have

T
e =Gl = el =
fal 1 iy [l v

This shows the second equality in .
Next, assume that C' > 0 is such that | Tu||y < C|lu||y for allu € U. For u # 0
it then follows that

oo ITuly (Tl

~ ull T e, vllu
v#0

Taking the infimum over all C' > 0, we obtain that

Tv
IT|w,vy > sup | ”V-
vet, |lvllu
v#£0

Conversely, we have for all u # 0 that

| Tully ITollv
ITully = Julls < (sup T fulo,

— ullw veu, |[vllu
v#0
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vllo

which shows that sup,ev, ITvllv can be used as a constant C' in . As a con-
v#0

sequence,

Tv
1Tl w,vy < sup H HV-
veu, lvllu
v#£0

t
REMARK 4.2.5. An immediate consequence of Lemma [£:2.4] is the inequality

[Tully < ITllzw,v)llullu
forallu € U and all T € L(U, V).

THEOREM 4.2.6. Let (U, ||-||lv) and (V,[|-][v') be normed spaces. Then ||-||rw,v)
as defined in defines a norm on L(U,V).

Proor. Exercise sheet 9! O

LeMMA 4.2.7. Assume that (U, |||lv), (V,|llv), and (W,|-|lw) are normed
spaces and that T: U — V and S: V — W are bounded linear. The the composition
SoT:U — W is bounded linear and

(40) 1S o TLww) < IS 1Tl L@, vy-
PROOF. For every u € U we have

1(S o Tullw = [|S(Tw)lw < Sl Tullv < [STewwm 1Tl v lullo-

This shows that S o T is bounded. Moreover, we can use C' = ||S||cv,w) |7 (w,v)
as a constant in the definition . Now follows from the definition of ||.S o
T||(u,w) as the smallest such constant. O

ExAMPLE 4.2.8. We now consider specifically the case where A € K™*™ is a
matrix defining a linear operator A: K™ — K™. Moreover, we consider on K" and
K™ the p-norm for some 1 < p < co. For simplicity, we denote

[Allp = Sup [ Az,

the norm of the matrix (or operator) A with respect to the p-norm on both spaces.
We have four different cases:

(1) The case p = 2, that is,
[A]l2 == sup [[Az||>.
llzll2=1
This is a problem that we have already discussed previously in the chapter
about the singular value decomposition, and we seen in the proof of The-
orem that the solution of the optimisation problem on the right hand
side is precisely the largest singular value of A. That is, we have that

[All2 = o1.
(2) The case p = 1, that is,
Al == Sup Az
x||1=1

This is a case we have discussed previously in Example [{.1.2] Although
we have not tried to find the optimal constant there, it turns out that we
have actually found it. That is, one can show that

m
Al = 121%}(“;'%"
-
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(3) The case p = oo, that is,
[Alloo == H T|up—1”AxH°°'

Here one can show that
[Alleo = max Zlaw\

(4) All other cases, that is, p # 1,2, 00. Here no analytic formulas for the p-
norm of a general matrix A € K™*" exist, but it is possible to approximate
solutions of the optimisation problem

max | Az, subject to ||z]|, =1

numerically.
EXAMPLE 4.2.9. More general, we can use different norms on the domain K"
and the target space K", say the p-norm on K" and the g-norm on K™ with

p # q. That is, we interpret the matrix A as a mapping between the normed spaces
(K™, |]l,) and (K™, |||l¢). The resulting operator norm is defined as

[Allpsq = sup [[Az(lq.

|z|lp=1

In the specific case p = 1, we again have a simple explicit formula for the resulting
norm, namely

(41) | Allq = ma (Zw )"

1<j<n

for 1 < g < o0, and
[All100 = max |
1<5<
1<z<'rn

for g = 00
We will show now that holds for 1 < g < co. Denote by e; € K" the j-th
standard basis vector. Then we have for all z € K" with ||z||; = 1 that

el = |3 AGeye) )|, = HZ% (4e))| Z\wJII\AeJIIq
j=1

1/q
< llally (max [l del) = max (Y- lagl7)
i=1

1<j<n

Moreover, if 1 < k < n is an index where the maximum in (41)) is attained, then

4 - 2\ o 2\

lAexlly = (D Jaul?) ™ = max (3 jassl)
=1 =1

For the case ¢ = oo, the proof is similar.

It turns out, however, that the cases p # 1 are much more difficult to treat,
and there no longer exist any analytical formulas (unless of course p = ¢ = 2 and
p = q = o). Theoretically, the norm ||A||s—1 can be computed exactly, but
the computation involves the solution of an NP-hard optimisation problem. For
somewhat larger dimensions, this is not feasible in practice.
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ExXaMPLE 4.2.10. Let 1 < p < oo and consider again the left and right shift
operators L, R: (P — (P,
L(zy,29,...) = (z2,23,...) and R(z1,x2,...) = (0,21, 22,...).

We will show that ||L|| = ||R|| = 1. For simplicity, we only show this in the case
1 < p < o0, though the proof for p = co is essentially the same (but the definition
of the p-norm looks different).

First we note that

el = (SIEP) " = (04 S hmal) " = (Skeal?) " =l
k=1 k=2 k=1

This shows that
|Rel, _

(£
for all x € ¢, and thus also ||R| = 1.
Concerning the left shift operator L, we have that

IZaly = (SILanl?) " = (Slowar)” = (Skeel?) " < ol
k=1 k=1 k=2

and thus

o Izl

w0 2ly
Moreover, if we consider for instance the sequence z = (0,1,0,0,...), we see that
|zl =1 and ||Lz||, = ||(1,0,...)|l, = 1 as well. Thus

|| ” |K1’07'“)HP —
N ”«leow-'”b

Together, we obtain again that ||L|| = 1.

1] =

EXAMPLE 4.2.11. Let k: [0,1] x [0,1] — K be continuous and define the linear
mapping T: C([0,1]) — C([0,1]),

r) = / k(o) (y) dt

We have previously seen that T is bounded with respect to ||-||c on both copies of
C([0,1]), and we have also derived the estimate

fOI” all ’ S C([O, 1]). ThlS ShOWS ‘ha‘

T|| < k(z,y)|.
1T < mryeau[gl]zl (z,9)|

However, we cannot conclude that we have equality in this estimate, and, in fact,
in general we have not.
In fact, we can obtain a better estimate of the norm of T as follows:

42) 1771 = s 7)1 = mas | [ b)) o
€lo, z€[0,1]

< s ([ tan) (mas 1601)) = (s, [ el a) 151

erl] yeOl] z€[0,1]
We therefore see that

1
(43) IT] < max / k(2. y)| dy.
16[0,1] 0
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In fact, we have equality in .

If k(z,y) > 0 for all (x,y) € [0,1]2, this is easy to see: We simply can use the
function f(xz) =1 in and obtain an equality at all points. The argumentation
is a bit more involved, though, if k£ changes sign.

3. Extension of Linear Mappings

Assume that U and V' are finite dimensional vector spaces and that T: U — V
is a linear mapping. Then T is uniquely determined by the action of T" on a basis
of U. That is, if {u1,...,u,} is a basis of U, then we know T as soon as we know
the values of Tuy,...,Tu, € V: Because {u1,...,u,} is a basis, we can write each
u € U uniquely in the form

U=01U] + ... T Qply.
The linearity of T then implies that
Tu= a1 (Tu1)+ ...+ an(Tuy).

Conversely, if we are given vectors vy, ...,v, € V and a basis {u1,...,u,}, then
there exists a unique linear mapping 7T: U — V with Tu; = v; for all 1 < i < n,
and this mapping is given by

n n
Tu = g ;U; if u = g ;.
i=1 i=1

Now a question is, whether this also works in infinite dimensional vector spaces.
At first, the answer appears to be yes: First of all, we note that the dimension of
V' does not play any role in the consideration above. Now assume that U is infinite
dimensional and that {u; : i € I} is a basis of U (with some infinite index set I).
Then we can again write each u € U uniquely in the form

U= QUi + ... F ANU

for some N € N, indices i1,...,ix € I, and coefficients «ay,...,ay € K. Thus, if
we know the values of Tu; € V for all ¢ € I, then we have that

Tu=a1(Tu;, )+ ...+ an(Tu;y).

There is, however, a pretty significant catch: All of this only works if we actually
have a basis in the sense of linear algebra, that is, if we have vectors u;, i € I, such
that we can write each element u € U as a finite linear combination of the vectors
u;. In most situations we encounter in practice, this is not the case. Consider for
instance the case U = £2 of all square summable sequences. Similar to the case of
K™ we can define there “unit sequences”

(44) e;=(0,...,0, 1 ,0,...)

i-th position
for i € N. However, these sequences do not form a basis of £2 in the sense above,
as it is impossible to write an infinite sequence as a finite linear combination of the
unit sequences e;.

Note, however, that these unit sequences actually do form a basis of cgy, as we
can write any finite sequence x = (z1,...,2n,0,...) as the finite linear combination

N
xr = E T;€;.
i=1
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Now assume that V is a vector space and that we are given vectors v; € V, ¢ € N.
Then we can define a linear mapping

T: Cﬁn*}‘/‘,
(1,...,2N,0,...) = 2101 + ... + TNUN.

The question now becomes, whether it is possible to extend this mapping from cgqy,
to the whole space £2 in a meaningful way.

DEFINITION 4.3.1 (Extension). Assume that X and Y are sets and that S C X
is a subset. Assume moreover that 7: S — Y is some mapping. An extension of T
to X is a mapping
T: X =Y
such that
T(x) =T(x) for all x € S.

The next result states that extensions of bounded linear operators exist.

THEOREM 4.3.2. Assume that (U, ||-||v) is a normed space and that (V,||||v)
is a Banach space. Assume moreover that M C U is a dense subspace and that
T: M — V s a bounded linear operator. Then there exists a unique bounded linear
extension T of T to U. In addition, we have that

1Tl vy = 1T Larv)-

PRrOOF. We start by constructing the mapping 7.

Assume that v € U. Because M C U is dense, there exists a sequence {uy, }nen
with u, € M for all n € N and u = lim,, s u,. Now the boundedness of T implies
that

HTun - Tum”V = ||T(un - um)HV < ||T||L(M,V)||un - umHU-
Since {uy,}nen is a Cauchy sequence (as it is convergent), this implies that the
sequence {Tu, }nen is a Cauchy sequence in V. Now the completeness of V' implies
that the limit lim,,_, o Tu,, exists in V. Define therefore
Tu := lim Tu,.
n—oo

We now show that the value Tu € V does not depend on the choice of the se-
quence {up fnen converging to u. Indeed, assume that {v, }en is another sequence
with v = lim,,_,o v, and v,, € M for all n € N. Then we have in particular that

un = vallo < [lun —ullu + lu = vnlly = n—oo 0.

