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1. Limit theorems

One of the main advantages of the Lebesgue integral over the Rie-
mann integral is the availability of limit theorems, which allow us to
calculate or estimate integrals of possibly complicated functions with
mimimal effort.

THEOREM 1.1 (Monotone convergence theorem). If f,, is a sequence
of non-negative functions and f1 < fo < ... almost everywhere then the
limit function f = lim,, f, satisfies SX fdp =lim, SX fndu.

The proof is simply an adaptation of the construction of the integral
of a non-negative measurable function by approximating it with simple
functions.

Notice that we do not assume functions f,, to be integrable. The
limit function f is well defined almost everywhere if we allow it to
attain infinite values.

THEOREM 1.2 (Fatou Lemma). If f, is a sequence of non-negative
functions then

J liminf f, dp < lim inff fndp.
x " n X
PRroOF. By denoting
gn = inf fk7 f = hminffn7
k=n n

we obtain g, < f,, 0 < ¢ < ¢go < ... and lim, g, = f. Hence from the
monotone convergence theorem we get

f fndu>f gnduﬁf fdp,
X X X

and then the result follows immediately. O

EXAMPLE 1.3. Suppose f, = L n41)- Then liminf, f, = 0, while
SR fndX\ =1 for every n. This simple example shows that the Fatou
lemma indeed requires an inequality. It is also an easy way to remem-
ber, in which direction the inequality is pointing.

THEOREM 1.4 (Lebesgue dominated convergence theorem). Let f,,
and g be measurable functions such that SX gdu < oo and for every n
the inequality |f.| < g is satisfied almost everywhere. If f = lim, f,
almost everywhere then

1imf |fo— fldp =0 and ffd,uzlimj fr dp.
moJx X moJx

PrOOF. Let h, = |f, — f| and h = 2g. Then h,, — 0 almost
everywhere and 0 < h,, < h. Thus by applying the Fatou lemma to the
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sequence h — h,, we obtain

J hd,u—f liminf(h — h,) dp < liminfj (h — hy) du
X x " X

n

:f hd,u—limsupf Iy, dp.
X n X

This gives us limsup, §, h,dp = 0, because §, hdu < . But be-
casue h,, are non-negative we also have liminf,, SX h,dp = 0 and so
lim,, SX Iy, dp = 0.

Thus we have shown that §, |f, — f|du — 0. Because

| ptn= | ran< ] 18- fdn

the second relation follows from the first. O

EXAMPLE 1.5. Let X = [0,1] and f, = nlypi/m). Then we have
fn — 0 A-almost everywhere, but 5[0,1] fnd\ = 1. The assumption
of “dominated convergence”, appearing in (the very name of) Theo-
rem 1.4 is therefore important.

COROLLARY 1.6. Let u(X) < o and let functions |f,| < M for
some number M > 0. If f = lim,, f,, almost everywhere then SX fdu =

lim,, SX fndp.

The following theorem tells us that we can use the integral to pro-
duce new measures. When reading the statement below think for ex-

ample of the bell-curve f(x) = \%e*‘”Q and g = A. In this way we may

define the normal probability distribution A(0,1) as a measure.

THEOREM 1.7. If f is a measurable and non-negative function on
a measure space (X, %, u) then the set function v : ¥ — [0, 0] given
for every Ae ¥ by v(A) =, fdu is a measure on X.

Proo¥r. By the properties of the integral, we know that v is an
additive set function on . If A, 1 A for some sets A,, A € X then
14, is a non-decreasing sequence of functions converging to 14, while
f1a, — f14. By the monotone convergence theorem we thus have

v(A) = JAfd,u = J;( fladp = liyranX fla, du= hrIznV(A">

Hence v is continuous from below and thus countably additive (it is a
measure). d

2. Convergence in measure

In this section we consider another notion of convergence for se-
quences of measurable functions. For us, it will only be important in
the proof of completeness of LP spaces at the end of this part of the
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notes. If you are willing to accept this result without a rigorous proof,
you may skip this section.

