
FOURIER ANALYSIS

PROBLEM LIST 6

Problem 1. Let pX,Σ, µq be a measure space. Show that

E « F ô µpEzF q “ µpF zEq “ 0

is an equivalence relation between sets in Σ. Show that

f « g ô µ
`

tx : fpxq ‰ gpxqu
˘

“ 0

is an equivalence relation between Σ-measurable functions.

On pR,BorpRqq we define the Dirac delta measure of the point
x P R by

δxpAq “

"

1, if x P A,

0, if x R A.

Problem 2. Show that for f, g P SpRq we have f ˚ g P SpRq and for
f, g P L1pRq we have f ˚ g P L1pRq

Problem 3. For a measure µ on the space pR,BorpRqq and an inte-
grable function f we define

pf ˚ µqpxq “

ż

R
fpx´ yqµpdyq

Show that we have f ˚ δ0 “ f , i.e. δ0 is the identity element (in the
algebraic sense) of the operation of convolution. Can you say how δ0
is related to approximate identities?

Problem 4. Calculate f ˚ δz for z P R.

Problem 5. Let µ be a finite measure and define

gpξq “

ż

R
e´ixξ µpdxq.

Show that g is a bounded continuous function. Calculate g for µ “ δz,

where z P R. What happens for z “ 0? Can you define zf ˚ δz for a
given function f? What do you notice?
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