Thus it follows that

|Tu — To,|lv < | Tu — Tup|lv + | T, — Ty
< | Tu = Tupllv + | T lun = vnllv =n-00 0,

that is Tu = limy— 00 T0n.

In particular, for v« € M we can choose u,, = u for all n, which implies that
Tu = Tu for all w € M. Thus T is indeed an extension of T.

Next, we will show that 7T is in fact linear. For that, assume that u, v € U, and
let {un}tnen and {v, }nen be sequences in M converging to u and v, respectively.
Then

Tu= lim Tu, and Tv = lim Tv,.
n—oo n—roo

Now the continuity of addition in a normed space implies that

lim (u, +v,) = lim u, + lim v, =u+v
n— oo n— o0 n— oo
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and thus, by the definition of T' and the linearity of T,
T(u+v)= lim T(u, +v,) = lim Tu, + lim Tv, = Tu+ Tv.
n—oo n—oo n—oo
Next, assume that v € U and A € K. Let again {u,},en be a sequence in M
converging to u. Then the continuity of the scalar multiplication implies that

lim Au, = A lim u, = \u
n— o0 n—oo

and thus
T(u) = lim T(Au,) = lim A\Tu, = X lim Tu, = \Tu.

n— oo n— oo n—oo

This shows the linearity of T

Next we will show that 7" is bounded and that || vy = |T|lL(m,v)- For
that, assume that uw € U. Then there exists a sequence {u, }neny with u, € M for
all n and u = lim,,_,o %,. Then by construction Tu = lim,_,~, Tu, and thus the
continuity of the norm implies that

ITully = lim [ Tunllar < IT] vy 1 lunllo = 11w lulo.

This shows that T is bounded linear and || rw,vy < |T]z(am,v)- On the other
hand, we have that

1T Lwvy= sup |[Tully > sup |Tullv =T ||lLav)s
ueU, ueM,

l[ullo=1 l[ullo=1
Wthh ShOWS that, iIl fact, HTHL(U,V) = ||T||L(M,V)

Finally we show the uniqueness of 7. Assume therefore that S: U — V is
another bounded linear mapping such that Su = Twu for all v € M. Assume
moreover that w € U. The density of M in U again implies that there exists a
sequence {u, }nen in M such that lim, ;. u, = u. Since the mappings S and T
are bounded linear, they are continuous. Thus we have that

Su = lim Su, = lim Tu, = lim Tu, = Tu.
n— 00 n— 00 n—oo

This proves the uniqueness of T, which concludes that proof. O

COROLLARY 4.3.3. Assume that (U,|-||lv) and (V,|-|lv) are Banach spaces,
M C U is some subspace of U, and that T: M — V is a bounded linear operator.
Denote by M C U the closure of M. Then there exists a unique bounded linear
extension T: M — V.

PRrOOF. The closure M of M by definition closed and thus complete, which
implies that M is a Banach space. Moreover, M is by definition dense in its closure.
Thus we can apply Theorem O

REMARK 4.3.4. The construction in the proof of Theorem [{.3:2] relies heavily
on both the linearity of T and its boundedness. For unbounded linear operators, it
is still possible to show that extensions exist, but they will in general not be unique.
Moreover, the existence proof relies on the axiom of choice, which means that there
is no possibility for actually constructing such an extension.

EXAMPLE 4.3.5. Let 1 < p < oco. Then cg, is dense in /P and the unit se-
quences ¢e;, 1 € N, as defined in form a basis of cg,. Assume now that V is a
Banach space and let v;, i € N, be such that the sequence (||v1]|v, |[v2]l, [|vs],---)
is contained in ¢P+, where p, is the Holder conjugate of p. Define now the mapping
T: cgn — V by

T(xh...,a:N,O,...) = X101 + ...—|—LI’,‘NUN.
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Then we have for all z = (z1,...,2n,0,...) € can that
1Tz|v = lz1v1 + ... +znon|lv < [zil[lvilly + ...+ |znlllow v

Now we can use Hoélder’s inequality and obtain that

N 1/[3 N p 1/1)*
fwalllorlly + ..+ lellow v < (3le) (Y loally)
n=1 n=1

< lzllp l[([orllv, ozllv, - )

P -

Thus T': ¢gn — V is bounded linear. Since Cfin C fP is dense, it follows that T
can be extended to a bounded linear mapping T": /7 — V. Moreover, following the
construction in the proof of that result, we obtain that

[e) N
Tx = E TpU, = lim g Ty Up
N—oc0
n=1 n=1

for all z = (z1,®2,...) € £P.

EXAMPLE 4.3.6. Denote by Ck (R) the set of continuous functions with compact
support. That is, f € Cg(R), if f is continuous and there exists R > 0 such that
f(z) = 0 for all x € R with || > R. On Cg(R) we can consider the norm ||-||;
defined by

| flly = /Oo|f(x)\dx.

Note here that || f||; is finite for all f € Cx(R): If f € Ck(R), then there exists
R > 0 such that f(x) =0 for all x ¢ [-R, R|. Thus

0 R
1 = [ If@lde= [ |@)]de < 2R max 17@)] <o,

as the function |f| is continuous and thus admits its maximum on the bounded and
closed interval [—R, R].

Denote now by Cp(R) the space of bounded continuous mappings on R. If is
possible to show that Cp(R) is a Banach space with the norm

ll9lloc := sup|g(z)|.
z€eR
Consider now the Fourier transform
F: CK(R) — Cb(R),
feFf=1
where f : R — C is defined as

i 1 > —iwx
f)= o= [ j@ean

Then we can estimate

1 & .
su z)e "“F|dx

I flloe = sup| f(w)] <
weR

1 *° 1
= —=sw [ (f@)ldr = oI/

This shows that F: Cx(R) — C(R) is bounded linear with [|F|| < \/% As

a consequence, there exists a bounded linear extension of F to the completion of
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Ck (R), which can be shown to be the space L (R) of Lebesgue summable functionsﬂ
That is, we have a natural definition of the Fourier transform of arbitrary summable
functions. Moreover, the Fourier transform f of a summable function f € L!(R) is
necessarily a (bounded) continuous function.

4. Range and Kernel
Consider again the left and right shift operators L, R: £? — (2, that is
L(x1, o, x3,...) = (2, 3,24, ...),
R(zy1,xo,z3,...) = (0,21, 29,...).

We have already seen that these are bounded linear mappings with ||L|| = | R|| = 1.
Moreover, it is easy to see that L is surjective but not injective, whereas R is
injective but not surjective.

Now compare this to the finite dimensional case: In Theorem [1.5.6] we have
shown that, for a linear mapping T: V' — V on a finite dimensional vector space,
injectivity, surjectivity, and bijectivity are all equivalent. As the example of the
shift operator shows, this no longer holds in infinite dimensional spaces. Now we
can ask the question, whether we have other possibilities for deciding whether a
linear mapping on an infinite dimensional space is invertible. In this section we will
give some partial answers to that question. For that, we have to discuss the kernel
and the range of bounded linear mappings.

Recall here that, for a linear mapping T: U — V between vector spaces U and
V', the kernel and range are defined as

ker T = {u €U :Tu=0},
ranT = {v € V . there exists u € U with Tu = v}.

LEMMA 4.4.1. Assume that (U, ||||v) and (V,||||v) are normed spaces and that
T:U — V is bounded linear. Then kerT is a closed linear subspace of U.

PROOF. Since T is bounded linear, it is continuous. Moreover we can write
kerT = T-1({0y}) as the pre-image of the closed set {0y} C V containing only
the zero vector Oy € V. Thus kerT is closed, being the pre-image of a closed set
under a continuous mappingﬂ O

We have now seen that the kernel of a bounded linear mapping is always a
closed linear space. Interestingly, and unfortunately, this is not the case for the
range. That is, if T: U — V is bounded linear, then there may exist a sequence
{vn}nen C V converging to some v € V such that v,, € ranT for all n € N, whereas
v € ranT. Put differently, for every n € N, the equation Tu = v,, has a solution,
but the “limit equation” T'u = v is no longer solvable.

EXAMPLE 4.4.2. Consider the mapping T': C([0, 1]) — C([0, 1]),

Tf(x):= /Oz f(y) dy.

Then ranT consists of all definite integrals of continuous function f on the unit
interval [0, 1]. The fundamental theorem of analysis now implies that ran T consists

LA concrete construction of this space relies on measure theory and is discussed in the course
“Foundations of Analysis.” Essentially, L!(R) consists of all functions f for which the integral
JZ°_|f(z)| dz can be reasonably defined and is finite.

— o0

2Alternatively7 if {un}tnen C kerT is a convergent sequence with u = limy—sco un, then
Tun = 0 for all n € N (as up € kerT for all n), and thus the continuity of 7" implies that
Tu = limyp—y00 Tun, = 0 as well, which implies that also v € ker T'.
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of all continuously differentiable functions g € C*([0,1]) with g(0) = 0. Now
consider both copies of C([0,1]) with the co-norm || f||cc = max,e[o,17|f(x)[. Then

x 1
77l = s | [ s an| < [ 1@y < o 1) = 17

which shows that 7" is bounded. However, the range of T is not closed. Take for
instance the sequence of functions

(2) n 1 1

n(T) =z + — — —.

g n  \/n

For all n € N we have that g, is continuously differentiable on the interval [0, 1]
and ¢,,(0) = 0. Thus g, € ranT for all n € N. In addition, we have lim,, o g, = g

with

9(z) = Va.
Since the derivative ¢’(0) does not exist, the function ¢ is not contained in ranT.
That is, the equation

/ fy)dy =y

0

has no solution f € C([0,1]). This shows that ranT is not a closed linear subspace
of C([0,1]).

THEOREM 4.4.3. Assume that (U, ||-||uv) and (V,||-|lv) are Banach spaces and
that T: U — V is bounded linear. Assume that there exists C' > 0 such that

(45) [Tully = Cllullu

for allu € U. Then ranT C V is closed and thus a Banach space. Moreover, T
has a bounded linear inverse

T ' ranT - U
and we can estimate
1T pan 0y < %7
where C' > 0 is the constant from .

PrOOF. We show first that T is injective. Assume to that end that u € ker T,
that is, Tu = 0. Then

0=|Tullv > Cllullu,
which shows that ||ul|y = 0 and thus v = 0. Thus kerT = {0}, which shows the
injectivity of T'.

Next we show that ranT is closed. Assume to that end that {v,}nen is a
sequence such that v,, € ranT for all n € N and that v = lim,, ,o, v,, exists in V.
We have to show that v € ranT. That is, we need to show that there exists u € U
such that Tu = v.

