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Outline

• A steepest descent method in function spaces

• Error estimates for the FE-discretization of linear-quadratic elliptic control
problems

• A primal dual active set strategy

• SQP methods �! see Lecture 7
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The nonlinear model problem

(CP) min J(y, u) :=

Z

⌦
'(x, y(x))dx+

Z

⌦
 (x, u(x))dx

with constraints

(SE)

8
<

:
��y + y + d(x, y) = u in ⌦

@y

@⌫
= 0 on @⌦ = �

and ⇠0(x)  u(x)  ⇠1(x) a.e. in ⌦

• Uad = {u 2 L
1(⌦)

�� ⇠0(x)  u(x)  ⇠1(x) a.e. in ⌦} and
⇠0, ⇠1 2 L

1(⌦).
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Projected gradient I

Assume we have already computed u1, . . . un, then to compute un+1 we proceed as
follows:

(S1) Compute yn = y(un), solution to (SE)

(S2) Compute pn as solution to

��p+ p+ dy(x, yn)p = 'y(x, yn)

@p

@⌫
= 0 .

(S3) Compute descent direction

vn = �( n(., un) + pn) .
(S4) Compute step-size

sn = argmin f(un + svn)

(S5) un+1 = P[⇠0,⇠1](un + snvn) , n 7! n+ 1 Goto (S1)
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Projected gradient II

Remark:

• Compared to the linear quadratic case, two difficulties arise:

• computation of yn requires iterative solver, e.g. Newton’s method,

• step-size cannot be computed explicitely, use e.g., Armijo step-size
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Linear-quadratic model problem (distributed control)

min J(y, u) =
1

2
ky � ydk2L2(⌦) +

�

2
kuk2

L2(⌦)

bei

⇢
��y = u in ⌦

y = 0 on @⌦

�
(SE)

und ⇠0  u(x)  ⇠1 a.e. in ⌦ .

9
>>>>>=

>>>>>;

(CP)

Remarks:

• For @⌦ smooth enough, (SE) has a unique solution y 2 H
1
0 (⌦) \H

2(⌦) for
controls u 2 L

2(⌦)

• (CP) has a unique solution ū.
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FE discretization of (SE)

• Let Th be a regular triangulization ⌦, with grid-size h := max
T2Th

{diam (T)}

• ⌦̄h =
S

T2Th

T̄

• for simplicity assume a polyhedral domain such that ⌦h = ⌦.
• consider piecewise linear finite elements, i.e.

Vh = {v 2 C(⌦̄)|v|T 2 P1(T ) 8T 2 Th und v

���
@⌦

= 0}

then we have Vh ⇢ V = H
1
0 (⌦).

• weak formulation for (SE) reads

a(y, v) = (ry,rv) = (u, v) 8v 2 V = H
1
0 (⌦) . (VE)

• Then the fe-solution yh of (SE) is the unique solution to

a(yh, v) = (u, v) 8v 2 Vh . (VE)h
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FE-Error estimate I – energy norm

Subtracting (VEh) from(VE) gives

a(y � yh, v) = 0 8v 2 Vh . (1)

In the so-called energy norm for v 2 Vh we obtain

ky � yhk2E = a(y � yh, y � yh)
(1)
= a(y � yh, y � v) + a(y � yh, v � yh)| {z }

=0

 ky � yhkEky � vkE

) ky � yhkE  inf
v2Vh

ky � vk  ky � yhkE , hence

ky � yhkE = inf
v2Vh

ky � vkE ( Interpolation error .
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FE-Error estimate I – remarks

• The error is optimal in the energy norm.

• Error in solving the FE problem instead of the continuous one is reduced to
question of best approximation of sobolev space functions in a FE space.

• FE theory shows error for interpolation is ky � IhykE  C(⌦)hkykH2(⌦)

• hence we obtain
ky � yhkE  chkykH2(⌦)
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L
2
-Error estimate – duality argument

The boundary value problem

��w = y � yh in ⌦

w = 0 on @⌦

has a unique solution w 2 H
1
0 (⌦) \H

2(⌦), moreover

ky � yhk2L2(⌦) = (y � yh, y � yh) = a(w, y � yh)

(1)
= a(w � Ihw, y � yh)  c1ky � yhkEkw � IhkE
 c2hky � yhkE kwkH2(⌦)| {z }

c3ky�yhkL2(⌦)

) ky � yhkL2(⌦)  ch
2kykH2(⌦) . (2)
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L
2
-Error estimate for (CP) – I

• Necessary opt. condition for reduced cost functional f(u) = J(y(u), u) :

f
0(ū)(u� ū) � 0 8u 2 Uad = {u 2 L

2(⌦)|⇠0(x)  u(x)  ⇠1(x) a.e. in ⌦}
, (S⇤(Sū� yd) + �ū, u� ū) � 0 .

