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1. Central limit theorem
1.1. Preliminaries.

DEFINITION 1.1. Suppose (R, Bor(R), i) is a measure space such
that u(R) =1 (we say that u is a probability measure). Let

0,(6) = | e utde) = | cos(éa)p(da) + 1 | sin(éa) ().

R
We call ¢, the characteristic function of the measure .

Notice that the characteristic function is nothing else but the inverse
Fourier transform, up to scaling by 27 — and it so happens in probability
theory, that it would most often be an irrelevant constant.

More precisely, recall that for every non-negative function f €
L'(R,d)\) we may define a measure u by

u(a) = |

and then (up to scaling)
0u() = | e ntae) = [ e p(a)ds = fie),
R R

hence the definition is indeed just an extension of the inverse Fourier
transform we are familiar with.

REMARK 1.2. Notice that since p is a finite measure, we have

jR 6% ju(d) = p(R) = 1,

hence the integral describing ¢, s always well-defined. In fact, we
can show that it is a bounded continuous function (see Problem 1).
However, for a general measure, the Riemann-Lebesgue lemma is no
longer true (what is the characteristic function of §o?).

For general finite Borel measures pq, o on R we may also define
the operation of convolution, the result of which is again a finite Borel
measure

(p1 * pig)(A) = LJR La(z +y) pa(dr) pa(dy).

Notice that if both measures are defined by integrable functions, i.e.
pi(A) = §, f(x)de and ps(A) = §, g(z) dz then

() = [ [ Late ) @)gto) dody
_ f f ILA(a:)f(m—y)g(y)dydx:L f f(o - v)oly) dy ds
- [ o@ar
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This means that the measure p; = uo is defined by the integrable funtion
f =g, as we would expect.

If both p; and po are probability measures then py * py is also a
probability measure.

Just as well, some of the fundamental properties of the Fourier
transform are still valid for measures, which we may formulate using
the notion of characteristic functions. The following proposition is one
of them.

PropPoOSITION 1.3. If ¢, and ¢,, are the characteristic functions
of probability measures py and pia then ¢ s, = Ouy - Ous-

1.2. Inversion and the Uniqueness Theorem. A character-
istic function ¢ uniquely determines the measure g it comes from.
This observation builds on the discussion about inversion of the Fourier
transform from the previous set of notes (most importantly, recall that
we cannot use the inverse transform directly).

THEOREM 1.4. If the probability Borel measure p on R has char-
acteristic function ¢, and if p({a}) = p({b}) =0, then

T —ifa _ —itb
O plab) = lim — f e e d.

T—ow 2T J_p 1€
Distinct measures cannot have the same characteristic function.

PROOF. Assume the inversion formula (1) holds. Let x4 and v share
the same characteristic function. Notice there may only be a countable
number of points such that such that p({a}) # 0 or v({a}) # 0. For
any interval which doesn’t have one of its ends at one of such points we
have pla,b) = v[a,b). Such intervals form a ring generating Bor(R),
hence p = v.

Denote by I the quantity inside the limit in (1). By changing the
order of integrals! we get

1 T _i&(z—a) _ i&(z—b)
Ir = —f J ¢ _c dt p(dz).
2w JrJor U3

Let

We can show that
lim S(T) = g

T—o0

1t is outside the scope of this course, but one always needs to be extremely
careful with changing the order of integrals: look up the Fubini-Tonelli theorem.
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Moreover, if

-1 if6 <0,
sgnf = 0 ifd=0,
+1 if6>0,

then

T .
Jo SH;(% dt = sgndS(T|]).

Using the Euler formulas and the fact that sin s and cos s are odd and
even, respectively, we thus obtain

IT=Lle(T|x—aD—wS(T\x—b\) u(dz).

