LAGRANGIAN DUALITY

MARKUS GRASMAIR

1. PRIMAL AND DUAL PROBLEMS
Assume that we are given a constrained optimisation problem of the form

ci(z) =0,
Cl(x) Z Oa

1€ €&,

M iel.

min f(x) subject to {
x

We have seen earlier that, given some constraint qualification, the KKT conditions

are a necessary optimality condition for this constrained problem, provided that

the involved functions f and ¢; are C!, and some constraint qualification holds.

With the help of the Lagrangian £: R? x REYZ,

L(x,N) = f@) = Y Nei(@),

i€EUT
these can be written as
V. L(x", \*) =0,
ci(z*)=0, i€é,
ci(z*) >0, i€eZ,
Af >0, i€,
Aci(z*) =0, ieT.

In particular, the first line states that a (local) solution z* of the constrained
problem needs to be a critical point of the Lagrangian, and the second and third
line state that a solution needs to be admissible. We have also seen that the Hessian
of the Lagrangian with respect to the z-variable can be used to formulate second
order necessary and sufficient (local) optimality conditions.

We will now develop a new interpretation of the relation between the Lagrangian
and the constrained optimisation problem that is not based on first order op-
timality conditions but rather on global properties. For that, we first consider what
happens, if we try to maximise the Lagrangian, for fixed z € R?, with respect to

the (admissible) Lagrange parameters.

Lemma 1.1. Define the function p: RY — R U {+oc},

p(z):
;i >0, i€Z

Then

else.

p(a) = {f(:c)

+00

max_ L(z, ).
)\E]RSUI

ifci(z) =0, i€&, and ¢;(x) >0, i € T,

Proof. Assume first that ¢;(z) =0, i € £, and ¢;(x) > 0, ¢ € Z. Then
Lz A) = fa) =) Nieilz) < f(x)

i€L
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for all A; > 0, ¢ € Z, as the products A;¢;(z), i € Z, are necessarily non-negative.
Moreover, we obtain equality by choosing \; = 0 for all ¢ € Z. This proves that
p(x) = f(x), if = satisfies all the equality and inequality constraints.

On the other hand, if any of the equality constraints is not satisfied, say ¢;(z) > 0
for some i € £, then L(x, \) can be made arbitrarily large by letting A; tend to —oo.
Similarly, if ¢;(z) < 0 for any ¢ € £UZ, then again L£(x,\) can be made arbitrarily
large by letting A; tend to +oo. Thus p(z) = +o0, if any of the constraints fails to
hold. O

Now assume that we want to solve the constrained problem . Then this is
actually equivalent to solving the unconstrained problem
min p(x
min p(z),
because the fact that p(z) = +oo for all infeasible points effectively restricts the
minimisation of p to the feasible set, on which p and f coincide.
This shows that solving the constrained optimisation problem is equivalent
to solving the unconstrained problem

min p(x
min p(z),
or, explicitly, the primal problem
(P) min  max_ L(x,\).
z€R? \cREYT
Xi>0, i€

Now one defines the dual problem by exchanging the order of the minimum and the

maximum in :
Definition 1.2. The Lagrangian dual of is the optimisation problem

(D) max_ min L(x, A).
AEREYT  zeR?
Xi>0, i€

More precisely, we first define a function ¢: R¥“Z — R U {—oc} by setting
A) := min L(z, \),
¢(}) = min L(z, A)

and then maximise ¢ with respect to A subject to the constraint that the Lagrange
parameters for the inequality constraints are non-negative, that is, we solve the
problem

max_ g(A).

AeREYT
>0, ieT

Note that the minimum in the definition of ¢ is taken over all € R? irrespective
of the constraints.

Remark 1.3. If one wants to be accurate, one should always read the minima
and maxima in the definitions of the primal and the dual problem as infima and
suprema, respectively, as it is not clear that these optimisation problems actually
have solutions. Indeed, in the case of the primal formulation, the maximisation
problem with respect to A has a solution if and only if z is feasible.

Example 1.4. Consider the linear programme
(L) min(c, z) s.t. Az > b.
The corresponding Lagrangian is

L(z,\) = {c,x) — (X, Az = ]).
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Thus the dual objective function is

(\b) if ATA =g,
—oo if ATA#ec.

x

g(A\) = min((c, z) — (A, Az — b)) = (\,b) + min(c — AT\, z) = {
Thus we can write the dual problem as

A>0,
(L) m}.‘fmx<b, A) s.t. {AT/\ .

Note that we have again a linear programme, but the roles of the objective and
constraint are reversed.