Because v,, € ranT, there exist u,, € U, n € N, such that Tu, = v,. By ,
we can now estimate

1Tun — Tum|lv = |T(un — um)llv = Cllun — umllv
for all n, m € N, or
1 1
(46) lun —umllv < ZTun — Tunllv = =llvn — vml-
C C

By assumption, the sequence {v, }nen converges, which implies that it is a Cauchy
sequence. Now implies that the sequence {u,}nen is a Cauchy sequence as
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well. Because U is a Banach space, it is complete, and thus the Cauchy sequence
{un }nen converges to some u € U. Now the boundedness of T' implies that
Tu:T< lim un) = lim Tu, = lim v, = v.
n—oo n— oo n—oo

Thus v € ran T, which implies that ran T is closed.

By definition, the mapping T: U — ranT is surjective. Because is it is also
injective, as we have already shown above, it is bijective, and thus the inverse
T—': ranT — U exists and is linear. It thus remains to show that 7! is bounded
linear with norm bounded by 1/C. Let now v € ran7. Then we can write v =
T(T~'v) and thus

Il = 1@ o)y > Tl

by . Thus
1
1Tl < Zlellv

for all v € ran T, which shows that T~': ranT — U is bounded and that we can
estimate |77 Lran 1,0y < 1/C. O

We now show that the inequality (45) is also a necessary condition for T to
have a bounded inverse.

LEMMA 4.4.4. Assume that (U, ||-||v) and (V,||||v) are normed spaces and that
T:U — V is bounded linear and bijective. Assume in addition that T~1: V. — U
1s bounded. Then there exists C > 0 such that

(47) |Tullv > Cllullu for allw e U.

PROOF. Without loss of generality assume that U, V # {0}. Then T~ # 0
and thus HT‘1||L(V,U) > 0. Now let u € U be arbitrary. Then v = T~ 'Tu, and
thus we can estimate

lullo =T~ Tully < T~z I Tullv-
This shows that holds with C' = 1/|T7| v O

REMARK 4.4.5. Assume that (U, ||-||y) and (V,||-]lv) are Banach spaces and
that T: U — V is bounded linear. Then Theorem [1.4.3] implies that T has a
bounded linear inverse T-': V — U provided that ran7 C V is dense and the
estimate holds. (The density of ran T" implies that the closure of ran T" is equal
to V; because ranT" already is closed by Theorem [£.4.3]it is equal to its closure and
thus ranT = V)

Conversely, assume that 7: U — V is bounded linear and that T is bijective.
Then it is possible to show that holds for some C' > 0 and thus 7! is actually
a bounded linear mapping as well. This result, however, is far from trivial and goes
beyond the scope of this classﬂ

5. Spaces of Bounded Linear Mappings

We have seen previously that the space L(U, V) is a normed space whenever
U and V are normed spaces. The next question would then be whether L(U, V) is
complete and thus a Banach space. As we show in the next result, this is actually
the case provided that the space V is a Banach space itself. Note, though, that the
space U need not be complete.

THEOREM 4.5.1. Assume that (U, ||-||u) is a normed space and that (V. |-||v)
is a Banach space. Then L(U,V) is a Banach space with the norm ||-||w,v)-

31 refer to the class TMA4230 — Functional Analysis for more details.
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PROOF. We have to show that the normed space L(U, V) is complete, that is,
that every Cauchy sequence in L(U, V) converges. Assume thus that {7}, }nen C
L(U,V) is a Cauchy sequence. We have to show that there exists T' € L(U, V') such
that ||7,, — T Lw,vy — 0 as n — oo.

Let £ > 0. Because {T},},en is a Cauchy sequence, there exists some N € N
such that

(48) 1T = Tl vy < € whenever n, m > N.
Let now u € U. Then
1Tt = Totllr < T = Tonlloior lully < ellull whenever n, m > N,

Thus for every fixed u € U, the sequence {T,u}l,eny C V is a Cauchy sequence.
Because V is complete, it follows that lim,,_,~, T'u, exists in V. Define therefore

Tu := lim Tu,.
n—oo

With this definition, we obtain a mapping T: U — V. We still have to show
that 7' is bounded linear, and that ||T;, — T'|| (v,v) — 0 as n — oo.
For the linearity of T" we observe that

T(u+v)= lim T,(u+v) = lim (Thu+T,v)= lim Thyu+ lim T,o=Tu+Tv
n—oo n—oo n—00 n— 00
for all u, v € U, and that
T(Au) = lim T,,(Au) =X lim T,u = AT,u
n— oo

n—oo

for all w € U and X € K.

Since {T},}nen is a Cauchy sequence in a normed space, it is bounded. Thus
there exists C' > 0 such that ||T5,||zw,v) < C for all n € N. Consequently, we can
estimate

[Tully = lim || Tyully < Cllully
n—r oo

for all w € U. This shows that T is bounded linear.
It remains to show that || T, — T'||pw,v) — 0 as n — oo. Let again € > 0, and
let N € N be such that holds. Then we have for all w € U and all n > N that

||(Tn — T)u||v = ||Tnu — TUHV = lim ||Tnu — TmUHV
m— 00
< ”}i_>11001||Tn —Tnllewvylull < ellullu.

Thus
T = Tl Lw,vy <€ whenever n > N,

which shows that ||, — T'||w,v) — 0 as n — oc. O

In particular, we may apply the previous result to the case V =K.

DEFINITION 4.5.2 (functional). Let (U, ||-|lv) be a normed space. A bounded
linear functional on U is a bounded linear mapping f: U — K.

EXAMPLE 4.5.3. We consider some examples of bounded linear functionals:

e We consider the Banach space (C([0,1)),|||oc).- For € [0,1] define
5.2 C([0,1) = K,

Then
10 () = f(@)] < sup [f(W)] = [Iflloo

y€[0,1
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which shows that J, is a bounded linear functional. The mapping ¢, is
called the point evaluation at x, or also the Dirac 5—distributionE|

e Assume that U is an inner product space and that v € U is fixed. Then
the mapping u +— (u,v)y is bounded linear and thus a bounded linear
functional. For a proof of this statement, I refer to the exercise sheet.

e Consider again the Banach space (C([0,1]), ||||c), and let g € C([0,1]) be
a fixed function. Then the mapping T,: C([0,1]) — K,

T,(f) = / f(@)g(z) e

is a bounded linear functional on C([0,1]), as

Ty (f) S/O [f@)llg(@)| dz < || fllollglloe

for all f € C([0,1)).
DEFINITION 4.5.4 (dual space). Assume that U is a normed apce. The dual
space of U is defined as
U*:=L(U,K)={f: U —K: f is bounded linear }.

THEOREM 4.5.5. Let (U, ||"||lv) be a normed space. Then U* is a Banach space
with the norm

171

v- = sup [f(u)l.
ueU,
lullv<1

PROOF. This immediately follows from Theorem using the completeness
of K. O

EXAMPLE 4.5.6. We consider the case U = K" with the norm ||-||, for some
1 < p < o0. Then every linear mapping 7': K® — K can be written as a matrix-
vector produce Tx = Az for some matrix A € K'*” ~ K". Moreover, one can
see that every linear mapping 7T: K® — K is actually bounded. Thus we can
“identify” the dual space (K™)* with the space K™. The norm on the dual space
(K™)*, however, in general is different from the norm on K". Indeed, since we are
considering the p-norm ||-||, on K", we have

n
|All(gny= = sup |[Ax| = sup Zaixi

x|[p=1 lzllp=1"=1

By Holder’s inequality, we can now estimate

n
‘ E a;T;
i=1

<A

Px x”Pa

and thus
[Allgcmys < 1 Alp.-

We will show now that we have in fact an equality here, that is, that || A||(gn)- =
|Al|p, . For this, we have to find for each A € K" some = € K" with x # 0 such that
|Az| = || A]|p., ||x||p- For simplicity, we will restrict ourselves to the case 1 < p < oo.

For A = 0 this holds for all © € K. Let therefore A € K"\ {0}. Define z € K”
by setting

aﬁ-|ai Ps—2 if a; 7é 0,
T; =

4For more information on distributions and specifically their importance in the solution of
partial differential equations, I refer to the class TMA4305 - Partial Differential Equations.
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Then we have that

px—1 D

|z;| = |a; and a;z; = |a;

for all . Using the identities p, = p/(p—1) and p./p = p. — 1 we then can compute

- o\ L/P i 1/p B
oy = (3 Jasl®=07) " = (3laal) " = Al = Al
=1 =1
Thus
Aal = [ aswi| = D lail = AN = 1Al 412 = Al o]l
=1 i=1

Together with the previous estimate, this shows that || Ay« = [[Allp,. Thus the
dual space of (K™, ||-||,) can be identified with the space (K™, ||||,.)-

THEOREM 4.5.7. Let 1 < p < o0 and let f: P — K be linear. The following
are equivalent:

(1) f e ()"

(2) There exists a sequence y € £P+ such that

I@) =3 v
k=1

for all x € ¢P.

In addition, the sequence y € (P* from (@ s unique and we have

1fllery- = lly

Pt

Proor. (2) = (1): By Holder’s inequality, we can estimate

oo
@) = | @] < lallylyl.
k=1

which shows that f is bounded linear and that
(49) 11l ey < lly

P -

) = : Define the sequence y = (y1,¥2,...) by
Yk = flew)

with ey € ¢P being the k-th unit sequence. Then we have for all finite sequences
x=(x1,...,2n,0,...) € cqn that

N N
fl@) =Y arfler) = wryn.
k=1 k=1

Moreover, we can estimate

N
> o] = 17 @) < 1 llen-lall.
k=1

We will show now that y € ¢P-. Again, we assume for simplicity that 1 < p < oc.
As in Example we define a sequence = = (z1, Z2,...) setting

i, = sgn(yr) kP
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Then ™) := (21,...,25,0,...) € can C P for all N € N. Define now yN) :=
(y1,---,Yn,0,...). Similarly as in Example we have that

N
1=, = (huel) " = 1Oz
k=1

Thus

(N)Hp* = Z|yk|p* = ‘kayk‘
=\f(x(N)) <

g

This shows that

1yl < 11F1ler)-
for all N € N. Taking the limit N — oo, this implies that
(50) lyllp. < [1f[lcery-

and thus y € £P~.
Since can C £P is dense, it follows from Theorem [4:3.2] that the mapping

o0
T +— Z TrYk
k=1

is a well-defined bounded linear mapping on ¢P. Moreover, by construction it co-
incides with f on the dense linear subspace cg, of . From the uniqueness in
Theorem 3.2l we can thus conclude that

x) = Zxkyk for all x € /P.