™

The integrand here is bounded and converges as 1" — o to the function

(0 ifr<a

s ifz=a
Yap(z) =<1 fa<z<b

% ifx=2»5

0 ifb<zx

\

Thus, using the Lebesgue dominated convergence theorem, we obtain
Iy = §apdp = p([a,b)), if only p({a}) = u({b}) = 0. O

1.3. The Continuity Theorem. Because of the results presented
in this section, characteristic functions can also be used to facilitate
studying limits of measures — but first we need to introduce a notion
of such limits, called (most often) weak convergence.

DEFINITION 1.5. We say that a sequence of probability Borel mea-
sures i, converges weakly to the measure p if for every bounded con-
tinuous function g we have

lim | gdu, = J gdpu.
n—0o0 R R

We denote p,, = p.

THEOREM 1.6. The following are equivalent

(1) p, converge weakly to p;
(2) for every closed set A we have

lim sup p, (A) < pu(A);

n—o0

(3) for every open set A we have

liminf p,(A) = p(A);
n—aoo
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(4) for every Borel set A with p(bd A) = 0 we have
lim i (4) = u(4).

The proof is not very complicated, but unfortunately it is outside
the scope of this course. For more details, you can read Chapters 25
and 26 in P. Billingsley Probability and Measure, Third Edition, Wiley
1995.

The following theorem is called the continuity theorem and it
is an essential tool in probability theory, making it one of the most
important applications of the Fourier transform.

THEOREM 1.7. Let pi,,, 1 be probability measures with characteristic
functions ¢, ¢. Then p, = p if and only if p(§) — @(&) for every &.

PROOF. Notice that z — €™ is a bounded continuous function for
every £. It therefore follows directly from definition of weak conver-
gence that if p, = p then ¢(§) — ¢(&) for every &.

Let g € S(R). Then we have

f £)(e dgf 2) pn (),

which, like the case in L'(R), can be proved by extending the same
formula known for u, in the Schwartz class.

Letting n — oo, the Lebesgue dominated convergence theorem im-
plies that

fim | ga) a(dx) = Tim | 0(E)onlc) de

n—0o0 R n—0o0

- waf)ezs(s) dé = j 9(z) p(d)

For an interval (a,b), let g* € S(R) be such that g~ < Ly < g7.
Then

lim sup p1, ((a, b)) < lim suprng(a:) i (dz) = JR g" (z) p(dz),

n—o0 n—o0

liminf i, ((a,b)) = liminf | ¢~ (2) p,(dz) = J g (x) p(dz).

Now we let g* | L(ap) and g~ T L(ap) to conclude that

p((a,b)) < liminf p,((a, b)) < limsup p,((a, b)) < p([a,b]).

If p({a}) = u({b}) = 0, then the extreme values are equal, so that the
limit exists as required. Il



1.4. Central limit theorem, analytical version. Another ap-
plication of the Fourier transform is the central limit theorem. Formu-
lated in the language of analysis, it is not very complicated. We are
going to discuss its proabilistic formulation as well in the following sec-
tions. Notice how it depends on the special properties of the heat kernel
(the Gaussian function) in connection with the Fourier transform.

THEOREM 1.8. Suppose that p is a Borel measure on R such that
w(R) =1 and in addition

J zpu(dr) =0 and f 2% pu(dr) = 0® < o
R R

Then for every interval A (or every Borel set A) we have

]_ 2 2
Hm (s ps-- e p)(VnA) = Jew/g dz.
N—0 N — g 2’/T A

n times

Notice that the type of convergence that we see in the formulation of
the central limit theorem is exactly the weak convergence of measures.
We call the measure on the right hand side the Gaussian measure
(with mean 0 and variance o?).

ProOOF. We compute the characteristic function of the convolution
in question. Thisis [¢,(£//n)]". The Taylor expansion of this function
at £ =01is

5202

Qbu(f) =1 +0(€2)'

The characteristic function of the Gaussian measure with mean zero
and variance o2 has the same Taylor expansion.