Example 1.5. Consider the quadratic programme
1
Q) min 5(3:, Gz) — (¢, x) s.t. Ax > b,

where G € R¥? is symmetric and positive definite.
Here the Lagrangian is

1

A) ==
£(r,0) = 5
The dual objective function is therefore

g\ = IrEn(%(m,G@ ~(e.2) — (A Az — b)),

The optimisation problem we have to solve here is strictly convex (and quadratic),
and thus the solution is uniquely determined by the first order optimality condition

Gr—c—ATXx =0,

z,Gx) — (c,x) — (A, Az — b).

which yields
r=G e+ AT)N).

Next we note that

%@,G@ e a) — (0 Az —b) = (A B) — %@,G@ (2, Gr — o — AT,

Inserting the optimality condition and the value of x, we thus obtain that
1
g(\) = (A, b) — §<G’1(c + ATN), e+ ATX).
The dual problem is thus the quadratic programme

@) m)f\ix(()\7 by — %(G_l(c +ATN), e + ATA>> st A > 0.

2. WEAK DUALITY

We will now study the relationship between the primal and the dual problem.
We have already seen in Example that it can happen that these problems have
the same optimal values. This relationship does not hold for all problems, as we
see in a later example, but we can show that the primal problem is always larger
or equal to the dual problem.

Definition 2.1. By
d = min p(z) — ma A
mmin p(z) e, q(A)
Xi>0,i€T

we denote the duality gap for the primal dual pair and (@
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We will next show that the duality gap is always non-negative. That is, all the
values that the primal problem admits are larger or equal than all the values that
the dual problem admits. This will be a consequence of the following lemma, which
is an important result in itself.

Lemma 2.2. Let X and Y be non-empty sets and let h: X xY — RU {£oo}.
Then

(2) sup inf h(z,y) < inf sup h(z,y).
yey rzeX reX yey

Proof. Assume to the contrary that does not hold. That is,

sup 1nf h(zx, y) > mf bup h(z,y).
yEYI

Then there exists some € > 0 and some § € Y such that
inf h(xz,y) > inf h(x, .
N0 > L s h ) e

Since sup, ey h(w,y) > h(z,9) for all x € X, it follows that

mf h(z,9) > 1nf sup h(z,y) + & > inf h(z,9) +¢
yGY zeX

which is an obvious contradiction. Thus holds. O

Lemma 2.3 (Weak duality). Let d be the duality gap for and @ Then
d>0.

Proof. This is an immediate consequence of the definition of the primal and the
dual problem and Lemma O

‘We now now consider two concrete, simple examples, where the dual problem
can be found and solved exactly. In the first example, we have a convex problem on
a convex set. In this case, it turns out that the duality gap is zero. In the second
example, however, where neither the function nor the feasible set is convex, the
duality gap turns out to be strictly positive.

Example 2.4. Let ¢ € R?\ {0} and consider the optimisation problem

min ¢’z st ||lz)* < 1.
x

The solution of this problem is
c
llell”
and the corresponding Lagrange multiplier is
llell
A=
2
Now we will compute the dual problem and its solution. First we note that the
Lagrangian of this problem is the function £: R x R — R,

£(z,3) = T — (1 — |jz]?).
Thus the function ¢: R - RU {—oc0} is
A) = inf — A1 = [[#]?) = =A— inf (c"z+ Az|?).
o) = inf (A1 ) nf (4 M)

For A < 0, the term ¢Tx + A||z||? is unbounded below. Else, it is coercive and has

a unique global minimum
c
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Thus
T 2 [lell®
g(\) ==-X— (c xx + Azl ) =—-\- ie
if A > 0, and g(A) = —oo else. Now consider the dual optimisation problem
max ¢(A) = max —\ — W
A>0 A>0 4N

A short computation shows that this problem has the unique solution

s _ el
A=
2 )

which was precisely the Lagrange multiplier for the primal problem.
Moreover, it is easy to verify that the optimal function values for the primal and
dual problem are the same.

Example 2.5. Consider the optimisation problem

) 1
min —

— st 22> 1.
x 1422 -

The obvious solutions to this problem are the points £ = £1, where the value of
the objective function is —1/2.
Now we compute the dual of this problem: The Lagrangian is
1

—Az? —1).

For A > 0, the term —Az? dominates the Lagrangian and we have
q(A) =inf L(x, ) = —o0.

