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SOLUTION PROBLEM 36

1. Minima of Dirichlet kernels

For n P Zě0 we consider the Dirichlet kernel Dn given by

Dnpxq “
n
ÿ

k“´n

eikx “ 1` 2
n
ÿ

k“1

cospkxq “
sin

`

pn` 1{2qx
˘

sinpx{2q
. (1.1)

Let us define the minimum

mpnq :“ min
θPr0,2πs

sin
`

p2n` 1qθ
˘

sin θ
“ min

xPR
Dnpxq , (1.2)

and the universal constant

c0 :“ min
xPR

sinx

x
“ ´0.21723 . . . . (1.3)

Proposition 1. For each n P N, the following bounds hold

2c0 ´
p2π ´ 1q

n
ď

mpnq

n
ď 2c0 `

5.4935

n
.

Proof. We rewrite (1.1) as

Dnpnq “ 1` 2n
n
ÿ

k“1

cos

ˆ

xn
k

n

˙

1

n
.

Using the mean value theorem we get, for x ě 0,
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

k“1

cos

ˆ

xn
k

n

˙

1

n
´

ż 1

0

cospxntqdt

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

k“1

cos

ˆ

xn
k

n

˙

1

n
´

n
ÿ

k“1

ż k{n

pk´1q{n

cospxntqdt

ˇ

ˇ

ˇ

ˇ

ˇ

ď

n
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

ˇ

ż k{n

pk´1q{n

ˆ

cos

ˆ

xn
k

n

˙

´ cospxntq

˙

dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď

n
ÿ

k“1

ż k{n

pk´1q{n

xn

ˆ

k

n
´ t

˙

dt

“
x

2
.

Therefore,

1

n
`

2 sinpnxq

nx
´ x ď

Dnpxq

n
ď

1

n
`

2 sinpnxq

nx
` x. (1.4)

Let x1 “ 4.49340 . . . be the unique real positive number such that

c0 “ min
xPR

sinx

x
“

sinx1
x1

“ ´0.21723 . . ..

Plugging xn “ x1{n in (1.4) we obtain

mpnq

n
ď
Dnpxnq

n
ď

1

n
`

2 sinpnxnq

nxn
` xn “

1

n
`

2 sinpx1q

x1
`
x1
n
ď 2c0 `

5.4935

n
.

On the other hand, using the fact that Dnpxq is an even periodic function with period 2π, it follows that

mpnq “ min
xPr0,πs

Dnpxq. Let ξ P r0, πs be a real number where such minimum is attained. If 2π{p2n` 1q ď ξ ď

1



4π{p2n` 1q, using (1.4) we get

mpnq

n
“
Dnpξq

n
ě

1

n
` 2c0 ´

4π

2n` 1
ą 2c0 ´

p2π ´ 1q

n
.

If 6π{p2n` 1q ď ξ ď π, using the fact that sin t ě 2t{π for t P
“

0, π2
‰

we have

mpnq

n
“
Dnpξq

n
“

sinppn` 1{2qξq

n sinpξ{2q
ě

´1

n sinpξ{2q
ě ´

π

nξ
ě ´

2n` 1

6n
ą 2c0 ´

p2π ´ 1q

n
.

Finally, in the cases 0 ď ξ ă 2π{p2n` 1q or 4π{p2n` 1q ă ξ ă 6π{p2n` 1q, it is clear that Dnpξq ě 0, and

such points will not be points where the global minimum is attained. This concludes the proof. �
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