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Outline

A steepest descent method in function spaces

® Error estimates for the FE-discretization of linear-quadratic elliptic control
problems

® A primal dual active set strategy

® SQP methods — see Lecture 7
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The nonlinear model problem 'Zﬁ@’g

(CP) min J(y, u) :=/an(a:,y(x))dx—|—/Q¢(x,u(x))dx

with constraints

Oy =0 onoQ=T

—Ay+y+d(z,y) =u inQ
(SE)
v

and &(z) < u(x) <& (x) ae.in

* Up={uc LOO(Q)| &o(z) <wu(zr) < &i(x)ae inQ} and
€0, 61 € L>=(Q).
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Projected gradient |

Assume we have already computed u1, . . . uy, then to compute u,,1 we proceed as
follows:

(S1) Compute y,, = y(un ), solution to (SE)

(S2) Compute p,, as solution to

—Ap+p+dy(z,yn)p = @y (2, yn)
Jp
5, =0

(S3) Compute descent direction

(S4) Compute step-size " ~(Wn (- un) +pn).

sy, = argmin f(u, + svy,)

(S5)  Unt1 = Pley,e,1(Un + 800p), n—=n+1 Goto (S1)
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Projected gradient Il xﬁ’g

Remark:
® Compared to the linear quadratic case, two difficulties arise:
® computation of y,, requires iterative solver, e.g. Newton’s method,

® step-size cannot be computed explicitely, use e.g., Armijo step-size
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Linear-quadratic model problem (distributed control) 'Zﬁ@’g

. 1 v
min J(y, u) = 5“9 — Yall72) + §HU||2L2(Q)
—Ay=u in Q
e { Z =0 on0Q } (SE) a
und & <ulx) <& aeinQ.

Remarks:

® For 92 smooth enough, (SE) has a unique solution y € H{ () N H?(Q) for
controls u € L2(2)

® (CP) has a unique solution .
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FE discretization of (SE) . 4{4’3

® Let 7}, be a regular triangulization 2, with grid-size h := ¥1a7>_<{diam (1)}
€Th
4 Qh = U T
T67-h
e for simplicity assume a polyhedral domain such that £2;, = €.

® consider piecewise linear finite elements, i.e.
Vi, ={ve CQ)|v|lr € P(T) VT €T, und v I 0}

then we have V}, C V = H{(9).
® weak formulation for (SE) reads

a(y,v) = (Vy, Vv) = (u,v) Yo €V = Hj(Q). (VE)

® Then the fe-solution y;, of (SE) is the unique solution to

a(yp,v) = (u,v) Yv € Vy. (VE)y,
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FE-Error estimate | — energy norm 'Zﬁf’“é
Subtracting (VEy) from(VE) gives
aly —yn,v) =0 Yv eV, (1)

In the so-called energy norm for v € V}, we obtain

ly —unlls = aly —yn.y—wn) = aly = yny —v) +aly —yn.v — )
T
< ly—wnlelly —vie
=y~ wnls < nf lly ol < 1y~ sl , hence
ly—ynlle = inf |[y—v|lg < Interpolation error.

veVh
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FE-Error estimate | — remarks

® The error is optimal in the energy norm.

® Error in solving the FE problem instead of the continuous one is reduced to
question of best approximation of sobolev space functions in a FE space.

® FE theory shows error for interpolation is ||y — Iry||z < C(Q)h||yll r2 (o)
® hence we obtain
1y — ynlle < chllyllmz@)
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L2-Error estimate — duality argument

The boundary value problem

—Aw=y—y, in Q
w=0 on 0}

has a unique solution w € H} () N H?(£2), moreover

Y = Yny —yn) = a(w,y — yn)

||y—yh|\%2(9)

= a(w—Iyw,y—yn) <cally—ynlelw—Inle

chlly —uynlle  |wll g2
——

IN

<eslly—ynllp2(q)

= [ly —ynllzzo) < Ch2”y||H2(Q) . 2
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L2-Error estimate for (CP) -1 ‘ mj

® Necessary opt. condition for reduced cost functional f(u) =

fl@)(u—1a) >0 Yu€ Uug={uc L*(Q)|&(z) < ul
& (S*(Su—yaq) +vu,u—1a) >0.