On the other hand, for A = 0 we have

. . 1
Finally, for A < 0 we have

1

x x A

—A(x2—1)) = —1+\

as the infimum is always attained at x = 0. Thus

—00 if A >0,
q(\) = {

-14+X if A0

Since the dual problem is a maximisation problem, the function value —oo for
A > 0 effectively serves as a constraint A < 0. In addition, we have the constraint
A > 0 from the fact that we have an inequality constraint. Thus we obtain the dual
problem

m/{ix—l—&—)\ st. A=0

with the (only possible) solution A = 0 and an objective value of —1.
Consequently, we have a (non-zero) duality gap

d=minp(z) —maxg(d) =—5—(-1) =2
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3. STRONG DUALITY

The most important situation is that where the duality gap is equal to zero, as
in this case the dual problem can be used for solving the original (primal) problem.
In order to arrive at such results, we have to introduce the notion of saddle points.
Note that the definition below is somewhat different from the standard notion
of saddle points used in basic calculus classes in that we are interested in global
optimality properties with respect to the different variables.

Definition 3.1. The point (z*,\*) € R? x REYT with A; > 0,1 €Z,is a saddle
point of the Lagrangian, if (or a primal-dual solution of )7 if

L(a*,2) < L(2*,\) < Lz, A
for all (z,)) € R? x RE®YT with \; > 0,4 € Z.

That is, a saddle point is a maximiser with respect to the (feasible) dual variables
and a minimiser with respect to the primal variables.

In the following result, we show that saddle points of the Lagrangian are primal-
dual solutions of the constrainted optimisation problem. That is, the x-coordinates
are solutions of the primal problem and the A-coordinates are solutions of the dual
problem. In addition, the A-coordinates are actually Lagrange multipliers for the
constrained problem, provided that the involved functions are sufficiently regular.

Proposition 3.2. Assume that (x*,\*) is a saddle point of the Lagrangian and
that L(z*,\*) € R. Then x* is a solution of , A* is a solution of @, and the
complementarity conditions Afc;(z*) =0, i € EUT hold. If the functions f and c;,
i€ EUTI, are C', then z* is a KKT point with Lagrange multiplier \*.

Proof. We note first that, for every A with \; > 0, i € Z, we have
g(A) = min L(z, \) < L(z",A) < L(z*,\*) = min L(x, \") = g(\¥).
x x

Here the third and fourth relation are consequences of the assumption that (z*, \*)
is a saddle point. This shows that A* solves @

Similarly,

p(z) = max  L(z,A) > L(x,\*) > L(z*,\*) = max_ L(z",\) = p(z*),
AEREVT ACREVT
Ai>0,1€T Ai>0,i€Z

showing that z* solves . In particular, since £(z*, \*) is finite, this implies that
x* is a feasible point.

Now assume that the complementarity condition does not hold. Since z* is
feasible, this implies that there exists ¢ € Z such that ¢;(z*) > 0 and Af > 0. In
this case, however, replacing A} with A == 0 increases the value of the Lagrangian
(without changing z*). This is a contradiction to the assumption that (z*, \*) is a
saddle point (again, this uses the assumption that £(z*, \*) is finite).

Finally, if the functions f and ¢;, i € EUZ, are C', then the fact that £* minimises
L(-, \*) implies that the first order optimality condition

Vi L(z", ) =0
holds. As a consequence, all KKT conditions are satisfied. O

Remark 3.3. Note that the converse in general does not hold. That is, if (z*, \*)
is a KKT point, it is not necessarily a saddle point of the Lagrangian. Indeed, it is
by no means guaranteed that the Lagrangian has any saddle points at all.

This can be seen in the problem discussed in Example Here the points
x* = £1 are KKT points (and global solutions) with Lagrange multipliers A\* = 1/4.
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However, the points (z*,\*) = (£1,1/4) are not saddle points of the Lagrangian
in the sense of Definition [3.1] as

£0,1/4) = —1 < —% — £(+1,1/4),

Also, the Lagrange multiplier A* = 1/4 does not solve the dual problem, which is
only finite for A = 0.

Theorem 3.4. Assume that x* is a solution of , A* is a solution of @, and
that the duality gap is zero. Then (x*,\*) is a saddle point of the Lagrangian.

In particular, the complementarity conditions hold and z* is a KKT point with
Lagrange multiplier \* provided that the functions f and c; are C'.

Proof. Since the duality gap is zero and z* and A* solve the primal and dual
problems, respectively, we have that

p(x") = q(A")
Thus we have for every x that

LX) 2 min £(5,X) = gX) =pla”) = max La",A) > LX)
Xi >0, i€
Similarly we have for every A\ with A\; > 0, ¢ € Z, that
L(z*,\) < 5\g}l{{%}ﬁz L(z*,\) = p(x*) = g(\) = mminﬁ(x,)\*) < Lx*, ).
>0, €T
This shows that (z*, \*) is a saddle point of the Lagrangian.
The other assertions follow from Proposition (3.2 (I

4. DUALITY AND CONVEX PROGRAMMING

In the following, we will discuss the application of duality theory to convex pro-
grammes, that is, convex optimisation problems with concave and linear inequality
constraints, and linear equality constraints. More precisely, we assume that we are
given constraints of the form

Cl(x) 207 iGIa

where the functions ¢; : R — R are concave, A € R™*? (' € R*? are matrices, and
b e R™, d € R are vectors. The inequalities Az > b are understood componentwise.