• adjoint p again defined as p = S
⇤(Sū� yd), i.e. p uniquely solves

(
��p = ȳ � yd in ⌦

p = 0 in @⌦ .

• we know that p 2 H
2(⌦) \H

1
0 (⌦), hence from (2) we infer

kSu� Shuk  ch
2|GukH2(⌦)  ch

2kukL2(⌦)

and since S
⇤ solves the same pde, we have for arbitrary f 2 L

2(⌦)

kS⇤
f � S

⇤
h
fk  ch

2kfkL2(⌦)

and also kS⇤
Sf � S

⇤
ShfkL2(⌦)  ch

2kfkL2(⌦) .
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L
2
-Error estimate for (CP) – II

Now consider semi-discretuzation of (CP):

min
1

2
kyh � ydk2L2(⌦) +

�

2
kuk2

L2(⌦) (CP)h

subject to a(yh, vh) = (u, vh) 8vh 2 Vh and u 2 Uad .

Remark: (CP)h is called semi-discretization because only the state is discretized.
Define fh(u) := J(Shu, u), then

f
0
h
(ūh)(u� ūh) � 0 8u 2 Uad .

and thus
�
S
⇤
h
(Shūh � yd) + �ūh, u� ūh

�
� 0 8u 2 Uad . (3)

In the continuous case we had
�
S
⇤(Sū� yd) + �ū, u� ū

�
� 0 8u 2 Uad . (4)
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L
2
-Error estimate for (CP) – III

Inserting u = ū in (3) and u = ūh in (4) and adding the inequalities yields
�
S
⇤(Sū� yd)� S

⇤
h
(Shūh � yd) + �(ū� ūh), ūh � ū

�
� 0

,

�kū� ūhk2L2(⌦) 
�
S
⇤
Sū� S

⇤
h
Shūh + (S⇤

h
� S

⇤)yd, ūh � ū
�


�
S
⇤
Sū� S

⇤
h
Shū+ S

⇤
h
Sh(ū� ūh) + (S⇤

h
� S

⇤)yd, ūh � ū
�


�
kS⇤

Sū� S
⇤
h
Shūk+ k(S⇤

h
� S

⇤)ydk
�
kūh � ūk

+
�
Sh(ū� ūh), Sh(ūh � ū)

�
| {z }

�kSh(ū�ūh)k2


�
c1h

2kūk+ c2h
2kydk

�
kūh � ūk .

Theorem

Let ū the solution to (CP) and ūh sol. to (CP)h. then there holds

kū� ūhkL2(⌦)  ch
2
⇣
kūkL2(⌦) + kydkL2(⌦)

⌘
.
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L
2
-Error estimate for (CP) – Remarks

• Numerical solution of (CP) without discretization oc control space possible but
tedious, esp. in 3D. Details can be found in
M. Hinze: A variational discretization concept in control constrained optimization:
the linear quadratic case, Comp. Opt. and Anal. 30 (2005), 45–63.

• Another possibility: descritize control space, e.g., piecewise constant,
Uh =

�
u 2 L

2(⌦)
��u|T ⌘ const 8T 2 Tk

 

• For completely discretized problem one can show

Theorem

kū� ūhkL2(⌦)  ch
2
.

• The proof is more involved, since ū 62 Uh, such that one has to use the
projection ⇡hū onto Uh.
see, e.g., C. Meyer, Error estimates for the finite-element approximation of an
elliptic control problem with pointwise state and control constraints, Control
Cybernet., 37 (2008), 51–85.
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Active set strategy – continuous case – I

Let S be the solution operator to
(
��y = u in ⌦

y = 0 auf @⌦
.