DEFINITION 2.1. We say that a sequence of measurable functions
fn+ X — R converges in measure to a function f if for every ¢ > 0 we
have

i u((z | fu(a) = £(a) > <)) = 0.
In such case we denote f, = f.

PROPOSITION 2.2. A sequence which converges almost uniformly,
converges in measure.

Proor. If functions f, converge to f almost uniformly, then for
every € > 0 there exists a set A such that p(A) < e and | f,(z)— f(x)] <
e for large enough n and all x ¢ A. Thus {z : |f.(x) — f(z)| = e} < A

and p({z : [fu(z) — f(z)] = e}) < p(A) <e. O
REMARK 2.3. Let f,, : [0,1] — R denote the sequence
Loy Toa/2, Tpuzzys Tpoguyars Lpyjaagey, -
We can check that f,, converges to 0 in Lebesque measure, but
limninf fu(z) =0, limsup f,(x) =1 for every x € [0,1],
so the sequence doesn’t converge almost uniformly.

LEMMA 2.4 (Chebyshev inequality). If f is a measurable function
then for every e > 0

Sulte s @) =) < | 1fld

{z : |f(z)] = €}. Then |f|14. = €14 and
en(Ae) O

PROOF. Let A, =
SX|f|d:u> SAE |fldu =

THEOREM 2.5 (Riesz). Let (X, %, u) be a finite measure space and
let f, + X — R be a sequence of measurable functions satisfying the
Cauchy condition in measure, i.e.

i (e 1fof@) = fula)] = £}) =0

for every e > 0. Then

e there exists a subsequence n(k) € N, such that the sequence of
functions fnu) s convergent almost everywhere;
e the sequence f, converges in measure to some function f.

PRrROOF. Notice that the Cauchy condition we assumed implies that
for every k there exists n(k), such that for any n,m = n(k) we have

p({z 1 fal@) = fnl2)] = 1/2%}) < 1/2,
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and in addition we can take n(1) <n(2) <.... Let
Ep = A{z | fagw (@) = famsny (z)] = 1/27}, Ay = U E,.
n=k
Then p(A;) < 1/2%71 and hence the set A = (), Ay has measure zero.
If x ¢ A then for every k such that x ¢ Ay and every ¢ > k we have
| futy — Fativn)| < 1/2°.
It follows from the triangle inequality that for 5 > ¢ > k we have

This means that for x ¢ A the numerical sequence f,;(x) satisfies the
Cauchy condition and hence converges to a number, which we (unsur-
prisingly) denote as f(z). In this way we obtain that f,) converges
almost everywhere to the fuction f and this proves the first part of the
theorem.

In order to verify the second part it suffices to notice that f, = f,
which follows from

{z:|fulz) — f(2)] = €}
< {z: | fulz) = fa (@) = g} Az | fu () = f(2)] = 2},

and the Cauchy condition for the convergence in measure. O

3. The p-norm and useful inequalities

LEMMA 3.1 (Young inequality for products). For any positive num-
bers a,b,p,q, if 1/p+1/q =1 then

ab b
ab < — + —.
p q
b /

a

FIGURE 1. Young inequality: the rectangle [0, a] x [0, ]
is covered by the blue and red areas, but there is an
excess of blue, hence the inequality.



PRrROOF. Consider the function f(t) = tP~! on the interval [0, a]. We
assume p > 1 therefore f has the inverse function g(s) = s/®~Y. Note
that the areas under the graphs of f : [0,a] — R and ¢ : [0,0] — R
cover the rectangle [0, a] x [0, b] (see Figure 1).

Thus
a b p|® q|b P a
ab < f 1 at +J SU/=1) g — o8 _ae b_’
0 0 Pl q 1o p q
because 1 + 1/(p—1) =p/(p—1) =q. 0

DEFINITION 3.2. For every measurable function (integrable or not)
f:X — R and p > 1 the expression

1/p
£l = ( L|f|”du>

is called the p-th integral norm, or p-norm for short, of the function f.