J(
2)

y(u), u):
<& (z) ae inQ}

® adjoint p again defined as p = S*(Su — y4), i.e. p uniquely solves
—Ap=g—1yq in
{p =0 in 0Q.
* we know that p € H2(Q) N H}(2), hence from (2) we infer
|Su — Spul| < ch®|Gul| 20y < ch?||ullr2(o)
and since S* solves the same pde, we have for arbitrary f € L?({2)

1S*f = Sifll < ch®|| fllr2 (o)

andalso |[|S*Sf — S*Shf”LQ(Q) < Ch2Hf||L2(Q) .
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L2-Error estimate for (CP)-1l
Now consider semi-discretuzation of (CP):

1 v
min §||yh — Yl F2o) + 5”“”%?(9) (CP)

subjectto  a(yn,vn) = (u,vy) Yo, € Vi and w € Uyg .

Remark: (CP)y, is called semi-discretization because only the state is discretized.
Define fp,(u) := J(Spu,u), then

fr(an)(u—1p) >0 Yu € Uyg.
and thus
(S5 (Swiin — ya) + Yun,u —tp) >0 Yu € Uyq. 3)
In the continuous case we had

(S*(St — ya) + v, u— 1) >0 VYu € Upq. (4)
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L2-Error estimate for (CP) -1l

Inserting u = w in (3) and u = uy, in (4) and adding the inequalities yields
(5* (St — ya) — Sp(Sptin — ya) +v(@ — Up), ap — ) >0

&
(5*Su — SkSpun + (S — S*)ya, U, — Q)
(5*Su — SpSpu+ SiSp(u—up) + (Sy — S*)ya, tn — )
(I5*Sa — SpSpall + [1(Sy — S™)yall) llan — all

+ (Sn(u — ap), Sp(un — u))

—[ISh(a—an)|?

< (ah?|all + c2h®|lyall) an — all-

Yllu— ﬁh||2L2(Q)

IN A IA

Theorem
Let u the solution to (CP) and uy, sol. to (CP)y,. then there holds

@ — @l L2 () < ch2(||ﬂ||L2(Q) + ||yd||L2(Q)) :
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L2-Error estimate for (CP) — Remarks

® Numerical solution of (CP) without discretization oc control space possible but
tedious, esp. in 3D. Details can be found in
M. Hinze: A variational discretization concept in control constrained optimization:
the linear quadratic case, Comp. Opt. and Anal. 30 (2005), 45-63.

® Another possibility: descritize control space, e.g., piecewise constant,
Uy = {u € L*(Q)|ujr = constVT € Tp.}

® For completely discretized problem one can show

|z — ﬂh”LZ(Q) < ch?.

® The proof is more involved, since u & Up, such that one has to use the
projection 7, @ onto Uyp,.
see, e.g., C. Meyer, Error estimates for the finite-element approximation of an
elliptic control problem with pointwise state and control constraints, Control
Cybernet., 37 (2008), 51-85.
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Active set strategy — continuous case - |

Let .S be the solution operator to

Ay =u inQ
Y =0 auf 9Q

Then, we know that

_ 1
() = Pley oy caco1 (— - #(0)

Define
1 1 ) 1,
p= —<*p+U) =——(p+ra)=——f'(a),
gl gl v

In view of (5) we obtain

fo(x), i —ip<él(r) & p)<
a(e) =q —5p), i —Ip€lé, &l & pul@)=
51(‘%), if 7%p>£1 <:>,LL(ZL’) >

0
0
0

)
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Active set strategy — continuous case - Il . 4{4’3

In other words, u = u satisfies

o), it u(@) + p(x) < &o(x)
u(w) =1{ —p(x), i u(@)+p@) € &), & ()] (6)
G(e), it (@) +p(z) > &i(2)

u € U,q then there holds

1 . .
U = Pleo(a),1(2)] ( - ;p(z)) & u satisfies (6) .