Then, we know that

ū(x) = P[⇠0(x),⇠1(x)]

⇣
� 1

�
p(x)

⌘
. (5)

Define

µ = �
⇣ 1
�
p+ ū

⌘
= � 1

�
(p+ �ū) = � 1

�
f
0(ū) ,

In view of (5) we obtain

ū(x) =

8
><

>:

⇠0(x) , if � 1
�
p < ⇠0(x) , µ(x) < 0

� 1
�
p(x) , if � 1

�
p 2 [⇠0, ⇠1] , µ(x) = 0

⇠1(x) , if � 1
�
p > ⇠1 , µ(x) > 0

,
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Active set strategy – continuous case – II

In other words, u = ū satisfies

u(x) =

8
><

>:

⇠0(x) , if u(x) + µ(x) < ⇠0(x)
� 1

�
p(x) , if u(x) + µ(x) 2 [⇠0(x), ⇠1(x)]

⇠1(x) , if u(x) + µ(x) > ⇠1(x)

. (6)

Lemma

u 2 Uad then there holds

u = P[⇠0(x),⇠1(x)]

⇣
� 1

�
p(x)

⌘
, u satisfies (6) .

Remark: u+ µ may serve as an indicator for the activity of the inequality constraints.
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Outline

• Error estimates for the FE-discretization of linear-quadratic elliptic control
problems

• A primal dual active set strategy
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Linear-quadratic model problem (distributed control)

min J(y, u) =
1

2
‖y − yd‖2L2(Ω) +

γ

2
‖u‖2L2(Ω)

bei

{
−∆y = u in Ω

y = 0 on ∂Ω

}
(SE)

und ξ0 ≤ u(x) ≤ ξ1 a.e. in Ω .






(CP)

Remarks:

• For ∂Ω smooth enough, (SE) has a unique solution y ∈ H1
0 (Ω) ∩H2(Ω) for

controls u ∈ L2(Ω)

• (CP) has a unique solution ū.
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FE discretization of (SE)

• Let Th be a regular triangulization Ω, with grid-size h := max
T∈Th

{diam (T)}

• Ω̄h =
⋃

T∈Th

T̄

• for simplicity assume a polyhedral domain such that Ωh = Ω.

• consider piecewise linear finite elements, i.e.

Vh = {v ∈ C(Ω̄)|v|T ∈ P1(T ) ∀T ∈ Th und v
∣∣∣
∂Ω

= 0}

then we have Vh ⊂ V = H1
0 (Ω).

• weak formulation for (SE) reads

a(y, v) = (∇y,∇v) = (u, v) ∀v ∈ V = H1
0 (Ω) . (VE)

• Then the fe-solution yh of (SE) is the unique solution to

a(yh, v) = (u, v) ∀v ∈ Vh . (VE)h
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FE-Error estimate I – energy norm

Subtracting (VEh) from(VE) gives

a(y − yh, v) = 0 ∀v ∈ Vh . (1)

In the so-called energy norm for v ∈ Vh we obtain

‖y − yh‖2E = a(y − yh, y − yh)
(1)
= a(y − yh, y − v) + a(y − yh, v − yh)︸ ︷︷ ︸

=0

≤ ‖y − yh‖E‖y − v‖E

⇒ ‖y − yh‖E ≤ inf
v∈Vh

‖y − v‖ ≤ ‖y − yh‖E , hence

‖y − yh‖E = inf
v∈Vh

‖y − v‖E ⇐ Interpolation error .
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FE-Error estimate I – remarks

• The error is optimal in the energy norm.

• Error in solving the FE problem instead of the continuous one is reduced to
question of best approximation of sobolev space functions in a FE space.

• FE theory shows error for interpolation is ‖y − Ihy‖E ≤ C(Ω)h‖y‖H2(Ω)

• hence we obtain
‖y − yh‖E ≤ ch‖y‖H2(Ω)
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L2-Error estimate – duality argument

The boundary value problem

−∆w = y − yh in Ω

w = 0 on ∂Ω

has a unique solution w ∈ H1
0 (Ω) ∩H2(Ω), moreover

‖y − yh‖2L2(Ω) = (y − yh, y − yh) = a(w, y − yh)

(1)
= a(w − Ihw, y − yh) ≤ c1‖y − yh‖E‖w − Ih‖E
≤ c2h‖y − yh‖E ‖w‖H2(Ω)︸ ︷︷ ︸

≤c3‖y−yh‖L2(Ω)

⇒ ‖y − yh‖L2(Ω) ≤ ch2‖y‖H2(Ω) . (2)

· March 2019 · Page 7 (23)
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L2-Error estimate for (CP) – I

• Necessary opt. condition for reduced cost functional f(u) = J(y(u), u) :

f ′(ū)(u− ū) ≥ 0 ∀u ∈ Uad = {u ∈ L2(Ω)|ξ0(x) ≤ u(x) ≤ ξ1(x) a.e. in Ω}
⇔ (S∗(Sū− yd) + γū, u− ū) ≥ 0 .