Definition 4.1. We say that Slater’s constraint qualification is satisfied, if there
exists z € R? with Az > b, Cz = d, and ¢;(x) > 0 for all i € T.

Remark 4.2. In the specific situation of only linear inequality and equality con-
straints, Slater’s constraint qualification is equivalent to the feasibility of the con-
straints. In the case of additional non-linear (but concave) constraints, the condition
is somehow stonger.

Theorem 4.3 (strong duality for convex programmes). Assume that f: R* — R
is convex and that Slater’s constraint qualification holds. Assume morever that

inf p(z) > —oo

(that is, the primal problem is bounded). Then the dual problem has a solution \*
and the duality gap is zero.
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If in addition the primal problem has a solution x*, then (x*,\*) is a saddle
point of the Lagrangian. If moreover the functions f and c; are C', then =* is a
KKT point with Lagrange multiplier \*.

Proof. See [2, Thm. 11.15]. Note that the second part of the Theorem is an im-
mediate consequence of Theorem [3.4] once it has been established that the duality
gap is zero. O

Example 4.4. We consider again the linear programme discussed in Example [T.4]
that is, the programme
(L) min ¢’z s.t. Ax > b,

x

with corresponding dual programme

A >0,
(L) max b\ s.t. {AT)\ .

Now we will apply the results of Theorem [4.3] to this situation: To that end,
we note first that the objective function is convex (since it is linear), and that we
only have linear constraints. As a consequence, Slater’s constraint qualification is
satisfied if and only if the problem is primal feasible, that is, there exists a point
x € R? satisfying the primal constraints Az > b. Now assume that the problem is
primal feasible and bounded, that is,

inf ¢’z > —o0.

Ax>b
Then Theorem is applicable and it follows that the dual problem has a
solution A\*. In addition, it can be shown (see Remark below) that in such a
situation, the primal problem admits a solution z* as well.

Thus the primal-dual pair (z*, \*) satisfies the KKT conditions, which in this
case can be written as

AT =,
Az > b,
A>0,
M (Az —b) =0.
Conversely, if (z*, A*) solve the system , then a* solves 7 A* solves , and
(since the duality gap is zero) cf'a* = b \*.
In addition, if (z, ) is any primal-dual feasible pair, that is, if Az > b, AT\ = c,

and A > 0, then ¢’z > b7\, If, actually, ¢’z = b7\, then (x,\) is a primal-dual
solution.

3)

Remark 4.5. We consider again the linear programme

(L) min ¢’z st. Ax >b
with dual

/ T A 20,
(L") m/\axb A s.t. ATN =,

from Example [£.4]

Since the dual is again a linear programme, we can try to compute its dual (the
double-dual of ), and expect it to be a linear programme again. The Lagrangian
of the dual programme is

L'(Ny,s)=b"N—yT(ATA —¢) — \Ts,
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and thus we obtain the double-dual problem (note that we have a maximisation
problem, and thus the Lagrange parameters for the inequality constraints have to
be non-positive!)
; Ty _ T(aATy _ N _ T
rgggm}:’fmx(b A=y (A"N =) —s" ).
s_

This can be rewritten as the linear programme

o . s <0,
1215110 y St Ay +s=b.

The Lagrange parameter s in this problem can now be interpreted as a slack vari-
able, and we see that this double-dual is equivalent to the problem

min ¢’y s.t. Ay > b,
y

which is again the primal problem.

Thus we have shown that, apart from possible slack variables, the double-dual
of a linear programme is again the primal programme. In particular, we can apply
Theorem to the dual programme, and conclude in particular that the primal
problem has a solution provided that the dual programme is feasible and bounded.
This, however, is guaranteed if the primal programme is feasible and bounded, since
in this case the dual programme actually has a solution. In addition, if the primal
problem is unbounded, then it follows from weak duality that the value of the dual
problem is —oo. This is only possible, if the dual problem is infeasible. Similarly, if
the dual problem is unbounded (above), then weak duality implies that the value
of the primal problem is +oco, which implies that the primal problem is infeasible.

Thus we obtain the following results (cf. [3, Thm. 13.1]):

e If the primal (or the dual) problem is feasible and bounded, then there
exists a primal-dual solution.

e If the primal problem is unbounded, then the dual problem is infeasible.

e If the dual problem is unbounded, then the primal problem is infeasible.