THEOREM 3.3 (Holder inequality). For every pair of functions f,g
and numbers p,q > 0 such that 1/p + 1/q = 1 we have the following
inequality

Ifgl = L - gldu < 11, - gl

PROOF. The inequality is obviously true if one of the norms on the
right-hand side is infinite. Otherwise, for a given x € X we substitute

U@, le@)
i Tl

into the inequality in the previous lemma in order to obtain (for every
reX)

[f)-g(@)] 1 [f@)F 1 lg(=)]

S +_' .
Ifle-lgle 2 If1l5 a  lgld

By integrating the last inequality we get

[ 1ratauls-tola < 19+ 10 -1 0
X

THEOREM 3.4 (Minkowski inequality). For every pair of functions
f,g and a number p = 1, we have the following inequality

If +glp < 1Flp + gl

PROOF. The inequality is satisfied for p = 1. For p > 1 we may
find a number ¢ satisfying the condition 1/p + 1/¢ = 1. Notice that
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(p—1)qg = p and p/q = p— 1. We use the Holder inequality to get
If 1y = | 1+ 9P dn
X

< f L 1f + gl du+f gl - 1f + g di
X X

1 1
<ty [ 15+ o) ol [ 17+ g1 nan)
X X

1

= Uty #laly)-( [ 1r+atran)” = (71 #lal) 17 ol

We now divide both sides by | f + g|%/? and we get result.
Note that in order for this proof to be entirely correct, we need to
verify that | ]y, |gl, < o implies | £ + gl < o. O

So far we defined the integral for real-valued functions, but in the
context of Fourier analysis, we have to deal with complex values. Here
is a technical description of what needs to be done. The take-home
message is: the integral is defined in the most natural way and every-
thing works as expected.

Consider measure spaces (X,>, u) and (Y,0,v). We may then
define

Y®0=0({AxB: AcX, Be©}),
which is a o-field of subsets of X x Y. Similarly, we may define
(h®v)(Ax B) = u(A) - v(B),
and show that u ® v extends to a measure on (X x Y, X ® 0). It can
also be shown that
Bor(R x R) = Bor(R) ® Bor(R).

This allows us to easily consider spaces of functions of complex
values. For a measure space (X, u) and a function f : X — C we
say that f is measurable if f~![B] € X for every Borel set B < C. Here
C may be identified with R x R and so Bor(C) = Bor(R) ® Bor(R).

We may express such a function as f = Re f + ¢Im f, where Re f
and Im f are real-valued functions. Then f is measurable if and only
if Re f and Im f are measurable.

Hence if f is measurable then its modulus | f| = 4/(Re f)2 + (Im f)2
is measurable as well. The function f is integrable when {, | f| du < oo,

while
f fd,uzf Refdu+if Im fdu
X X b's

defines the integral. The basic properties of the integral remain valid.




Notice that the p-norms of complex-valued functions may be con-
sidered with the definition unchanged.

4. Banach spaces of p-integrable functions

Recall that a norm on a linear space X is a function ||- | : X — C
(or X — R) such that
(1) |z|| = 0 for every x € R? and |z| = 0 if and only if 2 = 0;
(2) (triangle inequality) |z + y| < |z|| + |y for every z,y € X;
(3) (homogeneity) |az| = |a||z| for every x € X and every a € C
(or a € R).

DEFINITION 4.1. A normed space (X, ||-|) is called a Banach space
if the metric induced by the norm is complete, i.e. for every sequence
x, € X satisfying the Cauchy condition

lim |z, — x| =0,
n,k— o0

there exists x € X such that |z, —z| — 0 (z is the limit of the sequece).

The p-norm function |- |, is in fact a norm: Minkowski inequality is
the triangle inequality for || - |, and homogeneity follows directly from
the properties of the integral.

The only problem is with the first axiom, since |f], = 0 is only
equivalent to saying that f = 0 almost everywhere.

DEFINITION 4.2. For a given measure space (X, %, 1), by LP(u) we
denote the space of all measurable functions f : X — R for which
|fl, < co. Elements of LP(u) which are equal almost everywhere are
identified as classes of abstraction.