Remark: u 4 p may serve as an indicator for the activity of the inequality constraints.
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Outline

e Error estimates for the FE-discretization of linear-quadratic elliptic control
problems

e A primal dual active set strategy
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Linear-quadratic model problem (distributed control) 'Zﬁ@’g

. 1 v
min J(y,u) = §||y — Yall72() + §HU||2L2(Q)
Ay =u in Q
e { Z =0 onodQ } (SE) a
und & <ulx) <& aeinQ.

Remarks:

e For 99 smooth enough, (SE) has a unique solution y € H{ () N H2() for
controls u € L2(2)

e (CP) has a unique solution u.
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FE discretization of (SE) . "Cff’g

e Let 7}, be a regular triangulization €2, with grid-size h := 713r1a7>_<{dianr1 (T)}
€Th
e W= U T
TETh
e for simplicity assume a polyhedral domain such that ), = Q.

e consider piecewise linear finite elements, i.e.
Vi, ={ve CQ)|v|lr € PL(T) VT €T, und v _— 0}

then we have V}, C V = H{ ().
e weak formulation for (SE) reads

a(y,v) = (Vy, Vv) = (u,v) Yv €V = Hi(Q). (VE)

e Then the fe-solution y;, of (SE) is the unique solution to

a(yn,v) = (u,v) Vv € V. (VE)n
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FE-Error estimate | — energy norm 'Zﬁf’g
Subtracting (VEy) from(VE) gives
aly —yn,v) =0 Yv e V. (1)

In the so-called energy norm for v € V}, we obtain

ly —unlls = aly—yny—wn) = aly = yny —v) +aly —yn.v — )
T
< ly—wnlelly—vie
= Iy~ wnls < nf lly— ol < 1y~ sl , hence
ly—ynlle = inf |[y—v||lg < Interpolation error.

veEVh
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FE-Error estimate | — remarks

The error is optimal in the energy norm.

e Errorin solving the FE problem instead of the continuous one is reduced to
question of best approximation of sobolev space functions in a FE space.

FE theory shows error for interpolation is ||y — Iny||z < C(Q)h||yl| g2

hence we obtain
ly = ynlle < chllyllmz(o)
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L2-Error estimate — duality argument

The boundary value problem

—Aw=y—y, in Q
w=0 on 0f)

has a unique solution w € H} () N H?(£2), moreover

Y = Yn,y —yn) = alw,y — yn)

||y—yh|\%2(9)

= a(w—Iyw,y—yn) <cally—ynlelw— Il

chlly —unlle  wll a2
——

IN

<eslly—ynllp2(q)

= ly —ynllzz@) < Ch2||y||H2(Q) . 2

- March 2019 - Page 7 (23)



L2-Error estimate for (CP) -1 ‘ mé

e Necessary opt. condition for reduced cost functional f(u) =

fl(@)(u—1a) >0 VueUw={ue L*(Q)&() < uf
< (8™ (Su —yaq) +vu,u—a) > 0.

J(
2)

y(u),u):
<& (z) ae inQ}

e adjoint p again defined as p = S*(S@ — yq4), i.e. p uniquely solves
—Ap=g—1yq inQ
{p =0 in 0f).
e we know that p € H?(Q) N H}(£2), hence from (2) we infer
[Su = Spull < ch®|Gull2q) < ch?||ull L2()
and since S* solves the same pde, we have for arbitrary f € L?(Q2)

15 f = Sifll < ch?|| 2o

and also ||S*Sf — S*Shf”LQ(Q) S Cthf”LQ(Q) .
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L2-Error estimate for (CP)-11
Now consider semi-discretuzation of (CP):

1 Y
min §||yh ~yalZ2() + §||U||2L2(Q) (CP)

subjectto  a(yn,vn) = (u,vy) Yo, € Vi and w € Uyg .

