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(a) The initial value problem for the heat equation is u; = c?ug,, u(z,0) = ug(x), ¢ #
0. We assume that u, u,, € L?(R) for each t. The Fourier transform in z gives
that the IVP is

(€ t) = =g, t), solving yields

a(é,t) = VfO(f)e—cQé%, we take the inverse Fourier transform
1 2¢2
Ul’,t =Uu ‘,t * Uupl - ,I’t :7]:_1(6_C£t>*u T
()= et 00t = 7 ()
]_ _ (z— z)
a2 ug(z) dz.

Y. 47rczt

(b) Fourier transform gives the ODE @; = —c2£%4 + f. Multiply the equation by
the integrating factor e“€*t and use the product rule of differentiation to obtain

8 (o) -t

We integrate

¢
i(6.t) = () + [ I fg ) ds
0
Inverse Fourier transform gives

(@, 1) :uF(-,t)*uo(-)(:c,t)+/0 wp(et — 5) % f(-5) ds.

(a) We solve ¢; = Kkcy, (for example via the Fourier transform), and find that

(z— z)2
c(z,t it co(z) dz
(z,t) = \/H 0(z) dz,
22
for some initial function cq. Our co(z) = 6o(z), and thus cp = ——e 1xt,

VATkt
(b) We have that ffooo e du = /7. Taking u = \/4% and substituting gives

&0 1 &0 2
cr(z,t)de = \/4@/ e " du=1.
/oo F(a,t) VATKt S

The mean value, y, is given by u(t) = [@cp(x,t) dz. This integral is defined
for all ¢ > 0. Moreover cp is an even function of x, while x is odd. This gives
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()
(d)

= 0 for all t > 0. The standard deviation, o, when the mean value is zero is
glven by o(t f xcp(z,t) de. We compute the integral

o(t e 4m:c dx
( ) \/471%
(4"<‘7t)§ 2 —u?
= u‘e du
VAarkt
= 2kt.

We have jq(zo) = cz(xo) = 0.

Linearity and translation invariance ensures that c(z,t) = cp(z,t) + cp(z —
2x0,t) solves the heat equation. Furthermore, as cp is even, (cp), has to be
odd and thus ¢z (o, t) = (c¢r)z(z0,t) + (cr)z(—z0,t) = 0. Moreover the integral
f;; c(z,t)de = f;; (cr(z,t) + cp(x — 220,t)) dz = [ cp(z,t) dz. Ast — 0
we have that ¢ — Jp in some sense.

We look at an interval [z, z + Ax] on R, and get that the conservation of mass
in the interval is

change of mass in the interval

= flux in at z — flux out at (z + Ax),

4

dp(y,t)dy = j(z,t) — j(x + Az,t).

time

d z+Ax
dt
Applying Leibniz’s rule to the left hand side, we get

z+Ax r+Ax
/ bpi(y,t) dy = —/ Je(y,t) dy.

In general, we have for a continuous function f that

To+Ax
Jim (Alx / f(x) dw) — f(z0),

+Ax
omat) = Jin (5 [ ontnnan)

Az—0

. 1 r+Ax
— _Algo (A:c/ Je(y,t) dy> = —jz(x,1).

and hence

Furthermore,

S (ppa)
and thus we have
pt = K(ppz)s
with
- kERT
g
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(b) Since pp is even and pp = 0 for 22 > IQCtg, we get

00 V120t2/3
| prtwnde=2 [ peatde

—00 0
V120t2/3 L 1
= 2/0 (Ct™s — 1—2x2t_1) dx
. 11 V12Ct2/3
=2 [Ct_sx — — ¢! 3}
123 0

Following the hint and considering the regions separately, we iQmmediately see
that pp satisfies the given equation in the regions |x|?> > 12Ct3. In the region

lz)? < 12Ct3, we have

1 1
(pr)e = —zCt 5 + a2,

3 12
(p)e = —at™!
PF)x = 6$ )

1
(PF)m:—gt 17

and hence

2(pr(pr)a)e = 2(pF)5 + 208 (PF)za

1 1 11
=92t 242 —=Ct7 5L+ = —a2%72
gt T ( 6" te”

L gp 1.1
= 2% 2 - ~Ct

12" 3¢
:(PF)t7

and thus the equation is satisfied by pr also in this region.