Notice that if a, b are complex numbers with |a| < 1, [b| < 1, then
la™ — b"| < n|a — b|, hence we can write

[ (& — e < nl[g,(e/ V)] — €|
But from the Taylor expansions

Sul&/v/n) — e €17 = o(1/n),

which proves that lim, . [6,(¢/v/n)]" = ¢ ¢/2”. The conclusion now
follows from the continuity theorem (and the uniqueness of the inver-
sion). d

1.5. Independence. In order to discuss probability theory, we
have to adjust our language.

Let (€2,%,P) be a probability space. Every set A € X is called
an event. Every measurable function X : Q@ — R (or C) is called a
random variable.
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Every real valued random variable has a corresponding distribu-
tion, which a probability measure on R, defined by

u(4) = P({x1()}).

By E[X] we denote the expectation, which is simply the integral

E[X] = LXdP = JRx,u(dx).

In the same way we may define the variance Var(X) = E[X?|-E[X]?,
where E[X?] = {, * u(dx).

If 1 is the distribution of the random variable X then we also call
¢, the characteristic function of X and we have

0,(6) = E[iEY] = f €7 pu(dx).

R

We may denote ¢px = ¢,.

DEFINITION 1.9. We say that events A;,... A, € ¥ are mutually

independent if for every I < {1,...,n} we have
P(ﬂAk> =] [P(A)
kel kel

DEFINITION 1.10. By F'x we denote the cumulative distribution
function of a random variable X i.e.

Fx(t) = P({X < t}).

For a vector of random variables (X7, ..., X,,) we denote

.....

DEFINITION 1.11. We say that X; and X, are independent ran-
dom variables if

Fix, x0) (21, 72) = Fx, (21) Fx, (72).

This can be extended to vectors of random variables of any size, follow-
ing the preceding definitions, as well as independence between vectors
of random variables.

ProproOSITION 1.12. If X and X5 are independent random variables
then

E[XlXQ] = E[Xl]E[XQ]'

This property implies an important relation for characteristic func-
tions. If Y; = cos(éX;) and Z; = sin(£X;) for j = 1,2, then (Y3, Z4)
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and (Ys, Z) are independent We thus have

¢X1 (€)ox, (&) = (EV1] +iE[Z1])(E[Y2] + iE[Z5])
EW|EYs] — E[Z1|E[Z5] + i(E1]E[Zs] + E[Z1]E[Y3))
EWY\Ys — Z12, + i(Y1Zy + Z1Y5)]

= E[eif(XIJrXZ)] = ¢(X1+X2)(£)'
Similarly, if X7, ..., X,, are independent, then

s+ X0 (§) = E[G%ZZ:le] HE [e%]
k=1

= o) b (6).

1.6. The central limit theorem, probabilistic version. We
can now reformulate the cenral limit theorem in the language of proba-
bility theory. Notice that it is in fact the same theorem as we already
proved.

Let N denote a random variable with the standard normal distri-
bution:

—2/2 ..

PN € A) J
~Vr
THEOREM 1.13. Suppose that X,, is a sequence of independent ran-
dom variables ha,m'ng the same distribution with mean ¢ and finite pos-
itive variance 0. If S, = X1 + --- + X,,, then

= N.

S, — nc

a\/n

2. Radon transform

Consider a flat section of an object (e.g. an internal organ inside a
human) being scanned by an X-ray beam (see Figure 1)
Let I;, be the intensity of the beam before entering the object and
d be the distance travelled. If the material is homogeneous and p is the
absorption rate (perhaps related to the density, or water content, or
something else that physics and biology can tell us), then the output
intensity is given by I,,; in the following relation
]out = Iine_dp7
However, if the absorption rate p is variable, then
[out = [inei fo(7) dT7

where the integral is taken along the path of the beam L inside the
object. If we artificially put p = 0 everywhere on the outside, then
L may be considered to simply be any given straight line in R2, since
such a change doesn’t affect the value of the integral.
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FiGURE 1. An X-ray beam passing through an object.

