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Exercise set Challenge 2

This exercise set contains a challenging and interesting, but optional exercise!

Prove the following theorem: The equation
Z+ f(x)d+g(x)=0
has no periodic solution if

e f and g are Lipschitz continuous

e F(z) = [; f(u)du is an odd function with F”(0) > 0

e F(z) is zero only at + = —a, x =0, x = a for some a > 0
e F(x) — oo as x — oo monotonically for z > a

e g(x) is an odd function, and g(z) > 0 for > 0.

In particular, all solutions tend to (0,0) as ¢t — oc.

Hint: The proof follows closely the one of Theorem 11.4 in Jordan and Smith, where
it is proven that
The equation

¥+ f(z)i+g(x) =0

has a unique periodic solution if

e f(x) and g(x) are Lipschitz continuous
z) = [y f(u)du is an odd function with F'(0) <0

F(
o F(x) is zero only at x = —a, © =0, x = a for some a >0
B(

x) — 0o (x — 00) monotonically for x > a

e g(z) is odd and g(x) > 0 when x>0

April 13, 2018 Page 1 of 1