(¢) Because [*_ ppdx =1, we have that

o= [ " pr(a.t)(0) de
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and applying this and that pr > 0, we get

‘/_Z pr(z,t)f(x) de — f(O)‘ - ‘/_Z (@) (F(@) — £(0)) da

< / " or(@ (@) - £(0)] de

e d
_/_WPF(x7t)’f($)_f(0)’ T

S T |f (@) = FO)I- /Oo pr(z,t) da

= mg%!ﬂw) — f(0)].

Now we have

lim
t—0

/_OO pr(z,t)f(z) de — f(O)‘ < méi%ﬁo (|x§%|f($) - f(O)!> =0,

since f is continuous, and ¢ — 0 implies V' 120t2/3 — 0.

A fundamental solution is a solution with initial data pro = do, where the delta
function dp(x) is a function such that

/_ " f(@)do(x) dz = £(0)

for any continuous function f. We have that
| pra0)f@de =tim [ pe(e,)(@) dz = £0),

and hence the initial solution pp(x,0) of pr is by definition a delta function.

The equation is given, and as initial solution we follow the hint and use a
positive point source with integral 2. Thus we get

ht = (hQ)xacv

Following a similar deduction as when solving problem (b), we get that

1
o0 3
/ pr(z,t)dr =2 when C = (136> .

We therefore have that equation (4) in the problem set is a solution to (1)

1
above, with C' = (2)?. We then have that h > 0 for |z|? < 12Ct3, and hence
the extension of wet ground at ¢t = 10 is given by

1 1
2 3\3 2 1/ 3\6_ 1
=\12Cts =4/12( — ) 103 =122 [ — | 103 =~ 5.65.
lz| = \V12Cts =4/ <16> 03 2(16) 03 ~ 5.65
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(a)

Denote by ¢ the concentration of contaminants. There are two sources of flux.
The first is the diffusive flux, given by Fick’s law:

. Oc
= —K—.
Jd o
The second is the advective flux:
Ja =Uc.

Together, they form the total flux:

. . oc
J=Ja+jo=—ky +Uc
oz
A point discharge will be carried a length L down the river after a time T =
L/U. The discharge will spread out due to diffusion; the extent of this can be
measured as in exercise 2c), i.e. the spread is proportional to VKT = y/kL/U.

Using the flux from a) and noting that the conversion of substance A into B
constitutes production terms, we state the conservation laws in integral form
for an interval [x1, x| (we omit the t-dependence for readability):

2 2

% a(x)dr =k (gz(azg) - g;($1)> —U(a(z2) — a(z1)) —/ua(x)da:,
d [ o o i

T b(x)dr = K ((%(xg) — a:E(avl)> —U(b(z2) — b(z1)) +/ua(m) — Ab(z)dzx.

1 1

To obtain the differential form of the conservation equation, we take xzo =
1 + Az, divide by Az and let Ax — 0. This yields

ou_ a0
ot~ "ox2 or  H®
ob 0% b

We now neglect diffusion and consider the convection-reaction equations:

da Oa

—_— —_— = — t

ot * U@m Ha, z>0,¢>0,
0b 0b

6t+U8x pa — pb x>0,t>0

We need some boundary conditions. Since there is a constant rate of discharge
of substance A at x = 0, we have a constant flux j4 = Ua = qg at x = 0,t > 0.
Additionally, we may assume that the river is uncontaminated at ¢ = 0, and
that there is no discharge of substance B at x = 0. This gives the boundary
conditions:

a(0,t) = qﬁo, t>0
a(z,0) =0, x>0
b(0,1) = 0, t>0
b(z,0) = 0, x> 0.
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We solve the PDEs using the method of lines. Taking z(¢) = a(z(t),t), we get

Z=—uz
t=U.
Solving these ODEs yields
z(t) = z(to)e“(t*to)
x(t) = U(t —to) + xo.