• adjoint p again defined as p = S∗(Sū− yd), i.e. p uniquely solves
{
−∆p = ȳ − yd in Ω

p = 0 in ∂Ω .

• we know that p ∈ H2(Ω) ∩H1
0 (Ω), hence from (2) we infer

‖Su− Shu‖ ≤ ch2|Gu‖H2(Ω) ≤ ch2‖u‖L2(Ω)

and since S∗ solves the same pde, we have for arbitrary f ∈ L2(Ω)

‖S∗f − S∗
hf‖ ≤ ch2‖f‖L2(Ω)

and also ‖S∗Sf − S∗Shf‖L2(Ω) ≤ ch2‖f‖L2(Ω) .

· March 2019 · Page 8 (23)
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L2-Error estimate for (CP) – II

Now consider semi-discretuzation of (CP):

min
1

2
‖yh − yd‖2L2(Ω) +

γ

2
‖u‖2L2(Ω) (CP)h

subject to a(yh, vh) = (u, vh) ∀vh ∈ Vh and u ∈ Uad .

Remark: (CP)h is called semi-discretization because only the state is discretized.
Define fh(u) := J(Shu, u), then

f ′
h(ūh)(u− ūh) ≥ 0 ∀u ∈ Uad .

and thus
(
S∗
h(Shūh − yd) + γūh, u− ūh

)
≥ 0 ∀u ∈ Uad . (3)

In the continuous case we had
(
S∗(Sū− yd) + γū, u− ū

)
≥ 0 ∀u ∈ Uad . (4)

· March 2019 · Page 9 (23)
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L2-Error estimate for (CP) – III

Inserting u = ū in (3) and u = ūh in (4) and adding the inequalities yields
(
S∗(Sū− yd)− S∗

h(Shūh − yd) + γ(ū− ūh), ūh − ū
)
≥ 0

⇔

γ‖ū− ūh‖2L2(Ω) ≤
(
S∗Sū− S∗

hShūh + (S∗
h − S∗)yd, ūh − ū

)

≤
(
S∗Sū− S∗

hShū+ S∗
hSh(ū− ūh) + (S∗

h − S∗)yd, ūh − ū
)

≤
(
‖S∗Sū− S∗

hShū‖+ ‖(S∗
h − S∗)yd‖

)
‖ūh − ū‖

+
(
Sh(ū− ūh), Sh(ūh − ū)

)
︸ ︷︷ ︸

−‖Sh(ū−ūh)‖2

≤
(
c1h

2‖ū‖+ c2h
2‖yd‖

)
‖ūh − ū‖ .

Theorem

Let ū the solution to (CP) and ūh sol. to (CP)h. then there holds

‖ū− ūh‖L2(Ω) ≤ ch2
(
‖ū‖L2(Ω) + ‖yd‖L2(Ω)

)
.
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L2-Error estimate for (CP) – Remarks

• Numerical solution of (CP) without discretization oc control space possible but
tedious, esp. in 3D. Details can be found in
M. Hinze: A variational discretization concept in control constrained optimization:
the linear quadratic case, Comp. Opt. and Anal. 30 (2005), 45–63.

• Another possibility: descritize control space, e.g., piecewise constant,
Uh =

{
u ∈ L2(Ω)

∣∣u|T ≡ const ∀T ∈ Tk
}

• For completely discretized problem one can show

Theorem

‖ū− ūh‖L2(Ω) ≤ ch2 .

• The proof is more involved, since ū .∈ Uh, such that one has to use the
projection πhū onto Uh.
see, e.g., C. Meyer, Error estimates for the finite-element approximation of an
elliptic control problem with pointwise state and control constraints, Control
Cybernet., 37 (2008), 51–85.
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Active set strategy – continuous case – I

Let S be the solution operator to
{
−∆y = u in Ω

y = 0 auf ∂Ω
.