5. LEGENDRE-FENCHEL TRANSFORM

Assume that f: R? — R U {+oco} is a function and that we want to solve a
problem of the form

4) mmin fx) s.t. Az =b.
The Lagrangian of this problem is
L(xz,\) = f(x) — (N, Az —b).
For the dual objective function, we thus obtain the expression
q(\) = iI;f(f(x) — (N Az —b)) = (\,b) + irmlf(f(x) — (A, Az))
= (\b) = sup((A"A, z) - f(2)).
We will now discuss the last expression in more detail.

Definition 5.1. Assume that f: R — R U {+oc} is a function. Its Legendre—
Fenchel transform is the function f*: RY — RU {400} defined by

() == sup ((y,z) — f(x)).

zER4
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Remark 5.2. Assume that f: R? — RU{+occ} is a function and that there exists
some zo € R? such that f(x¢) < +oo. (Such functions are called proper.) Then we
have

F(y) = sup ((y,2) — f(2)) = (y,20) — f(w0) > —00

zERY
for all y € R% Thus the only possibilty for f* to attain the value —oo is if
f(x) = 400 for all z; in this case, we obtain f*(y) = —oo for all y. Since this case

is not particularly interesting for optimisation, we can in practice always assume
that f* is again a function from R? to R U {4+oc}. Note, though, that it is possible
that f* attains the value +o00, even if f is only finite valued.

Lemma 5.3. The Legendre-Fenchel transform f* of any proper function f: R* —
R U {400} is convex and lower semi-continuous.

Proof. For every fixed 2 € R?, the function

y = (y,x) — f(x)
is linear, and thus in particular continuous and convex. Thus f* is the supremum of

continuous and convex functions, and thus itself lower semi-continuous and convex.

O

Lemma 5.4. Assume that f: R? — RU {+oo} is a proper function. Then
f@)+ 1 (y) = (z,y)

for all x, y € R, Moreover, if f is differentiable at x € R? and
f(@) + [ (y) = (z,y),

then

Vi) =y.

Proof. Let x, y € R be fixed and define the function h: R? — R U {—o0},
h(z) = (y, 2) — f(2).

By definition, we have that

f*(y) = sup h(z) > h(z) = (y,x) — f(2),

z€R4

which implies that
f@)+ () = (y, ).

Now assume that this is actually an equality. Then the supremum of A is attained
at x. Now, if f is differentiable at x, this implies that

0= Vh(x) =y~ V()
which concludes the proof. O

Assume now that f: R? — R U {4+o0} is a (proper) function with Legendre—

Fenchel dual f*: R* — R U {+o00}. Then we can compute the Legendre Fenchel
dual of f*, which is the function (f*)*: R? — RU {00} defined as

(f*)"(@) := sup (z,y) = f*(y).

yeR
Theorem 5.5. Assume that f: R? — R U {+oc0} is a proper function. Then
(f*)"(x) < f(2)
for all z € RY. Moreover, if f is lower semi-continuous and convez, then
(f*)"(x) = f(x)

for all x € RY.
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Proof. See [I, Thm. 4.2.1]. O

Corollary 5.6. Assume that f: R — RU{+oco} is proper, lower semi-continuous,
and convex and that x, y € R? are such that

(5) f@)+ f(y) = (z,y).
If f* is differentiable at y, then

Vitly) = .
Proof. Since f is lower semi-continuous and convex, it follows that f = (f*)*.
Thus implies that

() (@) + f*(y) = (z,y).

Applying Lemma to the function f*, we thus obtain that

Vit(y) ==,

which proves the assertion. O

Example 5.7. We compute the Legendre—Fenchel dual explicitly in two simple
examples. Consider first the function f: R — R,

f(z) =22
Then

f*(y) = sup(xy — 2?).
z€eR

That is, in order to find f*, we have to maximise, for fixed y, the function
h(z) == zy — 22

2

Since this is a strictly concave and differentiable function (as f(z) = z* is convex),

the maximiser of A is the unique point  where A'(xz) = 0. We have
h/ (x) =Y—- 2$7
and thus A'(z) = 0 if and only if © = y/2. Thus we obtain that

2 2 2
* Yy Y Y
= h = h 2 = — — — = —.
() Sup (@) =h(y/2) =5 -7 =7
Now we consider the function g: R — R,
g9(x) = |zl
Then

9" (y) = sup(zy — |x]).
z€R
Since ¢ is not differentiable (though still convex), we have to argue a bit differently
for the computation of g*. Denote again by
W(z) i= 2y — o]
the function to be maximised. Assume first that y > 1. Then
hz) =2y — o] > vy — 2z = 2(y —1).
In particular, lim,_, h(z) = +00, and thus

g*(y) =sup h(z) = 400 ify > 1.
z€R

Similarly, if y < —1, then
h(z) =zy —|z| 22y + oz =2(y + 1)
and thus lim,_, o, hA(z) = +00. Therefore