Remark: (CP)y, is called semi-discretization because only the state is discretized.
Define fp,(u) := J(Spu,u), then

fhlap)(u—1p) >0 Yu € Uyyq.
and thus
(S5 (Shiin — ya) + Yun,u —tp) >0 Yu € Uyq. 3)
In the continuous case we had

(S*(St — ya) + v, u— 1) >0 VYu € Upq. (4)
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L2-Error estimate for (CP) -1l

Inserting u = w in (3) and u = uy, in (4) and adding the inequalities yields
(5% (St — ya) — Sp(Sptin — ya) +v(@ — Up), ap — ) >0

&
(5*Su — SkSpuy + (S — S*)ya, U, — Q)
(8*Su — SpSpu+ SiSp(u—up) + (Sy — S*)ya, un — )
(I5*Sa — SpSpall + [1(Sy — S™)yall) llan — all

+ (Sn(u — ap), Sp(un — u))

—[ISh(a—an)||?

< (ah?|all + c2h®|yall) an — all-

Let u the solution to (CP) and uy, sol. to (CP)y,. then there holds

u— ﬁh||2L2(Q)

IN N IA

1@ — @l L2 () < ch2(||ﬂ||L2(Q) + ||yd||L2(Q)) :
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L2-Error estimate for (CP) — Remarks

e Numerical solution of (CP) without discretization o¢ control space possible but
tedious, esp. in 3D. Details can be found in
M. Hinze: A variational discretization concept in control constrained optimization:
the linear quadratic case, Comp. Opt. and Anal. 30 (2005), 45-63.

e Another possibility: descritize control space, e.g., piecewise constant,
Uy = {u IS LZ(Q)MT = constVT € E}

e For completely discretized problem one can show

@ — @n|p2) < ch®.

e |The proof is more involved, since « € Uy, such that one has to use the
projection 7,4 onto Ujp,.
see, e.g., C. Meyer, Error estimates for the finite-element approximation of an
elliptic control problem with pointwise state and control constraints, Control
Cybernet., 37 (2008), 51-85.
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Active set strategy — continuous case - |

Let .S be the solution operator to

Ay =u inQ
Y =0 auf 9Q

Then, we know that
_ 1
() = Pley oy cacon (— - #(0)

Define
1 1 . 1,
p= —<*p+U) =——(p+ra)=——f'(a),
g v v

In view of (5) we obtain

fo(z), i —ip<é(r) & pu)<
u(x) =4 —3p@), it —Ipe€li,&] & ul)=
51(‘%), if 7%p>£1 <:>,LL(ZL’) >

0
0
0

)
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Active set strategy — continuous case - Il . "Cff’g

In other words, u = u satisfies

o), it u(@) + p(x) < &o(x)
u(@) =1¢ —3p(x), i u(@)+p@) € &), & ()] (6)
G(e), it u(@) +p(z) > &i(2)

u € U,q then there holds

1 . .
U = Pleo(),61()] ( = ;p(z)) & u satisfies (6) .

Remark: u 4 p may serve as an indicator for the activity of the inequality constraints.
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Algorithm: Primal-dual active set strategy 'Zﬁf’g
O |Initialize ug, 1o € L?(Q2), k := 1 (ug does not have to be admissibe !)
® Compute
AL = {zfur-1(2) + pr—a (2))> & (@)}
A = {x’uk,l(:v) + pr—1(z) < &o(2)}
Iy, = Q\(Az UA,).
If A = A | and A, = A, | — terminate, opt. solution reached!
O solve linear system

—Ay=u, in Q & auf A’;
—Ap=y—1yq, in Q U= & auf Af
1
y=p=0, auf 09 —5p auf I
define U = u
Pk =P

1
M Z—(*pzﬁ-wc)
v

k—k+1 Goto 2.

- March 2019 - Page 14 (23)



Reformulation of step 3.

Define characteristic functions for the sets A;’f:

_ 1,
X = 0,
1
+ )
X =
-y

then we can write

x €A

else

xGA;

else

_ 1 _
u+ (1 —x; —xﬁ);pzfoxk +&xg

in other words, in step 3. we have to solve

—Ay—u=0

—Ap—Y=—Ya

_ 1 -
(1—-x; —XI)§p+u=€oxk +&xy
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Active set strategy — finite dimensional case - | 'Zﬁf’g

Let Q) = Urer, T with triangulation 75, and h = maxre7;, {diam ()} with m
elements. Let u be piecewise constant, i.e.

u= Zuiei(x) mit e;(z) = {
i=1

1, 1€T;
0, sonst '