Then, we know that

ū(x) = P[ξ0(x),ξ1(x)]

(
− 1

γ
p(x)

)
. (5)

Define

µ = −
( 1
γ
p+ ū

)
= − 1

γ
(p+ γū) = − 1

γ
f ′(ū) ,

In view of (5) we obtain

ū(x) =






ξ0(x) , if − 1
γ p < ξ0(x) ⇔ µ(x) < 0

− 1
γ p(x) , if − 1

γ p ∈ [ξ0, ξ1] ⇔ µ(x) = 0

ξ1(x) , if − 1
γ p > ξ1 ⇔ µ(x) > 0

,

· March 2019 · Page 12 (23)
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Active set strategy – continuous case – II

In other words, u = ū satisfies

u(x) =






ξ0(x) , if u(x) + µ(x) < ξ0(x)
− 1

γ p(x) , if u(x) + µ(x) ∈ [ξ0(x), ξ1(x)]

ξ1(x) , if u(x) + µ(x) > ξ1(x)

. (6)

Lemma

u ∈ Uad then there holds

u = P[ξ0(x),ξ1(x)]

(
− 1

γ
p(x)

)
⇔ u satisfies (6) .

Remark: u+ µ may serve as an indicator for the activity of the inequality constraints.

· March 2019 · Page 13 (23)

- Ip()
en

>



Algorithm: Primal-dual active set strategy

1 Initialize u0, µ0 ∈ L2(Ω), k := 1 (u0 does not have to be admissibe !)
2 Compute

A+
k =

{
x
∣∣uk−1(x) + µk−1(x) > ξ1(x)

}

A−
k =

{
x
∣∣uk−1(x) + µk−1(x) < ξ0(x)

}

Ik = Ω\(A+
k ∪A−

k ) .

If A+
k = A+

k−1 and A−
k = A−

k−1 −→ terminate, opt. solution reached!
3 solve linear system

−∆y = u , in Ω

−∆p = y − yd , in Ω

y = p = 0 , auf ∂Ω

u =






ξ0 auf A−
k

ξ1 auf A+
k

− 1
γ p auf Ik

define uk := u

pk := p

µk = −
( 1
γ
pk + uk

)

k → k + 1 Go to 2.

· March 2019 · Page 14 (23)
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Reformulation of step 3.

Define characteristic functions for the sets A+,−
k :

χ−
k =

{
1 , x ∈ A−

k

0 , else

χ+
k =

{
1 , x ∈ A+

k

0 , else

then we can write

u+ (1− χ−
k − χ+

k )
1

γ
p = ξ0χ

−
k + ξ1χ

+
k

in other words, in step 3. we have to solve

−∆y − u = 0

−∆p− y = −yd

(1− χ−
k − χ+

k )
1

γ
p+ u = ξ0χ

−
k + ξ1χ

+
k .
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Active set strategy – finite dimensional case – I

Let Ω̄h =
⋃

T∈Th
T̄ with triangulation Th and h = maxT∈Th{diam (T )} with m

elements. Let u be piecewise constant, i.e.

u =
m∑

i=1

uiei(x) mit ei(x) =

{
1 , i ∈ Ti

0 , sonst
.

Let

Vh =
{
ϕ ∈ C(Ω̄h)

∣∣ ϕ|T ist linear, ϕ
∣∣
∂Ω

= 0
}

with nodal basis {ϕ1, . . .ϕn} for interior nodes x1, . . . xn, i.e.,

y = Σyiϕi und 'y = (y1, . . . , yn)
T

Recall state equation

a(y,ϕ) =

∫

Ω
uϕdx

· March 2019 · Page 16 (23)
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Active set strategy – finite dimensional case – II

Inserting y and test function ϕ = ϕi vields

a(Σyjϕj ,ϕi) =
n∑

i=1

a(ϕi,ϕj)︸ ︷︷ ︸
Kij

yj =
m∑

j=1

ui

Bij︷ ︸︸ ︷∫

Ω
ejϕi

⇔ [K'y]i = [Bu]i 1 ≤ i ≤ n , K ∈ Rn,n , B ∈ Rn,m

hence 'y = K−1B'u = Sh'u.
p solves

a(p, q) = (y − yd,ϕ)