Assume now that z € ¢P+ is another sequence such that

o0
=>
k=1
for all x € /P. Then we have in particular that

yr = [f(ex) = 2k
This proves the uniqueness of the sequence y € P~

Finally, the equality [|f||(r)- = [|yllp. follows from the two estimates

and (50). O

Similar as in the finite dimensional case, this implies that we can “identify” for
1 < p < oo the dual space (¢7)* with the space ¢P*.

REMARK 4.5.8. For p = oo the statement of the previous theorem no longer
holds. It is still straightforward to show that every sequence y € ¢! defines a
bounded linear mapping f € (£*°)*

o0
)= ) Tk
k=1

Thus we can say that ¢! C ¢°°. However, there exist in addition bounded linear
functionals on £°° that cannot be written in this form. Even more, there exist
non-zero bounded linear functionals f € (¢*°)*, f # 0, such that f(e;) = 0 for all
k € N. This is due to fact that the space of finite sequences cg,, is not dense in £°°,
and thus we cannot make use of Theorem






CHAPTER 5

Hilbert Spaces

1. Best approximation and projections

Previously we have introduced the notion of the orthogonal projection onto
a linear subspace in the context of finite dimensional inner product spaces. In
the following, we will discuss to which extent this can be generalised to infinite
dimensional Hilbert spaces. More general, we will discuss the idea of a projection
onto closed convex subsets of Hilbert spaces.

DEFINITION 5.1.1 (convex set). Assume that U is a vector space and that
K C U is a subset. We say that K is convex if for all u, v € K and all0 < A < 1
we have that Au+ (1 — A\)v € K.

Put differently, a set K is convex if for all vectors u, v € K the whole line
segment connecting v and v is contained in K.

EXAMPLE 5.1.2. Assume K C U is a linear subspaces. Then K is convex.
Indeed, assume that u, v € K. Then Au+puv € K forall \, pe K. With0 < A <1
and g =1 — X\ we obtain the convexity of K.

EXAMPLE 5.1.3. Assume (U, ||-||v) is a normed space and let R > 0. Then the
ball
Br(0) ={ueU:|ulv < R}
is convex. Indeed, assume that u, v € Bg(0), that is, ||ul|y < R and ||v||y < R,
and let 0 < A < 1. Then
[Aut(1=Nollv < [Mllullv+1=Alllvllo = Aullv+(1=Nv]v < AB+(1-AR = R,
which shows that Au + (1 — A\)v € Bg(0).

DEFINITION 5.1.4 (distance to a set). Assume that (U, ||-||/) is a normed space
and that K C U is a non-empty subset. For u € U we denote by

dlSt K = llf - {
(u’ ) v K”u U”
(he dlSlance between u a,nd K.

Assume now that K C U is some non-empty subset and that v ¢ K. One
interesting question is whether there exists a closest point to w in K. Put differently,
can we find some point z € K such that ||u—z||y = dist(u, K)? If yes, is that point
unique? The next result gives a positive answer to both of these questions in the
case where U is a Hilbert space.

THEOREM 5.1.5 (approximation theorem). Assume that U is a Hilbert space
and that K C U is a non-empty closed and convex subset. There there exists for
each u € U a unique point z = mx(u) € K called the projection of u onto K such
that

lu — 2|y = dist(u, K).

107
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PROOF. By definition of the distance, there exists for each n € N some z, € K

such that )
lu — 2,||% < dist(u, K)* + —.
n

Now let n, m € N. Then we can apply the parallelogram law (see Lemma|3.5.8) to
Zn — Zm and 2u — z,, — z,, and obtain that

2||zn — Zm||2U +2||2u — 2, — zm||2U
= |lzn — 2m + 2u — 2, — zm||?] +lzn — 2m — Qu — 2, — zm)H?]
= dflu — Zm||12J + 4flu - Zn”%f

Now the convexity of K and the assumption z,,, z,, € K imply that (z,+2,)/2 € K
and thus

2
Z”JFTZ’"HU > 4dist(u, K)?.

120 — 2p — 2|5 = 4Hu -
Thus we can estimate
120 = 2mllty < 2llu — zmllf + 2llu — 207 — 4 dist(u, K)?
< 2dist(u, K)? + % + 2dist(u, K)? + % — 4 dist(u, K)% = % + %

This, however, shows that the sequence {z, }nen is a Cauchy sequence.

Since U is a Hilbert space and thus complete, it follows that the sequence
{2n }nen converges to some z € U. Now the closedness of K and the assumption
zn € K for all n € N imply that z € K. As a consequence, we have that

lu — 2% > dist(u, K)?.
On the other hand, the continuity of the norm implies that
Ju 2l = Jim 2l < dist(a, ).

Thus z € K satisfies
lu — z||p = dist(u, K).

We still have to show that z is unique. Assume therefore that y, z € K satisfy
lu — y|lv = dist(u, K) = |Ju — z||u.

The convexity of K implies again that (y—z)/2 € K. With the same argumentation
as above, we thus obtain that

ly = 215 < 2llu = yllf +2[lw - 2|7 — 4dist(u, K) = 0.
This, however, implies that y = z, which proves the uniqueness of z. [l

THEOREM 5.1.6 (characterisation of the projection). Assume that U is a Hilbert
space, that K C U is a non-empty closed and conver subset, and that w € U. Then
z = mi(u) is the projection of u onto K, if and only if = € K and the variational
inequality

(51) R({(u—z,v—2)) <0 forallve K
holds.

PROOF. Assume first that z = 7k (u) is the projection of u onto K. Then we
have for all v € K that |lu — z[|?, < ||u—v||%. Even more, because of the convexity
of K we have that

(52) lu— 2|5 < lu—v—(1=Nz||5 forallv e K and 0 < A < 1.
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Now we can write
lu — 2|7 = [Jullf = 2R((u, 2)) + [|2]1F
and
lu = Ao — (1= N)zl[g = ullz + X2 [ollZ + (1= 2?27
— 2AR((u, v)) — 2(1 = A)R((u, 2)) + 2A(1 — M)R((v, 2)).
Define therefore
FoN) 1= N2[Joll7; = A2 = N|2[[7; — 2AR((u, v)) + 2AR((u, 2)) + 2A(1 = A)R((v, 2)).
Thus (52) can be reformulated as
(53) fo(A) >0 forallve Kand 0 <\ <1.

Now note that f,(A): R — R is a quadratic function with non-negative leading
coefficient and that f,(0) = 0. Thus holds if and only if f/(0) > 0 for all
v € K. Now we compute

P4 = 270l — 21 = N 2]3 — 2R({u, v)) + 2R((u, 2)) + 2(1 — 2)R((v, 2)),
and thus
£5(0) = —2[j2[13 — 2R({u,v)) + 2R((w, 2)) + 2R((0, 2)) = ~2R({z — u, 2 — v)).
Thus and therefore is equivalent to the variational inequality
—f10) =Rz —u,z —v)) <0 for all v € K.
This shows that the assumption z = 7k (u) implies (5I)).

Conversely, assume that z € K and that holds. As seen above, this is
equivalent to z satisfying . Together with the assumption z € K, this implies
that z solves the problem min,ck|lu — v||y. Because of the uniqueness of the
projection, this shows that z = mx (u). O

COROLLARY 5.1.7. Assume that U is a Hilbert space and that W C U 1is a
closed subspace. Then there exists a unique point z = my (u) such that z € W and

2 — ul = dist(u, W) = inf Jlu— w].

Moreover, z is the unique point satisfying
zeW and u—ze Wt

where
Wht={veU: (v,w)=0 for allwe W}
is the orthogonal complement of W in U.

PROOF. The existence and uniqueness follows from Theorem Moreover,
Theorem implies that z = 7y (u) is the unique point satisfying z € W and

(54) R((u—z,v—2)) <0 for all v € W.
We thus have to show that holds if and only if u — 2z € W+,

Assume therefore that holds and let w € W. Since W is a subspace of U
and z € W it follows that Aw + z € W for all A € K. Thus implies that

0>R{(u—z, w+2z—2)) =R{(u— 2z w)) for all A € K.

Now

R((u — z, \w)) = R(A(u— z,w)) = RNDR{(u — z,w)) + SN)S{u — z,w)).
This can only be non-positive for all A\ € K if (u— z,w) = 0 and thus u —z € W+.
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Conversely, assume that u — z € W+, that is (u — z,w) = 0 for all w € W, and
let v € W. Then v—z € W because W is a subspace of U, and thus (u—z,v—z) = 0.
In particular holds. O

REMARK 5.1.8. We have stated Theorem and Corollary [5.1.7] in the set-
ting of closed convex subsets (subspaces) of Hilbert spaces. However, the charac-
teristions for the projections that we have derived there remain valid for arbitrary
convex subsets (subspaces) of inner product spaces. That is, if U is an inner product
space and K C U is convex and non-empty, then z = 7x (u) solves the optimisation
problem

min v — ul,
veEK

if and only if
ze K and R((u —z,v—2)) <0foralvekK.
Moreover, if W C U is a subspaces, then z = my (u) solves the problem

min |lu — wl|
weW

if and only if
zeW and uw—ze W,
Note, however, that such a vector need not exist.

In the following example we make use of the characterisation of the projection
by means of a variational inequality in order to compute projections on balls in
Hilbert spaces.

EXAMPLE 5.1.9. Let U be a Hilbert space, let R > 0 and let K = Br(0) C U
be the closed unit ball of radius R in U. Then K is a closed and convex set in a
Hilbert space, and thus the projection mx (u) exists for every u € U. We will now
show that we can explicitly compute this projection as

i <
u if Jlu| <R - u

55 = i - max{lull, R}’
(55) i (u) Rﬁ if [[ull > R max{]ul|, R}

First assume that v € K, that is, ||u|| < R. Then obviously mx(u) = u.
Thus holds in this case.
Now assume that u ¢ K, that is, ||u| > R, and denote
s=R——.
[[ul

Then ||z|| = R and thus z € K. In view of Theorem we thus have to show
that

(56) R((u —2z,v—2)) <0 for all v € K.

Assume therefore that v € K. We can compute
(u—z,v—z) = (u,v) — (z,0) — (u, 2) + (2, 2)

R

[[ull

g ¢ = Bllll + B2 = (flull - R)(<T;Lﬁ> ~R).

= <u’ U> -
By assumption, ||u|| > R. Moreover, the Cauchy—Schwarz—Bunyakovsky inequality
implies that
R((u, ) < [(u, )] < [uflflv]l.
Since |[v|| < R it follows that

Rl 20— 2)) = (Jull = B) (e R) < (= R) (1ol = B) <0,
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Thus holds, which in turn shows that mx(u) = z = Ru/||u/.

