38) Let f be a 2r—periodic function which satisfies a Lipschitz condition with constant K; that is,
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for z,y € R. This is simply the Hélder condition with & = 1. We want to prove that the Fourier
series of f converges absolutely and uniformly, following the next outline:
(a) For every positive h we define g (z) = f(z + h) — f(z — h). Prove that
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(b) Let p be a positive integer. By choosing h = w/2P*1, show that
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(c) Estimate Yo, 1 <Inl<2r |f(n)‘ and conclude that the Fourier series of f converges absolutely,
hence uniformly. (Hint: Use the Cauchy-Schwarz inequality to estimate the sum.)
(d) In fact, modify the argument slightly to prove Bernstein’s theorem: If f satisfies a Hélder

condition of order o > 1/2, then the Fourier series converges absolutely.
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C) (c) Estimate )., <In|<2? |]?(n)’ and conclude that the Fourier series of f converges absolutely,

hence uniformly. (Hint: Use the Cauchy-Schwarz inequality to estimate the sum.)
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&> (d) In fact, modify the argument slightly to prove Bernstein’s theorem: If f satisfies a Holder
condition of order o > 1/2, then the Fourier series converges absolutely.
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