Fourier analysis - NTNU 2021

Instructor: Andrés Chirre

PROBLEM SET 2

(16) Suppose that f,g and h are 2r—periodic and integrable functionsﬂ Prove that

(fxg)xh=fx(gxh).

(17) The function P,(f), called the Poisson kernel, is defined for 6 € [—7, 7] and 0 < r < 1 by the series:

E T|n\ein0.

neE”Z

Pr(o) -
(a) Prove that this series converges absolutely and uniformly.
(b) Show the formula
_ 1—7?
- 1—2rcosf+r2’
(¢) Prove that for all 0 < r < 1 we have:

1 (7

),

P(0)

P.(6) =1.

(d) Prove that for every § > 0,
lim P.(0)do = 0.
=17 Jo<|z|<n

(e) Conclude that for any sequence 0 < r,, < 1 such that r, — 1 as n — oo, we have that {P, },>1

is a family of good kernels.

(18) A known-result establishes that the continuous functions on the circle can be uniformly approximated
by trigonometric polynomials.
(a) Use the above mentioned result to prove the following statement: If f is a continuous function
on the circle, and f(n) =0 for all n € Z, then f =0.
(b) Give an example of a function f on the circle, such that f(Qn) =0forallneZ—{0} and f is

not a trigonometric polynomial.
(19) Prove Weierstrass approximation theorem: Let f be a continuous function defined on the interval
[a,b] C R. Then, for any € > 0, there exists a polynomial P such that
|f(z) — P(x)| <e, forz € a,b.

Use this theorem to prove the following statement: If f : [a,b] — R is a continuous function and

b
/ f(z)z" dx =0,

for all integer n > 0, then f = 0.

L We refer as an integrable function to a Riemann integrable function on any compact interval.
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(20) Let N > 1 be a natural number and Fy be the Fejér Kernel. Prove that for z € R, we have

Fy(z) = Nz_:l (1-'}3)&’“.

k=—(N-1)

(21) Let N > 1 be a natural number, Dy be the Dirichlet kernel

N

DN(H) = Z eikev
k=—N
and define L
Ly = % |DN(9)|d6‘

(a) Prove that N
_sin((N 4 1/2)0)
D (9) = sin(0/2)

(b) Prove that there is M > 0 such that:

1 1
— _l<wm
sin 6 0‘_ ’

for 6 € [0,7/2].
(c) Prove that, for N > 2 we havﬂ

2 [T 1
L = — 51 1
. W/O |bm9|(§l:ﬁk+9)do+0()

(d) Prove that, for N > 2:

N g
> — =log N +O(1).
n=1

(e) Conclude that
Ly 4

im = —.
N—=oologN 72
This implies that there is an universal constant ¢ > 0 such that

/ |Dn(6)]d6 > clog N.

—T

(22) Let f be a 2r—periodic and integrable function. Then

lim f(n) = 0.

n—oo

It is known as Riemann-Lebesgue Lemma. (Hint: Use Exercise (18) and the approximation lemma

used in class.)

(23) Suppose that f : [-m, 7] — C such that f(—=) = f(r), and f € C*([—m,7]). Let Sy (f) the partial
sums of the Fourier series of f.
(a) Shows that

Sv()@) -~ f@) = 5- | (Fe — ) — F@) D) dy,

:% -

2 For a function f, the notation f = O(1) means that |f(z)| < M for some M > 0.
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where Dy is the Dirichlet kernel.

(b) Using Riemann-Lebesgue Lemma, conclude that for x €] — 7, 7],

Sn(f)(x) = f(x),

as N — oo

(24) Prove that if a series of complex numbers Y ¢, converges to s € C, then Y ¢, is Cesaro summable

to s.

(25) Let f:[0,27] — C be a continuous function such that f(0) = f(27). Determine the limit

lim " f(x)(cos(nz + n?))? dz.

n—o0 0

(26) Let N > 1 be a natural number and let Dy be the Dirichlet kernel. Define

m(N) = min Dy (z)

z€R
Show that m(1) = —1 and m(2) = —5/4. The purpose of the following items is to show that
()
ngnoo T = 200, (01)
where )
Co = min ——— = —0.21723... (0.2)
zeR T

(a) Using the mean value theorem prove that

N 1 1
Zcos(xk)— —/ cos(xNt)dt| <
k=1 N Jo

X
_27

for all z > 0.
(b) Deduce that, for N > 1 and = > 0,
Dyn(z) 1  2sin(Nz)

1 +2Sin(Nx) <L N
—+— —+——2 tz.
N Nz - N TN Nz

(c) Prove that

m(N) = min Dy(z).
z€[0,m)

(d) Using the definition (0.2)), deduce that there are constants K;, Ko > 0 such that

Ki _ m(N) K,

2co — < — 2 92 B —
- N STy St

for all N > 1. Conclude (0.1)).
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