REMARK 5.1.10. The existence and uniqueness proof for the projection onto a
convex set relied strongly on the fact that U is a Hilbert space: During the proof
we relied twice on the parallelogram law, both for proving the existence and for
proving the uniqueness. Indeed, in general Banach spaces neither existence nor
uniqueness need to hold.

Consider first the case of U = R? with the co-norm. In this case, the projection
need not be unique. That is, given a closed and convex set K C U and a point
u ¢ K there might be different points z € K such that ||u — z| = dist(u, K). Take,
for instance, K = Re; the z-axis, and let u = (0,1). Then dist(u, K) = 1, but
every point (a,0) € K with |a| < 1 satisfies ||(a,0) — u||ooc = 1 = dist(u, K). That
is, every point (a,0) € K with |a| < 1 can be considered a projection of (0,1) onto
K. In particular, the projection is not unique.

Now we consider the case U = ¢! is the space of all real-valued summable
sequences, and we define

K:{xeflzijE(l—i)xnzl}.

Then one can show that K is a non-empty, closed and convex set. However, the
projection of 0 onto K does not exist. That is, there exists no z € K such that
||z —0]|; = dist(0, K). In order to see this, we note first that for all x € ¢! we have

1< 2(1 - E)asn < 2(1 - g)m\ <> Jzal = |z
n=1 n=1 n=1

That is, ||z[1 > 1 for all z € ¢!, which also implies that dist(0, K) > 1. On the
other hand, for all n > 2 we have that

eK,
n—len

which shows that

n
n— 1en 1 n-—1
for all n > 2. Taking the infimum over all n > 2, it follows that dist(0, K) < 1.
Together, these estimates show that dist(0, K) = 1. However, as shown above,
[|z]l1 > 1 for all # € K. Thus there exists no « € K such that ||z|/; = dist(0, K).

n

dist(0, K) < H

ProrosiTION 5.1.11. Assume that U is a Hilbert space and that K C U is
non-empty, closed and convex. Then we have for all u, v € U that
175 () = e (V)| < flu = ]|
PRrROOF. If g (u) = mx (v), the claim is trivial, as the left hand side is equal to

zero. Assume therefore that mx (u) # mx(v). We can write

175 () = Tre (V)| = (e (u) = T (v), Tx (W) — u+ u— v+ v — 7K (V)
= (mr(v) — T (u),u — Tk (w) + (TK (u) — 7K (V),u — V)
+ (rr(u) — T (v),v — TK (V).

Since 7k (v) € K and 7k (u) € K, we can now use the variational inequality ,

which shows that
R((mx (v) — T (w), u — 7 ()

07
R({rx(u) — 7 (v),v — 7 (v))) <O0.

IAIA
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Moreover, using the Cauchy—Schwarz—Bunyakovsky inequality, we can estimate

R((mx (v) = 7re (w),u = 0)) < [T (v) = 7K (), u = 0)]

< lrre (v) = 7 () [l = o]

Thus
i () = 7 )1 = Rl mxe (w) = 7xe (0)]])°
= R((7x (v) — 7 (u),u — 7 (w)
+ (mx (u) — 7k (v),u — V)
+ (Tx(u) — T (v),v — 7K (V)
<R(r(v) — 7r (uw),v —u)
<l (v) = mre (W) [ [lv — ull.
Dividing by |7k (u) — Tk (v)]|, we obtain the claimed estimate. O

2. Projections on subspaces

We now study in more details the properties of projections onto closed sub-
spaces. For this we will exploit the characterisation of the projection derived in
Corollary

The results to be derived will be a generalisations of our discussion in Section [3]
of the finite dimensional case.

PRrROPOSITION 5.2.1. Assume that U is a Hilbert space and that W C U is a
closed subspace. Then the projection myw: U — U is a bounded linear mapping.
Moreover, ker myy = W+ and ranmy = W.

PROOF. Linearity: Assume that u, v € U. Then my (u) € W and my (v) € W,
which implies that also my (u) + 7w (v) € W. Moreover, u — my (u) € W and
v—mw(v) € Wi, and thus (u + v) — (7w (u) + 7w (v)) € WL, This shows that
z = mw(u) + mw (v) satisfies the conditions of Corollary and thus my (u) +
mw(v) = 7w (u + v).

Similarly, if u € U and A € K, then Ary (u) € W and

M — Ay (u) = Mu — 7w (u)) € W,
which shows that Amy (u) = Ty (Au).
Boundedness: This is a direct consequence of Proposition

Kernel and range: We have that my (u) = 0 if and only if 0 € W and u — 0 €
WL, This is the case, if and only if u € W, which shows that ker my, = W+, Next,
mw(u) € W for all w € U, which shows that ranmy, C W. Moreover, my (u) = u
for all u € W, which proves that, actually, ran Ty = W. (]

LEMMA 5.2.2. Let U be a Hilbert space and let W C U be a closed subspace.
Then
U=WeaW-.
PROOF. We can write every u € U as u = myu + (u — myu) with mypu € W
and u — mypu € W, Thus U = W + W, Now assume that v € W N W=, Since
u € W, we have u = myyu. Thus

lull® = (u, u) = (u, Twu) =0,

the last equality following from the fact that u € W+ and myu € W. This shows
that W N W+ = {0}. Thus the sum of W and W+ is direct. O

For the next results, we need some topological information about orthogonal
complements.
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LEMMA 5.2.3. Let U be an inner product space and let v € U be fized. Then
the mapping f: U = K, f(u) := (u,v) is bounded linear.

PrOOF. The linearity of f is simply the linearity of the inner product in the
first component. Moreover, the boundedness follows from the estimate

[f ()] = [{u, 0)| < [lulll[v]]
O

LEMMA 5.2.4. Assume that U is an inner product space and that S C U is
non-empty. Then S+ C U is a closed subspace.

PRrOOF. We have already shown previously that S+ is a subspace. Thus we
only have to show that St is closed. For that assume that {tn}nen C St is a
sequence such that u := lim,,_, o u,, exists in U. Since u, € S+ for all n € N, we
have that (u,,v) = 0 for all v € S. Because of the boundedness of the functional
w > (U, v) it follows that

(u,v) = nh_)n;o(um@ =0

for all v € S, which proves that v € S*. O

LEMMA 5.2.5. Let U be a Hilbert space and let W C U be a closed subspace.
Then
(Wt =w,
PROOF. Assume first that w € W. Then (w,z) = 0 for all = € W+. This,
however, implies that w € (W+)+. Thus W C (W+)=+.

Now assume that v € (W=)+. Since W is a closed subspace, we can write
w=w+z with w = mppu € W and z = u — mwu € W+, By our previous
considerations, we obtain that w € W C (W=)+. Since (W=)+ is a subspace of U,
this implies that z = v —w € (W*)*. Now, if we apply Lemma to the closed
subspace W+, we obtain that

U=W+aoWht
In particular, W+ N (W)L = {0}. Thus
zeWtn(WwhH* = {o},
which implies that z = 0 and consequently u = w € W. Thus (W+)+ c W. O

Next we will consider the question as to what happens, if the subspace W is
not closed.

PROPOSITION 5.2.6. Assume that U is a Hilbert space and that W is a (not
necessarily closed) subspace. Then

(WhHt =w.
PROOF. Since W C W, it follows that W LC W, and thus, as W by definition
is closed,
(WYt c (Wt =W.
Conversely, we obtain as in the proof of the previous Lemma that W c (W+)*.

Since (W+)+ is closed and W is the smallest closed subspace of U containing W,
this implies that actually W c (W=+)*+. O

COROLLARY 5.2.7. Assume that U is a Hilbert space and W is a subspace.
Then
U=Waow.
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PROOF. Since W+ is close, we can write
U=WwteWhHt=wtew.
O

COROLLARY 5.2.8. Assume that U is a Hilbert space and S C U is a non-empty
subset. Then
S+ = (span S)* = (span S)*.

PROOF. Since S C span S, we have that (spanS)t C S+. Now assume that
u € St. Then (u,w) = 0 for all w € S. Thus (u,w) = 0 whenever w is a finite
linear combination of elements in S. In other words, u € (span S)‘. This shows
that S+ = (span S)*. Now it follows from Proposition that
(span §)* = (((span $)*)*)* = (span S)*.
O

COROLLARY 5.2.9. Assume that U is a Hilbert space and S C U a non-empty
subset. Then span S is dense in U if and only if S* = {0}.

PRrROOF. Recall that span S is dense if and only if spanS = U. Now we can
write

U =spanS @ (span S)t =spanS @ S+.
Thus U = span S if and only if S+ = {0}, which proves the claim. O

3. Riesz’ Representation Theorem

Recall that the dual of a normed space U is the space U* = L(U,K) of all
bounded linear functionals on U. One of the results we have obtained when we
were discussing the dual of a normed space was that the Hilbert space (£2)* can be
identified with the space £2. We will now show that this identification of a Hilbert
space with its dual works in general.

THEOREM 5.3.1 (Riesz’ Representation Theorem). Assume that U is a Hilbert
space. Then f € U* if and only if there exists vy € U such that

fu) = (u,vy) forallu e U.
Moreover, vy is unique, and we have that

[fllo= = logll-

PRrROOF. The “if” part follows directly from the fact that the mapping u
(u,vy) is bounded linear, as discussed previously.

For the “only if” part, assume that f € U*. If f = 0, then we can choose
vy = 0. Assume therefore that f # 0, and denote W :=ker f. Then W is a closed
subspace of U, and thus we can write U = W @ W+. Moreover, since f # 0,
we have that W = ker f C U, which implies that W+ # {0}. Choose now some
z € Wt with 2 # 0. Since z ¢ W = ker f, it follows that f(z) # 0. Moreover, we
have for all w € U that

SN oy @y

fo= ) = fw = ey i =0

and thus F(u)
u—f(z)zekerf:W

Since z € W+, this implies that

<u— §E332,2> =0
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for all w € U. This can be rewritten as

1w,
(u,z>— f(Z) || || ’
or, s 2] £ -
1, TD
S = ot = (o )

for all w € U. Thus, if we define

f2)

TR
we obtain that f(u) = (u,vy) for all w € U.

Uniqueness: Assume now that w, z € U are such that
(u,w) = flu) = (u,2)
for all u € U. Then we have in particular that
(u,w—2)=0 for all u € U,
which implies that w — 2 = 0 or w = z. This proves the uniqueness of vy.