⇔ K'p = M'y − 'yd with Mij =

∫

Ω
ϕiϕjdx and ['yd]i =

∫

Ω
ydϕidx
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Active set strategy – discretization of continuous gradient

f ′h =

∫

Ω
(y − yd)Shdx+ γ

∫

Ω
uhdx =

∫

Ω
S∗(y − yd)︸ ︷︷ ︸

p

hdx+ γ

∫

Ω
uhdx

=

∫

Ω
phdx+ γ

∫

Ω
uhdx

=

∫

Ω

( n∑

i=1

piϕi

)( m∑

i=1

hiei

)
dx+ γ

∫

Ω

( n∑

i=1

uiei

)( m∑

i=1

hiei

)
dx

=
m∑

j=1

∫

Tj

( n∑

i=1

piϕihj

)
dx+ γ

m∑

j=1

∫

Tj

( n∑

i=1

uiei

)( m∑

i=1

hiei

)
dx

=
m∑

j=1

n∑

i=1

pi

Bij︷ ︸︸ ︷∫

Tj

ϕi hj + γ
m∑

j=1

ujhj |Tj | =
n∑

j=1

[( n∑

i=1

BT
jipi

)
+ γ[Tu]j

]
hj

and thus . f ′ = BT 'p+ γT'u with T =diag(|T1|, . . . , |Tm|)
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Discrete control problem – I

In comparison, we discretize the continuous control problem and compute the
optimality conditions:

J(y, u) =
1

2

∫

Ω
(y − yd)

2dx+
γ

2

∫

Ω
u2dx

=
1

2

∫

Ω

( n∑

j=1

yjϕj − yd

)2

dx+
γ

2

∫

Ω

( n∑

j=1

ujej

)2

=
1

2

∫

Ω

( n∑

j−1

yjϕj

)( n∑

j=1

yjϕj

)
dx−

∫

Ω

n∑

j=1

yjϕjyddx

+
1

2

∫

Ω
y2ddx+

γ

2

m∑

j=1

∫

Tj

u2
j

=
1

2
'yTM'y − 'y · 'yd +

γ

2
'uTTu+ c
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Discrete control problem – II

We obtain

min
1

2
'yTM'y − 'y · 'yd +

γ

2
'uTT'u

subject to K'y = B'u

and 'ξ0 ≤ 'u ≤ 'ξ1

Introducing the Lagrangean

L(y, p, u) = 1

2
'yM'y − 'y · 'yd +

γ

2
'uTT'u− 〈K'y +B'u, 'p〉

the adjoint equation is

Ly = M'y − 'yd −K'p
!
= 0

d.h. K'p = M'y − 'yd

and the gradient of the reduced cost functional

Lu('y, 'p, 'u) = γT'u+BT 'p = ∇f(u)
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Discrete control problem – III

We obtain the optimality system (cf. lecture 1)

K'y = B'u K'p = M'y − 'yd

〈γT'u+BT p , 'v − 'u〉 ≥ 0 ∀ 'ξ0 ≤ 'v ≤ 'ξ1

hence, we conclude that the discretized gradient coincides with the gradient of the
discretized control problem,

∇f = 0 ⇔ 'u = − 1

γ
T−1BT 'p .

As in the continuous case we define

'µ = −
(
1

γ
T−1BT 'p+ 'u

)

and obtain

'ui =






ξi0 , falls ui + µi < ξi0

ξi1 , falls ui + µi > ξi0

− 1

γ

[
T−1BT 'p

]
, falls ui + µi ∈

[
ξi0, ξ

i
1

]
.
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(Discrete) Primal Dual Active Set Strategy

1 Initialize 'u0, 'µ0 ∈ Rm, k = 1
2 Compute

A+
k =

{
i ∈ {1, . . .m}

∣∣uk−1,i + µk−1,i > ξ1,i
}

A−
k =

{
i ∈ {1, . . .m}

∣∣uk−1,i + µk−1,i < ξ0,i
}

Ik = {1, . . . ,m}\{A+
k ∪A−

k }

3 Solve

ui =






ξ0,i , i ∈ A−
k

ξ1,i , i ∈ A+
k

− 1
γ

[
T−1BT p

]
i
, i ∈ Ik

.

and define

'uk = 'u µk = −(
1

γ
T−1BT 'pk + 'uk)
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Reformulation of step 3.

Define characteristic functions for the sets A+,−
k :

χ−
k,ii =

{
1 , i ∈ A−

k

0 , else
χ+
k,ii =

{
1 , i ∈ AT

k

0 , else

then step 3. is equivalent with u+ (1− χ−
k − χ+

k )
1

γ
T−1

︸ ︷︷ ︸
E

BT p = χ−
k ξ0 + χ+

k ξ1

altogether we have to solve




0 K −B
K −M 0

EBT 0 I








'p
'y
'u



 =




0

−'yd
χ−
k ξ0 + χ+

k ξ1




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