In this way LP(u) equipped with the p-th integral norm becomes
a normed space (strictly speaking, we first have to show it is a linear
space, see Problem 1), but formally speaking it consists not of func-
tions, but classes of abstaction (of functions). Most often. however,
we may still refer to the elements of LP(u) as functions without any
confusion.

It is nonetheless important not to forget about this distinction. For
example, if f is a measurable function and [ f] is its class of abstraction
such that f € [f] € LP(\), then for a chosen point x € R the value [ f](x)
is undefined, since a single point has Lebesgue measure zero. In fact,
[f] contains functions attaining all possible values at .

Notice that if f, — f almost everywhere, then the same is true
for every representative of the respective classes of abstraction, while
it is not true for the actual pointwise convergence (everywhere without
“almost”).

In different contexts, LP(u) may also be denoted by LP(X, 3, i) or
as LP(X). For example, we usually write LP(R) or LP(T) to refer to
spaces defined using the Lebesgue measure on R or T.
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THEOREM 4.3. For every p = 1 the space LP(u) is a Banach space.

PRrROOF. Consider p = 1 and let f,, € L'(u) be a Cauchy sequence
in the norm | - |1, that is

lim f |fn - fk| dp = 0.
X

n,k— o0

Then for € > 0 it follows from the Chebyshev inequality that
[ 100 iz e (fo: 1fule) - )] = 23),
b's

which means that f,, is a Cauchy sequence in measure.

It follows from the Riesz theorem that there exists an increasing
sequence ny, € N and a function f such that f,,, — f almost everywhere.
On the other hand, the Fatou lemma gives us

f |fldp < liminff | fanl dpt < 0,
X k b'e

because the Cauchy condition implies that the sequence of integrals
§x [ful dpe is bounded.
Using the Fatou lemma once again we obtain

X x J

< limvinff |fn; — [l dp < g,
J X

for k£ large enough. Finally, because

[ s [ 15 paldus [ 15 sl

we obtain that f is in fact the limit of the sequence f, in the space
L'(u). The proof for p > 1 is a rather mechanical modification of this
argument. U

Finally, we introduce the L*(u) space.
DEFINITION 4.4. We define the p-norm for p = o by
| flo =inf {C =0: |f(z)| < C for almost every z € R*}.
We define the space L*(u) by
L*(pn) ={f: X - R: fis measurable and |f|, < 0},
where again we identify functions which are equal almost everywhere.

Despite a somewhat different definition of L* (), we may prove the
following theorems which show that it belongs with other LP(u) spaces.

THEOREM 4.5. L*(u) is a Banach space.

THEOREM 4.6. Let pg = 1 and f € LP(u) for all pg < p < oo. Then
fe L () and limy oo | flp = [ f]e-
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Questions:

e Can you give an example of a sequence of functions, which
illustrates that f,, > 0 is a necessary assumption in the Fatou
lemma?

e Can you write a “reverse” Fatou lemma, where lim sup is in-
volved?

e Can you use the dominated convergence theorem to strenghten

the Fatou lemma by replacing the assumption f, > 0 with

fn = g and g is integrable?

Can you draw the counterexample to the dominated conver-

gence theorem described in Example 1.57

Can you prove Corollary 1.67

Can you draw the Chebyshev inequality on a picture?

Can you prove that R? and C? are Banach spaces?

Can you think of any other spaces that are Banach spaces?

Problems:

PROBLEM 1. Check that |a+b[? < 2¢/(|a|P +[b|P) for 1/p+1/q = 1;
deduce that LP(u) is a linear space.

PrROBLEM 2. Show that simple functions are a dense subset of
LP(p); show that C[0,1] is a dense subset of LP[0,1].

PROBLEM 3. Show that C'(R) is not a subset of any LP(R); show
that CP(R) and S(R) are dense in LP(R).

PROBLEM 4. Let (X, X, u) be a finite measure space. Prove that
LP(X) < L9(X) for p < q.