In order to compute the norm of v¢, we note first that

[F ()l = [{u,vp)| < Juflllogll

for all u € U by the Cauchy-Schwarz-Bunyakovsky inequality, which shows that
I fllo < |lvglly. Conversely, for u = vy we obtain that

Fl = lop vl = g%,
and thus || fllu- > oy . O

4. Adjoint operators on Hilbert spaces

In Section |p| we have introduced the notion of the adjoint of a linear trans-
formation T between finite dimensional inner product spaces. There, we have first
defined the adjoint T™* based on the singular value decomposition of the mapping
T, and then we have shown that T can also be characterised by the property that
(Tu,v) = (u, T*v) for all vectors v and v. We now will generalise the notion of
an adjoint to arbitrary Hilbert spaces. In contrast to the finite dimensional case,
however, we will do so by using the characterisation by (Tu,v) = (u, T*v) as the
definition. This is necessary, as we have not developed a theory of the singular
value decomposition in infinite dimensional Hilbert spacesﬂ

In the proofs of the theorems to come, we repeatedly make use of the following
result, which thus deserves its own Lemma:

LEMMA 5.4.1. Assume that U is an inner product space and that v € U is some
vector. Then v =0 if and only if

(u,v) =0 forallu e U.

PRrOOF. If v =0, then also (u,v) =0 for all u € U.
Conversely, assume that (u,v) = 0 for all w € U. Then in particular |jv
(v,v) = 0, which proves that v = 0. O

H2 —

It is actually possible to generalise the singular value decomposition to operators between
Hilbert spaces. This generalisation is quite complex, though, and requires some knowledge of
measure and integration theory.
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THEOREM 5.4.2 (Adjoint operator). Assume that U and V are Hilbert spaces
and that T: U — V is a bounded linear transformation. Then there exists a unique
bounded linear transformation T*:V — U such that

(Tu,v)y = {u, T*v)y forallue U andv e V.
The operator T™ is called the adjoint of T'.

PRrROOF. Construction of T*: Define for fixed v € V' the mapping f,: U — K,

fo(u) == (Tu,v)y.
The linearity of T' together with the linearity of the inner product imply that f, is
linear. Moreover we have the estimate

[fo(w)| = [(Tw, v)v| < | Tullvllvllv < ITlLwwlvlvilulo,

which shows that f, is a bounded linear functional on U. The Riesz Representation
Theorem now implies that there exists some w € U such that

fo(u) = (u, w)u
for all u € U. Define thus T*v := w.
Repeating this construction for each v € V yields a mapping T*: V — U with
the property that
(Tu,v)v = (u, T v)u
for all w € U and v € V. We will now show that T is bounded linear.
Linearity: Let v, w € V. Then
(u, T*(v+w))y = (Tu,v + w)y = (Tu,v)y + (Tu,w)y
= (u, T*0)y + (u, T*w)y = (u, T*v + T w)y
for all w € U. Thus
(u,T*"(v+w)—Tv—T w)yy =0
for all u € U, which implies that T*(v + w) = T*v + T*w.
Similarly, if v € V and A € K, then

(u, T*(M))y = (Tu, W)y = MTu,v)y = Mu, T*v)y = (u, \T*v)y
for all w € U, which shows that T*(A\v) = AT™*v. This proves the linearity of T*.
Boundedness: For all v € V we can estimate
IT*0ll3 = (70, T* o) = (TT*v, 0}y < [T 0l ol < 1T o 1T 0l lolly-
This shows that
(57) [T*vllu < IT|Lwvyllvllv,
which proves the boundedness of T™.

Uniqueness: Assume now that S € L(V,U) is another bounded linear trans-
formation such that (Tu,v)y = (u, Sv)y for all w € U and v € V. Then

(u, Sv)y = (Tu,v)y = (u, T*v)y
for all w € U and v € V, and thus
(u,Sv —T*v)y =0

for all w € U and v € V. This implies that Sv = T*v for all v € V, which proves
that S =T, O

DEFINITION 5.4.3. Let U be a Hilbert space and let T: U — U be bounded
linear.

o We say that T is self-adjoint, if T* =T.
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o We say that T is normal, if TT* =T*T.

PROPOSITION 5.4.4 (Properties of adjoints). Assume that U and V are Hilbert
spaces and that T: U — V is bounded linear. Then the following hold:
o (T*)*=T.
o [T*cevioy = 1T, vy-
o |T*T vy = I1TT* leevvy = TN -
PrOOF. Let w € U and v € V. Then
(Tu,v)y = (u, T*v)y = (T*v,u)y = (v, (T*)*u)yy = (T*) u,v)y.

Since this holds for all v € V, it follows that Tu = (T™)*u for all u € U, which in
turn implies that T = (T™)*.

We next show that |7 rcv,uy = |T]|zw,v). For that, we note first that the
estimate | 7% o) < |T||Lw,vy follows from (57). Applying the same estimate
to T, we obtain moreover that

1Tl Lw.vy = IT*) vy < 1T Loy,
which proves the assertion.

For showing that || 77| (,uy = ||T||i(U v)» We note first that

IT*T| Loy < IT* eI T,y = ITIL v
as [|T*||Lcv,vy = |T|lL,v)- For the opposite inequality we note that, for all u € U,
ITull} = (Tu, Tu)y = (u, T*Tu)r < ullo|T*Tully < ullZI T Tl 1w.0)-

Thus )
[ Tull5,

IT*Tully = sup
[ull;

uelU
u#0
This shows that |T*T|| .0y = 1T -

= ||T||%(U,V)'

Finally, we have that

ITT* || Lvivy = 1T T vy = IT*1: vy = ITIZ @0 v)s
which concludes the proof. U

LEMMA 5.4.5. Assume thatU, V, and W are Hilbert spaces and thatT: U — V
and S: V. — W are bounded linear. Then

(SoT) =T"0S™.
PrOOF. We have that
(u, (SoT)Y w)y = ((S o T)u,w)w = (S(Tu), w)w
— (Tu, S"w)y = (u, T*(S"w))u = (u, (T* 0 §*)w)y
for all w € U and w € W, which proves the assertion. O
We now look at some concrete examples of adjoints:

EXAMPLE 5.4.6 (Right and left shift). Let U = ¢* and let T'= R: U — U be
the right shift operator, that is,

Rx = (0,581,:627 N )
for all x € £2. Then R*: ¢? — (2 is defined by the condition
(Rzx,y) = (x, R"y) for all x, y € £2.
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Now we can write

00 oo L)
RLL’ y Z RLU nyn Z%J@Tn = anyn+1
n=1 n=2 n=1

and
(x, R*y) Zajn (R*y)

Thus we have the condition that
Z TnYn+1 = Z xn(R*y)n
n=1 n=1
for all x, y € ¢2. From this, we can conclude that
Yn+1 = (R'Y)n
for all y € £2 and n € N, which implies that R* = L the left shift operator

Ly, y2,y3,---) = (2,93, - - -)-

Obviously, R # L = R* and thus R is not self-adjoint. In addition, we note
that (L o R)x = z for all x € £?, whereas

(Ro L)x = (0,29, 3,...).
This shows that Ro R* = Ro L # Lo R = R* o R, and thus R is not normal.

EXAMPLE 5.4.7. Recall that L?([0,1]) is the completion of the space C([0,1])
with respect to the norm ||-||» defined by

I = ([ )

This norm is induced by the inner product (-, ) defined by

1
- / f(@)g(@) de
0

which implies that L?([0,1]) is a Hilbert space.
Now assume that k: [0,1] x [0,1] — K is continuous and define the mapping
T C([0,1]) — L2([0,1]),

Tf(z) = / k(. y) () dy.

Then

o= [ wrwpar= [ [ Henswa] @
< [ ([ wewrw)([1rwra)a
= ([ [ e aran)isiz

which proves that T" is bounded linear. As a consequence, T has a unique bounded
linear extension (which we denote for simplicity again by T') to L?([0,1]).
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We now compute the adjoint of T. For all f and g we have that
(f,T7g)=(Tf.g)

~ [ 7@ ds
0

/ / E(x,y)f(y)g(x) dy dz
// (z,y)f(y)g(x) dz dy
/ / k(z,y)g dx)dy

= (f,h)

where
1
hy) = / R w)o(x) d.

This shows that T* is the operator given by

T*g ::/0 k(x,y)g(z) dz.

That is, T* is again an integral functional with kernel k*(z,y) := k(y, x).
From this we see in particular that T is self-adjoint if k is conjugate symmetric
in the sense that k(z,y) = k(y,x) for all =, y € [0, 1].

EXAMPLE 5.4.8. Consider the linear initial value problem with varying coeffi-
cients

y'(t) = Alt)y(t),
y(0) = =,
where z € R™ is some given initial value and A: [0,1] — R™*™ is a continu-
ous function. Then we have for each initial value z € R™ a unique solution
y(t;x): [0,1] x R™ — R™. Moreover, the solution y(¢;x) depends for every ¢ € [0, 1]
linearly on the initial value x.

Denote know by 7T': R® — R" the mapping

Tz :=y(l;x)

that maps the initial value x to the final value of the corresponding solution of .
In the following, we will discuss the adjoint mapping 7% : R™ — R™.
For that, define the adjoint equation to as the final value problem

v'(t) = —At) (1),

v(l) = w,

(58)

(59)

where w € R™ is some given final value and A(t)* denotes the adjoint of A(¢). Then
we have again for each final value w € R™ a unique solution v(¢;w): [0, 1] x R™ — R

of (59).
Now the product rule implies that
(Yt 2),v(t;w) = (Yt ), v(tw)) + (Yt ), v(t w)')
= (A@)y(t; x), v(t; w)) + (y(t; z), —A(t) "v(t;w))
= (A@)y(t; z), v(t; w)) — (A)y(t; 2), v(t;w)) = 0
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for all t € [0,1] and all z, w € R™. Thus

1
0= [ttt oftsw) de = (1), (0 0)) = (y(0:0).0(0: )
= (Tz,w) — (z,v(0;w))
for all z, w € R™. This shows that
T*w = v(0; w)

for all w € R™. That is, the adjoint of T" maps the final value w to the initial value
of the corresponding solution of the adjoint equation (59).

In the finite dimensional case, we have shown the relations ker T' = (ranT*)*
and ran T = (ker T*)* (see Lemma[2.5.9)). The next result provides a generalisation
to the infinite dimensional case.

PROPOSITION 5.4.9. Assume that U and V are Hilbert spaces and that T: U —
V is bounded linear. Then

ran1 = (ker T%)* and ker T = (ran T%)*.

PROOF. We show first that ranT = (ker T*)*.
Assume for that first that v € ranT. Then v = Twu for some v € U. Now let
w € ker T*. Then T*w = 0 and thus

(v, wyy = (Tu,w)y = (u, T"w)y = 0.

This shows that v € (ker T*)+. Since this holds for all v € ranT), it follows that
ranT C (ker T*)*. Since (ker T*)* is closed, we can conclude that also ranT C
(ker T*)*.

