Fourier analysis - NTNU 2022

Instructor: Andrés Chirre

SOLUTION PROBLEM 36

1. MINIMA OF DIRICHLET KERNELS

For n € Z>o we consider the Dirichlet kernel D,, given by

= _ sin ((n+1/2)x)
Let us define the minimum

sin ((2n + 1)6)

‘= min ———~2 = min D,(z), 1.2
R R (12)
and the universal constant )
. sinz
¢o := min =—0.21723.... (1.3)
zeR X
Proposition 1. For each n € N, the following bounds hold
21 — 1 5.4935
2co — ( il ) < m(n) < 2¢9+ —.
n n n

Proof. We rewrite (|1.1]) as
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Using the mean value theorem we get, for = > 0,
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Therefore,
L, 2sin(nz) o Da(@) 1 2sin(na) (1.4)
n nx n n nx

Let 1 = 4.49340. .. be the unique real positive number such that

. sinx  sinz;
cop = min = —— =-0.21723....
zeR T 1

Plugging z,, = z1/n in (1.4 we obtain

m(n) _ Dp(z,) 1  2sin(nzy) 1
— g TR S T g = —
n n n Ny, n x1

2si 4
N sin(x1) N % <90+ 5 935'

On the other hand, using the fact that D, (z) is an even periodic function with period 2w, it follows that

m(n) = rr[lin] D, (x). Let £ € [0, 7] be a real number where such minimum is attained. If 27r/(2n + 1) < £ <
ze|0,m

1



47/(2n + 1), using (1.4) we get

D,, 1 4 o —1
mn) _ Dn() 1, Am _,,  @ro1)
n n n 2n+1 n

If 67/(2n + 1) < £ < 7, using the fact that sin¢ > 2¢/x for ¢ € [0, 5] we have

m(n) _ D, (&) _ sm((Tf +1/2)¢) . .—1 5 T 2n+1 = 90 — (2r — 1).
n n nsin(£/2) nsin(£/2) né 6n
Finally, in the cases 0 < § < 27/(2n + 1) or 4w/(2n + 1) < & < 67/(2n + 1), it is clear that D, (§) = 0, and
such points will not be points where the global minimum is attained. This concludes the proof. O
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