Now imagine a CAT? scanner, able to send X-ray beams in all
directions from every point around the section of an organ and then
take a measurement on the opposite side (see Figure 2).

FIGURE 2. A very simple model of a CAT scanner.

To model this situation, we may define the Radon transform

(Rp)(L) = f p(r) dr = 108(In/ Touc),

L

2Computed Axial Tomography; many other instruments are based on the same
principle — in electron microscopy, seismology, etc.
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which, for a given function p, assigns a value to each line L. Since we
are most interested in objects that can be scanned from all directions on
the outside, we could assume that p has a compact support. However,
it is slightly more general, and more convenient, to assume p € S(R?),
which stands for the Schwartz class on R? (defined in an analogous
way to the one-dimensional case). It contains all smooth, compactly
supported functions.

Suppose we know the value of the measurement (like the CAT scan
does), along each line L, but the function p is otherwise unknown — and
it is our goal is to recover this function (since it may give us a picture
of a damaged kidney, or something like this).

First we parametrize the set of lines on the plane R%. By L(t, o) we
denote the line perpendicular to the vector (cosa,sina) and passing
through the point (¢cosa,tsina). It may also be described by the
equation x cosa + ysina = t or the parametrization

Rsuw (tcosa—usina,tsina +ucosa) € L

Thanks to this, way we may define (Rp)(t, «), where t € R, o € [0, 7),
by the formula

(RpXta)=~Lﬁ)pOﬂdT

= f p(tcosa + usin o, tsina — u cos ) du.
R

Notice that if p € S(R?) then for a fixed a we have Rp(-,a) € S(R)
(see Problem 3), hence we may calculate the Fourier transform of the
function Rp along the ¢ variable

Rp)(s.a) = | 5 (Rp)(t.0) d

J e 2”’t§f (tcosa + usina, tsina — ucos o) du dt
R

J

f 6—27szsma§f 6—27Tixcoso¢£p($’ y> dx dy
R

= p(£cosa, Esina),

f —27i(x cos aty sin )€ (g(;, y) dx dy
R

=

where we substituted () = (<% Sino‘)(z) (a rotation) and p stands

for the Fourier transform of p taken in variables x € R and y € R
independently.
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The Fourier transform may be inverted and then we can switch
back to polar coordinates, obtaining

[ .
plr.y) = | | " 5(n, 8) dndo
JR JR
f‘ 7T . .
_ 6271'1(:1:5 cos a+yé sin o) ﬁ(é- coS a,Esin Oé) do ‘5’ d€
JR JO

™ . .
_ J J |§|62m£(:rcosa+ysmaft) (Rp)(t,a) dt dov d§
RJO JR

In this way recovered the function p in terms of the values of the Radon
transform Rp (we obtained the formula for inverting the Radon trans-
form).

Of course, in real life the CT scan can only take a finite number of
measurements. The ”discrete Fourier transform” will be the topic of
the next set of lecture notes.



12

Questions:

e Can you calculate the characteristic functions of the Dirac
deltas dp and 9, y € R?

e Can you prove Proposition 1.3, at least for y1;(A) = §, f;(x) dx?

e Can you justify why for a probability measure i the set A such

that u({a}) # 0 for a € A can only be countable?

Can you define independence for more than two random vari-

ables? Notice that you can define pairwise independence or

mutual independence.

e Can you prove Proposition 1.127

e Can you see that both formulations of the central limit theo-
rem are essentially the same?

e Can you try to define the Schwartz class on R? or R" (remem-
ber that the derivatives in different directions may be mixed)?

Problems:

PROBLEM 1. Prove that for a probability measure u, the charac-
terictic function ¢, is a continuous, bounded function.

T

PROBLEM 2. Prove that limp_, So % dt = 3.

PROBLEM 3. Show that if p € S(R?) then for every a € [0,7) we
have Rp(-,a) € S(R) and

|Rp(t, a) = Rp(t, B)| < Clar = 5.