Now assume that v € (ran T, that is, that (w,v) = 0 for all w € ranT. Then
we have for all w € U that

(u, T*v)y = (Tu,v)y =0,
which implies that 7*v and thus v € ker 7. This shows that
(ranT)* C ker T™.
Thus we can conclude that
(ker T*)* € ((ranT)*)* = ((ranT) )+ =ranT.
Together, these results show that
ranT = (ker T%)*.
Applying this result to T* shows furthermore that
ranT* = (ker(T*)*)* = (ker T)*,
which is equivalent to
ker T = (ranT*)* = (ranT*)*.

As a consquence of this, we obtain the following results:
ranT = (ker T%)™*, ker T* = (ranT))*,
ranT* = (ker T)™, ker T = (ran T™)*.
In addition, these imply the decompositions
U=kerT ®ranT* and V=kerT*@ranT.

Apart from the necessity to take the closure of the ranges of T' and T, these are
the same results that we have derived in the finite dimensional case.
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COROLLARY 5.4.10. Assume that U and V' are Hilbert spaces and that T: U —
V' is bounded linear. Then T 1is injective, if and only if ranT* C U 1is dense.
Similarly, T™ is injective, if and only if ranT C V is dense.

PROOF. We have that T is injective, if and only if ker T = {0}. Using the
decomposition U = ker T @ ran T*, this is equivalent to the equality U = ranT™*,
which is precisely the density of ranT™ in U. The second equivalence is similar. [

5. Hilbert space bases

Recall that a basis in a vector space U is a subset {uz NS I} C U with
the property that every vector u € U can be uniquely written as a finite linear
combination of the form v

=Y Anui,
n=1

for some N € N, A\, € K, and i, € I for 1 < n < N. In the context of infinite
dimensional spaces, such a basis is often called a Hamel basis, in order to distinguish
from other basis concepts, some of which we will discuss in the following.

Before introducing alternative basis definitions, we need to discuss some con-
cepts related to measuring the “size” of different infinite sets.

DEFINITION 5.5.1 (Countable set). An infinite set S is called countable, if there
exists a surjective mapping f: N — S. If an infinite set S is not countable, it is
called uncountable.

That is, a set S is countable, if we can write it as a sequence
S = {81, 592,83, .. }

ExXAMPLE 5.5.2. The set N of natural numbers is obviously countable. So is
the set Z of integers, where we can use the ordering Z = {0,+1, —1,+2,-2,...}.

EXAMPLE 5.5.3. If S is a countable set, then so is the Cartesian product S™
for every n > 1. Indeed, assume that S = {s1, 2, $3,...}, and take for simplicity
n = 2. Then we can write

Sx 8= {(817 Sl)a (Sla 82)7 (SQa Sl)a (837 sl)a (SQa 82)7 (Sla S3)a .. }
A similar construction works for n > 3.

More general, if Sy, ..., S, are countable sets, then so is the product S x S x
N Sn

EXAMPLE 5.5.4. The set Q of rational numbers is countable. In order to see
this, note that we can write every rational number x as a fraction z = p/q with
p € Z and g € N. Since the Cartesian product Z x N is countable, it follows that Q
is countable as well.

EXAMPLE 5.5.5. The set R of real numbers is uncountable. In order to show
this, we will employ a technique known as Cantor’s diagonal argument.

Assume to the contrary that R were countable. Then we could write R =
{51, $2, 83, ...}. We will now construct a real number that is different from each of
the numbers sq, sg,.... For this, note that we can write each number s,, in decimal
expansion in the form

) ) M a{al .

sn, = *a WO (N, —1) - Qo

with digits ag.n) €{0,1,...,9}. That is,

Sp = i aj~10_j.

Jj=—Nn
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Define now the number -
xr = Z bj . 107]-,
j=1

where the digits of x are chosen such that b; # a;? ). Then x differs from s, at least
in its n-th digit after the comma, and thus it is different from snﬂ This, however,
implies that x is not contained in the set {si, s2, s3,...}, which contradicts the
assumption that this set includes all real numbers.

One problem with Hamel bases in infinite dimensional Banach spaces is that
one can show that they are necessarily uncountable, which makes them essentially
impossible to use in practice.

PRrROPOSITION 5.5.6. Let U be an infinite dimensional Banach space. Then
every Hamel basis of U is uncountable.

REMARK 5.5.7. For incomplete normed spaces, the situation is different as we
have already seen. For instance, the set {ej, ea, ..., ...} of unit sequences is a Hamel
basis in the space cg, of finite sequences. However, cgy, is incomplete with respect
to all the norms we have discussed.

We now introduce an alternative notion of a basis of a normed space.

DEFINITION 5.5.8 (Schauder basis). Let (U, |-||y) be an infinite dimensional
normed space. A countable set {u1,us,us,...} C U is a Schauder basis of U, if
there exists for every v € U a unique sequence Ap, Az, ..., such that

N
lim HU—Z/\ U
N—o00 nen
n=1

Put differently, if {u1,us,...} is a Schauder basis of U, then we can write each
u € U uniquely as an infinite series

oo
u = g AU,
n=1

EXAMPLE 5.5.9. Let 1 < p < oo and consider the set of unit sequences
{e1,€2,...} in ¢P. Then this set is a Schauder basis of ¢”. In order to see this,
assume that z = (21, 22,...) € £F and define A, = x,,. Then

N
Ha: — Z An€n
n=1

Since x € (P, it follows that

=0.

p

=0.
P

N
lim Hx— E Ane
N—o0 nen
n=1

Moreover, if we choose any other sequence A1, Ag, ... of coefficients, then the series
> Anéyn does not converge to x. Thus the representation

o0
T = E An€n
n=1

is unique, which shows that {e1,es,...} is a Schauder basis of ¢P.

20ne has to be slightly careful here, as the decimal expansion of a real number is not always
unique (for instance we have 1 = 0.99999...). However, this non-uniqueness issue only occurs
for numbers with a finite decimal expansion, and we can easily avoid any potential issues by for
instance setting b; = 5 if a;j) =0 or ag.” =09.
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EXAMPLE 5.5.10. The set of unit sequences {ej, ea, ...} is not a Schauder basis
of £>°. Take for instance x = (1,1,...). Then

N
Hm — Z Anénll >1
n=1
for all sequences A1, Ag, ..., and thus we cannot represent x in the desired form.

DEFINITION 5.5.11 (Separability). A normed space U is called separable, if
there exists a countable dense subset of U.

ExXAMPLE 5.5.12. The set R of real numbers is separable, as it contains QQ as a
countable dense subset. Similarly, for every n € N the sets R and C" are separable.

LEMMA 5.5.13. Assume that the normed space U has a Schauder basis. Then
U is separable.

ProOF. Exercise! O

REMARK 5.5.14. A long standing problem in functional analysis was the ques-
tion, whether every separable Banach space has a Schauder basis. In the seventies,
this question was answered negatively. That is, there exist separable Banach spaces,
which do not have any Schauder basis.

EXAMPLE 5.5.15. The space £°° is not separable.
The basic idea is to consider the sequences e!!) € £°° defined by

6([): 1 lfne],
" 0 ifngl,

where I C N is any subset. One can showﬂ that the set {I I C N} (and thus also
the set {e!) : I € N}) is uncountable. Moreover, we have that [e!) — e())|| =1
whenever I # J.

Thus we have an uncountable discrete subset of £°°, which makes it impossible
to find a countable dense subset: Assume that {s1,$2,...} C ¢ is dense. Then

there exists in particular for each I C N some index n; such that |[s,, — e ||o <
1/4. Then, however, we have for all T # J that

1= He(l) - e(J)Hoo < He(I) = Snylloo + IS0, = Sn—slloo + [ISn, — e(J)Hoo
1
< 5 + [I8n; + 8nylloo

which shows that

1
[0 + Snylloo = 9

In particular, we have that n; # n; whenever I # J. Since we have uncountably
many subsets I C N, this implies that we also need uncountably many indices ny,
which contradicts the assumption that {si, so, ...} is countable.

We will now discuss in more detail the case where U is a Hilbert space. Recall
to that end that a sequence {uy,us,...} in an inner product space is

e orthogonal, if (u;,u;) = 0 whenever i # j,
e orthonormal, if it is orthogonal and |ju;|| = 1 for all .

3Try it yourself! This is really only Cantor’s diagonal argument again.
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THEOREM 5.5.16. Let U be an inner product space. Assume moreover that
{u1,ug,...,un} s a finite orthonormal system in U and denote
W = span({ug,ug, ..., u,}).

Then W is a closed subspace of U and we have
> {u,ugyuy = 7w (u)
j=1
and
lu = o ()* = l® =D, uy)
j=1

forallueU.

Proor. Exercise! O

LEMMA 5.5.17 (Bessel’s inequality). Assume that U is an infinite dimensional
inner product space and {u1,us,...} is an infinite orthonormal system. Then

oo

> Huu)? < Jlul®

j=1
forallueU.
PRroOF. Applying the result of Theorem to the spaces
W, = span({u1, ua, ..., un}),

we obtain that

n

> Husu) P = Jlull® = flu = mw ()]* < Jlul?
j=1

for all w € U. Taking the limit n — oo, we obtain the claimed estimate. U

THEOREM 5.5.18. Assume that U is an infinite dimensional Hilbert space and
that {ui,us,...} is an orthonormal system in U. Assume moreover that A =
(A1, A2,...) is a sequence in K. Then the sequence {vytnen C U defined by

n
Up = E )\juj
j=1

converges in U, if and only if X € (2.

PROOF. Assume first that the sequence {v,},en converges to some v € U.
Then it is necessarily bounded and thus there exists R > 0 such that ||v,|| < R for
all n € N. Now we note that, by Pythagoras’ theorem, using the orthonormality of
the system {uq,us,...},

n n
R® > floall® = _INPllus 1 = D In
j=1 j=1

Since this holds for all n € N, it follows that A\ € £2.
Assume now that A € 2 and let € > 0. Then there exists N € N such that

o0
Z |>\j|2 < 52.

J=N+1
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Now assume that n, m > N. Without loss of generality assume that m > n. Then

N DY IS S SRV

j=n+1 j=n+1 j=N+1

This shows that {v, },en is a Cauchy sequence. Since U is a Hilbert space and thus
complete, it follows that the sequence {vy, },en converges. O

THEOREM 5.5.19. Assume that U is an infinite dimensional Hilbert space and
that {u1,us,...} CU is an orthonormal system. Denote moreover
W = span{uy, ug,...}.
Then

o () = D)y

forallueU.