Let
Vi ={p € C(W)| ¢lr istlinear, ¢|,, =0}
with nodal basis {1, . .. ¢, } for interior nodes x1, . . . x,, i.e.,
y=yipi und §= (Y1, ,yn)"

Recall state equation

aly,e) = / upds
Q
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Active set strategy — finite dimensional case - II 'Zﬁf’g

Inserting ¥ and test function ¢ = ¢; vields

n —
a(Syje5,00) = Y alpi, 5) yj = ZU/ €jpi
= j=1 79

3

'ij

& [Kyl,=[Bul; 1<i<n, KeR™, BeR"™

hence ¥ = K ' Bi = Sy1.
p solves

a(p,q) = (Y — va, ¢)

& Kp=My—yy with M;; = / ipjdr and [§a]; = / Yapidx
Q Q
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Active set strategy — discretization of continuous gradient

fro=

and thus .

/(y—yd)Shde—l—’y/uhdx:/S*(y—yd) hdm—i—'y/uhdx
Q Q QN— Q

P
/phdx+’y/ uhdzx
Q Q
L) (o [ () (o)
Q2 \i=1 i=1 i1
Z/ <sz%hy>d$+72/ <Zuiei> (thez>dx
i=1"Ti \i=1 j=1YTi \j=1 i=1

Bij
m n — n n
ZZPZ-/ @il +vzugh T =) [(ZB;FJ%) +7[Tu]j]hj
j=1i=1 [T j=1 j=1L\i=1
[ =BUp+~Ti withT =diag(|T1],. .., |Tml|)
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Discrete control problem — |

In comparison, we discretize the continuous control problem and compute the

optimality conditions:

J(y,u)

1

f/(y—yd)Qdm—l—l/qux

2 Ja 2 Ja

1 n 2 ~ n 2
= YiPi — Yd dm—l—/( u'e~>
2/9(;1“ Jarig | >

n

%/ (Zyjsog‘)(zyj%)dx—/Zijjyddx
&N Q5=

j=1
1 v = 9
+*/y§dx+72/ u;
2 Ja 2j:1 T;
1
5ngng—g'-gder%aTTquc
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Discrete control problem — Il

We obtain

1
min 3 57 My — -+ 1&g

subjectto Ky =B

Introducing the Lagrangean
L(y,p,u) == §My— 7§ fa+ = 4 Ti — (Kij+ Bi,p)

the adjoint equation is

dh. Kp=My—1iy
and the gradient of the reduced cost functional
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Discrete control problem - IlI
We obtain the optimality system (cf. lecture 1)
Ky = Bu Kp= My—yy4
(WTa+ B, T—d@) >0 ¥V &<T<

hence, we conclude that the discretized gradient coincides with the gradient of the
discretized control problem,
1
Vf=0 & t=—-T"'BTp.
Y

As in the continuous case we define

1
i=— (7 T1BTp+ ﬁ)

&, falls w; + pu; < &

L e falls w; + p1; > &}
U; =

and obtain

1 3 o
- [TﬁlBTp} , falls uw; + p; € [fé, Eﬂ .
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(Discrete) Primal Dual Active Set Strategy

@ Initialize g, fip € R™, k=1

® Compute
AZ_ = {Z € {1, - ’ITL} |uk_1,i + pg—1, > fl’i}
A; = {’L S {1, . m} ’uk,u + pr—1,i < €O,i}
I, = {1,...,m}\{Az UA,;}
® Solve
£O,i7 AS A]:
Ui =981, i€ Al
—L[T'BTp],, i€l
and define

Sl

&
Il
<y

1, - L
[k = —(;T 'BY By + i)
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Reformulation of step 3. xﬁ’g

Define characteristic functions for the sets AZ’f:

_ 1, i€ Ay . 1, i€ A
Xkis = Xkis —
0, else

1
then step 3. is equivalent with  u + (1 — x,, — X;); T7'BTp = x, Co+x¢€r

E

altogether we have to solve

0 K -B\ [ 0
K -M o ||7]= —Ta
EBT 0 I u IXr o HXé
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