9" (y) = sup h(x) = +o0 ify < —1.
z€R
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Finally, if |y| < 1, we can estimate
hz) =y — || < [z[(jy| = 1) <0
Since h(0) = 0, it follows that

g*(y) =suph(z) =0  if —1<y<1.
zER

In total, we obtain that

“(y) = +oo if|y| > 1,
TW =0 i<t

Example 5.8. Here are some important examples of convex functions together
with their Legendre—Fenchel transformﬂ More examples can be found in [IL p. 50].
Note that all of the functions below are convex and lower semi-continuous, which
implies that (f*)* = f.

e Let 1 < p < oo and denote by

p. = ——
the Hélder conjugate of p. Consider the function f: R? — R,
d
1 1
flz)=—|z||k = - x;|P.
(z) pH [ p;\ il

Then

P

1 1<
) =—lyllb: = — > |ui

e Define f: R - R,
d
f(@) =zl =) _|wi-
i=1
Then

* 0 if [|ylco <1,
fly) = s
+oo if ||ly|lee > 1.

f@) = /14 ||=|l3.

Fly) = {_ L=yl if flyll2 <1,

+00 if ||yH2 > 1.

e Define f: R — R,

Then

e Define f: R — R,

flz)=e".
Then
ylogy—y ify >0,
fiy) =40 if y =0,
+o00 if y <0.

LAs an exercise, you can (and should) verify that the transforms are correct.
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e Define f: R —» RU {+o0},

) —log(x) ifx >0,
fla) = {—i—oo if z <0.

. —log(—y)—1 ify <0,
Friy = oo
+o00 ify>0.

Then

In addition, we have the following calculation rules for the Legendre—Fenchel
transform:

Lemma 5.9. Assume that f: R? — RU {+occ} is a function.

o Assume that A € R¥™? is a non-singular matriz and define g: R — R U
{+o0}, g(x) := f(Az). Then

g (y) = f(A"y),
where A™T = (A™HT = (AT)=1. In particular, if a € R, a # 0, and

g(x) = fax), then g*(y) = f*(y/a).
o Assume that b € R? and define h: R? — RU{+o0}, h(z) := f(z+b). Then

h(y) = " (y) = {y, ).
o Assume that A > 0 and define k: R? — R U {+o00}, k(z) = Af(z). Then
K (y) = Af*(y/ ).

o Assume that

d

fl@) =" filz)
i=1
for some functions f;: R = RU {+oc0}. Then
d
Fr)=> £ ).

i=1

Proof. We have that

9" (y) = sup ((z,y) — g(x)) = sup ((z,y) — f(Ax))

z€R4 zER
= Sélﬂgd(M’lAz,w - f(Az)) = §gﬂ§d(<z4’1i,y> - f(2))
= sup (7, Ay) = f(@) = f1(A7Ty).

Next we compute

h*(y) = sup ((x,y) — h(z)) = sup ((z,y) — f(z + b))

zERC zERC

= sup (<x+b,y>* <b,y>—f(x+b))

zER4

Then we have

k*(y) = sup ((x,y) — k(z)) = sup ((z,y) — Af(x))

zER? zER
= X sup ((z,5/X) — £(x)) = A" (/).

z€ERC
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Finally, assume that f(z) = 2?21 fi(x;). Then

f*(y) = sup ((,y) - = sup (ny Zfz )

z€RC z€RC
d

= sup Z iy — fi( xz Z SUP xzyz fz(xZ)) = Zfz*(yl)

zeRe i=1 %€ i=1

6. DUAL METHODS FOR CONSTRAINED OPTIMISATION

We now return to the problem , that is, the constrained optimisation problem
min f(x) s.t. Az =b.
xr

Using the Legendre—Fenchel transform of f, we can write the dual objective for this
problem as

a(A) = (A, 0) — fH(ATN).
The dual problem to thus becomes

max(<x\ b) — f*(ATN)).

Proposition 6.1. Assume that f: R — R is lower semi-continuous and convex
and that A € R™*4 and b € R™ are such that b € Ran(A). Assume moreover that
the problem

min f(z) s.t. Ax =10
z€R4

admits a solution x*.
Then the problem
max ((\,b) — f*(ATN))

AER™
has a solution A\* and we have

f®) 4+ fF(ATN) = (AT 2).
Moreover, if [ is differentiable at x*, then
Vi) = ATN,
and if f* is differentiable at AT \*, then
V(AT ) =2
Proof. The condition b € Ran(A) implies that there exists 2 € R? such that Az = b,

which is, in this case, nothing more than Slater’s constraint qualification. Since f is
convex, we can apply Theorem In particular, we obtain that the dual problem

max ((A,b) = f*(A"N)

has a solution A\* and that the duality gap is 0. This implies that
Fa") = jnt, f(@) = sup((A5) = 1 (ATN) = (V") = £ (ATX)