ProOOF. By Bessel’s inequality we have that
oo
D uup) P < lull?,
j=1

which shows that the sequence {(u,u;)};en is contained in ¢2. Thus

n

o0
z = Z(muj)uj = nh_)rr;O Z(u,uj>uj
j=1 :

j=1

exists in U. Moreover, by definition z is the limit of a sequence in span{uy,us, ...},
which implies that z € W.
It thus remains to show that u — z € W+. Now let k& € N be fixed. Then

n

(z,ug) = lim Z<<u,uj>uj,uk>

n—oo

Jj=1

n

= lim Z(u,uj><uj,uk> = (u,ug),

n—roo

j=1
as (u;,ur) = 0 whenever j # k and (uy,u) = 1. Thus
(u— z,up) = (u,ug) — (u, ug)
for all £ € N and thus
w—z € {ur,uz,... Y = spanlug,ug, .} = W,
Thus we have shown that 2 € W and u—z € W+, which proves that z =y (u). O

REMARK 5.5.20. Assume that U is a Hilbert space and that {uy,us,...} is an
orthonormal system in U. The numbers (u,u;) are sometimes called the (general-
ised) Fourier coefficients of u with respect to the system {uq,usa,...}.

DEFINITION 5.5.21 (total subset). An orthonormal system {ui,ug,...} in a
Hilbert space U is total or maximal, if

span({u1, us,...}) =U,

or, equivalently, if
{ul, Uug, . . .}L = {O}
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DEFINITION 5.5.22 (Hilbert basis). An orthonormal system {uj,us,...} in an
infinite dimensional Hilbert space U is an orthonormal basis or a Hilbert basis of

U, if
u= Z(u,uj>u]
j=1

for all w € U.

THEOREM 5.5.23. Assume that U is an infinite dimensional Hilbert space and
S ={uy,us,...} CU is an orthonormal system. The following are equivalent:

(1) S is total.
(2) S is a Hilbert basis of U.
(8) For every u € U, Parseval’s identity

(60) ZH%U;‘)IQ = [|ull®

holds.

PROOF. Assume that S is total. Then S+ = {0} and thus U = span S. Thus
we have for all u € U that 7 5(u) = u. Thus

oo

U= 7Tspanf_-?(u) = Z(U, U’J>u3
j=1

Since this holds for all uw € U, it follows that S is a Hilbert basis of U.

Assume now that S is a Hilbert basis of u. Then

E U u]
J=1

and thus

oo
2 .
fo? = [ i, 3w = \Zu ws|

<
oo

=t S M = Sl )P
j=1 j=1

Thus Parseval’s identity holds.
Finally assume that Parseval’s identity holds and let u € S*. Then (u,u;) = 0

for all j € N and thus
ul> = " [u,uy)* =0,
j=1

showing that u = 0. Thus St = {0} and therefore S is total. O

LEMMA 5.5.24. FEvery infinite dimensional Hilbert space contains an infinite
orthonormal system.

IDEA OF PROOF. Choose an infinite, linear independent sequence in U. By
applying Gram—Schmidt orthogonalisation to this sequence, we obtain an infinite
orthonormal system. O

THEOREM 5.5.25. Fwvery infinite dimensional separable Hilbert space has a Hil-
bert basis.

IDEA OF PROOF. Apply Gram—Schmidt orthogonalisation to a countable dense
subset. O
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In particular, we obtain from this result that every separable Hilbert space
“looks like” the sequence space £2.

COROLLARY 5.5.26 (Riesz—Fischer). FEvery infinite dimensional separable Hil-
bert space is isometrically isomorphic to 2.

PROOF. Let U be an infinite dimensional separable Hilbert space, and let
{u1,us, ...} be a Hilbert space basis of U. Define the mapping T: U — 2,

Tu = ((0,05))

Then every vector v € U can uniquely be written as

U= Z<u7uj>uj7
JEN
which implies in particular that T is injective and surjective. Moreover, by Par-
seval’s identity we have that

lulldr = 1w, u) P = | Tullee
jEN
for all v € U, which proves that T is an isometry. 1

EXAMPLE 5.5.27. In the space ¢2 the set {e; : j € N} of unit sequences is a
Hilbert basis.

EXAMPLE 5.5.28. Let L2([0,27], C) denote the space of square integrable com-
plex valued functions on [0,27]. That is, L?([0,2n],C) is the completion of the
space C([0,27],C) of continuous complex values functions on [0, 27] with respect
to the norm

27T
1 £z :/O (@) 2 da,

which is induced by the inner product

2

(f,9) = f(z)g(x) du.

0

Then the set of functions 1

falz) == \/TTTEW

for n € Z is a Hilbert basis (the Fourier basis) of L?([0,2x],C).

The structure of general Banach spaces is much more complicated, and there
exists no result similar to the Riesz—Fischer theorem for Banach spaces. However,
the following result states that at least finite dimensional normed spaces cannot be
“too different” from each other.

THEOREM 5.5.29. Assume that (U,||"||) is a finite dimensional normed space
and that |||l and ||| are two norms on U. Then there exist constants 0 < ¢ < C
such tha

cllulla < lullp < Cllulla
for allw € U. In particular, a sequence {un}neny C U is a Cauchy-sequence (con-
verges) with respect to ||-||a, if and only if it is a Cauchy-sequence (converges) with
respect to ||-||p-

COROLLARY 5.5.30. Every finite dimensional normed space is complete.

REMARK 5.5.31. Assume that U is a (not necessarily complete) normed space
and that W C U is a finite dimensional subspace. Then it is In particular, this
implies that finite dimensional subspaces of normed spaces are necessarily closed.

4Norms with such a property are said to be equivalent.
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6. Galerkin’s Method

We will now provide a glimpse into the theory of numerical functional analysis,
that is, the (approximate) numerical solution of equations in infinite dimensional
spaces. One central idea there, which builds on everything that we did in this course,
is the so called Galerkin method. The basic idea in this method is that one tries
to approximate an infinite dimensional problem by a sufficiently high dimensional
finite dimensional one. As a preparation, we return once to least squares solutions
of linear systems.

THEOREM 5.6.1. Assume that U and V' are Hilbert spaces, that T: U — V
is bounded linear, and that v € V s given. Then u € U solves the least squares
problem

1 in||Tu — v|?
(61) min|[Tu — o]}

if and only if u solves the normal equation

(62) T*Tu = T*v.

PROOF. The least squares problem [61]is equivalent to the problem
63 min ||w — v||?
( ) wGran(T)” ||V

in the sense that w solves if and only if w = Tu for some solution u of (61)).
Since is just a projection problem, we know that w € V is a solution of (63))
if and only if

weranT and w—v € (ranT)* = ker(T*).

That is, w = Tu for some v € U and T*(w — v) = 0. This, however, is in turn
equivalent to the normal equation T*(Tu — v) = 0. O

REMARK 5.6.2. Note that it can happen that neither of the problems (61)
or has a solution. A part of the claim of the theorem is, however, that if one
of the problems has a soultion, then so has the other.

Assume now that U and V are infinite dimensional Hilbert spaces, that T: U —
V is bounded linear, and that v € V is given. Our goal is the solution of the equation
Tu = v. Since we cannot really do so in this infinite dimensional setting, we have
to apply some form of discretisation. The idea of Galerkin’s method is to do this
by “projecting” the problem T'u = v to a finite dimensional subspace of U.

Assume therefore that W C U is some finite dimensional subspace and denote
by S :=T|w: W — V the restriction of T to W. Then we can consider the least
squares problem

in||Su — v||2.
gélvr[}l\ u— vy

That is, we try to find a “best solution” of the infinite dimensional problem within
the finite dimensional subspace W. In view of the previous result, this is equivalent
to solving the normal equation

(64) S*Su = S*v,

where S*: V — W is the adjoint of S = T|w. Note moreover that this problem
necessarily has a solution, because W, and therefore also ran(.S), is finite dimen-
sional.

Assume now that {u1, us,...,un} is a basis of W. Then u € W solves (64)), if
and only if

(S*Su, u;) = (S*v, u;)
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for all 1 <4 < N. By the definition of the adjoint S* of S, this is equivalent to the
system of equations

(Su, Su;) = (v, Su;)
for all 1 <4 < N. Moreover, by definition Su = Tu for all w € W and thus we
obtain the system of equations
(65) (Tu, Tu;) = (v, Tu;) forall 1 <i < N.

Finally, we will rewrite this system in matrix-vector form. Since {uq,...,un}
is a basis of W, we can write every solution u of (65) as

N
u = E iEj’LLj
Jj=1

with unique coordinates z1,...,xx € K. Inserting this form of u in (65)), we obtain
the system of equations

N

(66) ij<Tuj,Tui> = (v, Tu;) forall1<i< N
j=1

for the coordinates x1,...,xn of u. Now define the matrix

i,j=1,..,N
and the vector
b= (<U7Tui>)i=1,.i.,N'
Then the system can be written in matrix-vector form as
Ax =b.

Note moreover that, by construction, A = AY is a Hermitian matrix and that
b € ran A. In particular, the equation has a solution in K™. Moreover, if T is
injective, then the solution is unique.

Now an important question is, whether this actually yields an approximation
of the solution of the infinite dimensional problem. That is, if we increase the
dimension of the discretisation space W, do we get closer to solving the original
problem? The following results provides an answer to this question:

THEOREM 5.6.3 (Convergence of Galerkin methods). Assume that U and V are
infinite dimensional Hilbert spaces, that T: U — V is bounded linear and invertible
with bounded linear inverse T~1: V — U. Assume that v € V is given and denote
by ut € U the unique solution of the equation Tu = v.

Assume moreover that {uy,us, ...} is a Hilbert basis of U. For N € N denote

Wy := span{uy, ug,...,uny} CU
and denote by u™N) € Wy the (unique) solution of the problem
(67) min [Tu— ol

Then

uf = lim M.
N—oo

PROOF. Since T~': V — U is bounded linear, we can estimate
[u™) = uflo < T oo ITe™ = Tul v = |77 Lvo) ITut™) = ol

Thus it is sufficient to show that || Tu™) —v|y; — 0. Since u™¥) solves the least
squares problem we have that

I1Tu™ —wlly < [Ty (u) —llv
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for all N € N.
Since {u1,ua,...} is a Hilbert basis of U we have that
N
Ty (W) = (ul, uy)u,
j=1
and thus
N
i, o ) = Jim D iy = '
=

Because of the boundedness of T', this implies that
lim Ty, (ul) = Tu = v.
N—oco
Thus
lim [|Tu™) —o|ly < lim ||Trw, (uh) —ofv = 0.
N —oc0 N —oc0

O

REMARK 5.6.4. In the proof of the previous result, we actually obtain the
concrete estimate

™ —uf |y < Tl 1T o lut = mw, @h],

which can be rewritten as
o0

[a™ =ty < 1Tl 1T ey Sl ul?.
n=N+1
The approximation error thus depends on the decay properties of the generalised
Fourier coefficients of the true solution u'; the faster these decay, the better the
approximation.
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