If to = 0, we have z(t9) = 0. Otherwise, z(to) = %. Now, to solve for b(z,1),
we take w(t) = b(z(t),t), observing that the characteristics for a and b are
identical. This gives us the ODE for w:

W+ pw = pz

= W+ pw = @eu(t—to)’

where we have disregarded the trivial case of characteristics starting at t = 0,
which result in b = 0. Now, using the hint, we obtain

w(t) = Crot 1 M0 pouti—to)
U
and applying the initial condition w(tg) = 0, we get
w(t) = (t — to)uiqoeu(t—to)7
U
yielding
b(U(t —tg), t) = (t — to)%euwto).

We now ”invert” by reintroducing x = U(t — ty) and get

Hqo px
r—ev, x<Ut
vt = {0 ” > Ut
, T .

To obtain the point of highest concentration of B, we fix a t and observe that,
disregarding the case with b = 0:

d O Iz
ab(m,t)_ﬁ v(l- )=
U
=>r=—.
I

This x is attainable if ¢ > i Otherwise, since d%b(a:,t) > 0 for z < %, the
maximum is attained at x = Ut.

We do the computations with a segment with width B and introduce density,
flux and sources. Here we assume that the density of sand p is a constant. The
flux then becomes pj and the source function will be pg(x;t). (However, both
B and p drop out from the relations at the end, such that we could as well
compute per unit width, and with p = 1).
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()

Our control volume has width B and extends from x = xg to £ = x1 . Thus,
we obtain the general (one-dimensional) conservation law

d [ ab b o
p . pB (b(xz,t) — h)dx+ <_k8x (x1,t) + k% (ZL‘o,t)> pB = /wo q(z,t) (pB) dx.
or

d [™ b ob o

7 . (b(z,t) —h)de+ (_kax (x1,t) + k% (:Uo,t)> = /IO q(x,t)dz,

If we let 21 — x¢ and divide by (z1 — ), we obtain

) _ob 9%

al=M =5 "k

It +q.

In this case, the source is localized at x = 0, such that the equation for x > 0
becomes just b, = kb,, . We scale b with h and the solution is

b=hf(z,tk)

It is not obvious that we have a similarity solution since the depth A could
be a length scale, but this length is not associated with the horizontal length.
The problem is completely equivalent to a heat conduction problem where the
temperature is constant and equal to Ty at * = 0, and T, when x = oco. The
temperature could then be written as T (z,t) = Ty + (Teo — To) 7 (2, t, k), and
we obtain a similarity solution. Similarly to the temperature,we should be able
to write the solution for b as

bz—W(j;>=4wm%n=J%,

where 5(0) = 0 and 3 (n) — 1 when n — oo. Entering this into the equation
after dividing by —h lead to

1 » 1

1
KBy = —= "k " _
Bt B 2\/Et3/26 ktﬁ 07

or n
-
B +26 0.

This is the equation given in the problem. By the hint and conditions b(0,¢) = 0,
b(co,t) = —h we see that

b(z,t) = —herf (\%) .

The sand and clay volume at sea (z > xg here) is given by

V(t) = /Oo B(h —b(z,t)) dz

0

Ut—xg o0
— / B(h — b(z,t)) dz + / B(h —b(x,t)) dx

0 Ut—xg

= BhUt + / bo(y) dy,
0
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where B was determined in a). By definition, gy = V'(t), and hence

do
U=—.
Bh
If we let n = ¢ — Ut — xg and put b into the equation where z > Ut + xg, we
obtain

—Ub, = kzbg.
thus I

with general solution

U
bo (n) = C1 + Caexp <—k77> .

It is required that

Introducing the original variables leads to

bz 1) 0, x < s(t) =Ut+ xo,
z,t) =
h(exp(—%(m—Ut—:co))—l), x> Ut + xg.
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