Since z* solves the primal problem, it is in particular feasible, that is, Az* = b.
Thus we have

F@) + F(ATX) = (A, 0) = (X7, Az™) = (ATX",27%).
Now assume that f is differentiable at 2*. Then Lemma [5.4] implies that
Vi(a*) = ATA.
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Similarly, if f* is differentiable at AT \*, then Corollary implies that
Vf*(ATA*) — x*,
which concludes the proof. O

Proposition [6.1]shows that we can use the dual problem in order to find the solu-
tion of the primal problem. In particular, if we can ensure that f* is differentiable
at the dual solution A*, we can recover the primal solution by simply evaluating
V(AT AY).

Example 6.2. Let a1, ag > 0. The elastic net (with parameters o and ) is the
function f: R? — R,
d

(e} a2
F@) = aallall + Ll = 3 (ke + S2a?).

i=1
Assume now that A € R™*¢ is some matrix and that b € R™ is a vector satisfying
b € Ran A. We consider the optimisation problem
(6) min f(x) s.t. Az =b.

z€ER?

Note that the function f is non-smooth, and thus we cannot (or rather: should
not) apply the methods for constrained optimisation that we previously discussed,
like the Augmented Lagrangian method or sequential quadratic programming. The
function f is convex, however, and thus we can apply the theory developed above.
Thus, instead of trying to solve @ directly, we instead consider the dual problem

max ((A,b) — (A7),

or the equivalent minimisation problem

in (f*(ATA) — (\,b)).
Join (F*(ATX) = (A.0))
For this, we need to compute the Legendre-Fenchel transform of f. We see that
we can write

d
(6%)
flz) = ;g(azl) where g(t) == ant] + ?t2.
From Lemma [5.9] we obtain therefore that
d
) => 9"
i=1
and it remains to compute g*. For s € R we have
9*(s) = sup(st — g(t)).
teR
Assume therefore that s € R is fixed and denote
@
h(t) := st — g(t) = st — on|t| — 72
The function h is strictly concave, continuous, and satisfies lim; 4 h(t) = —o0.
Therefore it attains a unique maximiser t* € R. In order to find t*, we have to
be slightly careful, as the function h is not differentiable in the point ¢ = 0. Since
this is the only point where the concave function h is not smooth and we have
already shown that a unique maximiser exists, we can conclude that we have two
possibilities: Either there exists a point ¢ # 0 such that h’(¢) = 0, in which case
this point is the maximiser of h, or there exists no such point, in which case the
maximiser is t* = 0.

2.



16 MARKUS GRASMAIR

For t # 0 we have
B (t) = s — ay sgn(t) — ast.
For ¢t > 0 the equation h’(t) = 0 is equivalent to
0=s5—0o1 — st

or

1
t= a—z(s —aq)
Thus, if
t* = i(s —a) >0
o 1 )
or equivalently, if
s > o1,
then
tr = i(5 — )
(6] v

In this case (recall that we have assumed that s > ay)

g*(s) = h(t*) = st* — e |t"] — —-(t")?
1 1 ay 1 , 1
— e s gl Sl e =50
Similarly, if ¢ < 0, the equation h'(t) = 0 is equivalent to

0=s+a; — ast

or )
t=— :
o (s4 a1)
Therefore, if
s < —oq,
then
tr = i(s +aq)
=0 1
and .
g%@:h@ﬂ:sﬁ—aﬂﬁpfgaﬂQZZ£@+ag%
In total, we thus obtain that
1
TQQ(S —ap)?  if s>,
9" (s) =40 if —a1 <s<ay,
1

E(S +a1)?  if s < —a.

Define now the soft-thresholding operator with parameter 7 > 0 as
s—1 ifs>rT,
Sr(s) =40 if —7<s<m,
s+7 ifs<-—7.
Then we can write g* as
4°(5) = 5-51()"
We note here that ¢g* is differentiable on the whole of R with
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Slightly abusing notation, we now define the vector valued soft-thresholding op-
erator S;: R — R?¢

S‘r(y) = (ST(y1)7 ceey S‘r(yd))
by applying the standard soft-thresholding operator S, componentwise to the vector
y. Then we obtain that

1

d
W) =30 W) = Y o Se 0 = 5 ISe W

Moreover,
1
VI (y) = —5Sa, (y):
(6]

Thus the dual problem is equivalent to the unconstrained, smooth, convex op-
timisation problem

- ~ — L (aTyn?
(7) min R(N) with R(\) := 2y Say (AT X2 = (D),

and if \* € R™ solves , then
1
z* =V (ATN) = a—Sal(AT/\*)
2

solves @ Since f* and thus also R are continuously differentiable, we can use
a gradient based method like gradient descent or a quasi-Newton method for the
solution of ; moreover, the gradient of R easily computes as

VR(\) = AVF(ATX) —b = aiASal (ATX*) —b.
2

It is important to note, though, that S,, is not differentiable, and thus R is not
twice differentiable. Therefore we should not try to use Newton’s method.

7. SUMS OF CONVEX FUNCTIONS

In many important applications one needs to solve optimisation problems of the
form

®) min(f(z) + g(Az),

where f: R? — R and g: R™ — R are convex functions, and A € R™*? is a
matrix. Examples include different regression methods, which typically result in an
optimisation problem of the form

1
min f(x) + = ||Az — b||§7
x 2

where f is a regularisation term that encodes statistical prior knowledge about the
solution.

Such problems can also be treated with convex duality after some reformulations.
We start by rewriting the problem as the constrained problem
9) - (f(@)+g(y) st Av=y.
This is a convex optimisation problem with linear constraints (in the unknowns x
and y). Moreover, we see that Slater’s constraint qualification is trivially satisfied
by the pair (z,y) = (0,0). Thus we can apply the previously developed duality
theory.

The Lagrangian of the problem @D is the function £: R% x R™ x R™ — R,

L(x,y,\) = f(2) +9(y) — (A, Az —y).
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The dual objective function is therefore
g(\) = inf (f(2) + g(y) = (N Az —y)) = inf (f(2) = (A, Az) + 9(y) + (A ).

We now note that we have two independent optimisation problems, one with respect
to x, one with respect to y, with no coupling between the two variables. Thus we
can solve the two problems separately and obtain that

a(\) = inf(f(z) — \, Az)) +inf (g9(y) + (A y))
=- sgp((ATA,@ — f(x)) - Sgp((-k,w —9(y)) = = (ATX) = g" (=)

The dual problem is therefore
_px T S
max (—f"(A"X) = g" (=),
or the equivalent minimisation problem

nin (f*(ATA) +¢"(=2)).

Theorem 7.1. Assume that f: R? = R and g: R™ — R are conver and lower
semi-continuous and that A € R™*%. Assume moreover that the problem

(10) i (£(2) + g(Av))
has a solution x*. Then the problem

. * T *(
(11) Join (f*(ATA) +g7(=))

has a solution \* and we have that
F(a%) + g(Az*) + F*(ATA) + " (—\") = 0.
Moreover, if g is differentiable at Ax*, then
A" = =Vg(Az"),
and if f* is differentiable at AT \*, then
¥ = VfH(ATAY).
Proof. After rewriting the problem in the form (]E[)7 we can apply Theorem (4.3
From this we obtain that the problem has a solution A\* and that
f@*) + g(Az®) = = [*(ATA) — g" (=)%),
the right hand side being the optimal value of the dual problem. Now we can write
(12)  f(z*) + fY(ATN) + g(Az*) + g*(—=A") = 0 = (2", ATA") — (z*, ATA¥)
= (2%, ATX*) 4 (Az*, —\*).

From Lemma [5.4] we obtain that

Fl@®) + fFATA) > (@, ATXY),

9(Az") + g7 (=) = (Az", =A%)
Thus the only possibility how we can have an equality in is that, actually,

Fla®) + f(ATA) = (@, ATAY),

9(Az") + g" (") = (Az", =A%)
Now Lemma [5.4] and Corollary [5.6] imply that

Vi(z*) = ATX Vf(ATN) = 2*,
Vg(Az™) = —X*, Vg*(—\*) = Az™,

whenever the gradients actually exist. U
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Example 7.2. We now consider elastic net regression, which is the minimisation
problem

1 Qg
min 542 — bl + asllals + 2 el
This problem fits into our model with
Qs
f@) = arllzlly + = ll=l3
and 1
9(y) = 5 lly = bll3.

Moreover, as computed earlier, we have that

o) = iusm(mn%,

where S, is the soft-thresholding operator with parameter o, and

1
9" () = 5llal3 + (g, ).
As a consequence, the dual problem (written as minimisation problem) reads

min (f*(ATA) + g* (=),

AER™
or, explicitly,
1 1
(L AT A2 + Z(Al12 — )
quin (oS, (ATX)3 + 5 IAE — ()
This is an unconstrained, convex optimisation problem with a once differentiable
objective function, which can be solved by any gradient based method. Moreover,
if A* is a solution of the dual problem, then
1
¥ = VfH(ATAY) = —8,, (ATAY).
a2
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