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Exercise set 9

In a porous medium in R!, a gas can occupy only the pore volume, a fraction
¢ € (0,1) of the total volume. The mass flux is given by Darcy’s law,

j(et) = —p(x,t>zpm<x,t>,

where p is the mass density of the gas, u the viscosity, and k the permeability. We
also assume an ideal gas, i.e.

p = pRT,

where R is the gas constant and T is the temperature, which is assumed to be
constant.

(a) Use conservation of mass to show that

¢pt + jz =0,

and then that

(1) pr = K (ppz)s-

What is K?
After scaling, (1) takes the form
(2) pt = 2(ppz)e = (P)za-
Let C' > 0 and

Ct™5 — La2t71 for |z[? < 12Ct3,

(3) pr(x,t) =

0 for |z|? > 12013 .

This functions is plotted in figure 1. Note that pr is non-negative, even and contin-
uous.

(b) Show that

w
| e

(4) / pr(x,t)de =1 when C =

—0o0

9

and that pp satisfies (2) for |z|? # 12C5.
Hint: Consider the regions |z|? < 12Ct3 and |z]? > 1203 separately.
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Figure 1: The function pr plotted at times ¢ = 0.1, ¢ =1 and ¢t = 10, with C = 3%/4.

i

(c) Let f(z) be continuous. Let C = 2 in (3) and show that

tim [ pp(e,t)f(x) dz = £(0).
t—0 S
Explain why pp(x,t) is a fundamental solution of (2).
Hint: Use (4), the fact that pp > 0, and that
lim max | f(z) — f(0)] =0

r—=0 |z|<r
for any continuous function f.

It can be shown that the scaled equation (2) can also be used for the scaled height
h = h(z,t) in a two-dimensional model of a groundwater reservoir, i.e.

he = (h?) e

(d) Assume that the ground is completely dry, and there is a well at = 0, which
at t = 0 is filled up completely. The mass of the added water is such that

(0]
/ h(z,0)dz = 2.
— 0o

What is the extension of wet ground at the dimensionless (scaled) time ¢ = 107
Hint: Assume that the well is a point source. Explain why you can use (3).
What must C' be in this case?

(Problem 7.2.6 p. 77 in Krogstad) Discharge of contaminants into a river will be
transported with the flow (convection) and spread due to turbulence mixing and
varying water velocity (diffusion). Consider a one-dimensional river with mean flow
U and the diffusion coefficient .

(a) Derive the expression for the flux of contaminants under these simple conditions,
and find a length scale of the extent of an instantaneous point discharge after
this has been carried a length L down the river by means of the current.
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At the point z = 0 there is a continuous discharge of a substance A so that the con-
centration in the river becomes a(z,t). The substance A is converted into substance
B with constant rate p. Thus, for a water sample from the river we would have

da

a = —ua.
The substance B decays with rate X, and for the same water sample, the concentra-

tion b(x,t) of B fulfills

b
Q-
ac M

(b) State the conservation laws for A and B on the integral and differential form.

(¢c) The discharge at x = 0 takes place at a constant rate gp (amount per time
unit). Neglect diffusion and decide how far down the river the concentration of
the substance B is at its highest when we assume that A = pu.

Hint: The differential equation % + ky = e has the general solution
y(t) = Cre ™ + te™M.

A river flows into an ocean basin. The river brings sand and clay so that the basin
is filled up over time. We shall formulate a simple one-dimensional model for how
the basin is filled, and we assume that the basin spans from x = 0 to x = 400 and
has a constant depth h at ¢ = 0. Conditions across (in the y-direction) are constant.

The amount of sand and clay which settle on the bottom per time and area unit
is @ (x,t). We write the depth z = b(x,t), x > 0, t > 0, and let b (z,t) < 0. If
the bottom tilts, the particles on the bottom will continue to move, and it has been
found that the mass flux will be proportional to the slope, that is, the volume flux
may be written

0b

(5) j =k

(a) Write the conservation equation in integral form for a part of the bottom,
g < x < z1, and show that we for the differential formulation obtain an
equation for b (x,t) which is identical to the heat equation,

(6) by = kbgz + q.
A similarity solution b of (6) is a solution of the form

b(x,t) = t"‘qb(t%) for some «, 5 € R.

(b) Assume that the river deposits all sand and clay at x = 0 (i.e. ¢ = 0 for x > 0),
and that the effect of this deposition is to maintain the depth 0 at = 0:
b(0,t) =0 for all ¢ > 0.

Show that, in this case, there is a similarity solution of (6). Determine this

solution.
(Hint: The equation
d? d
Py ndy _
dn? = 2dn
has the general solution Cy + Cy erf (/2), where erf (z) = % Jy exp (—s?) ds.)
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A more realistic scenario is that as time goes by (geologic timescale), the shore s(t)
will move forward with time (see the figure below). Suppose we have a constant

Az

River bottom (0,0)

I
II
<V

~~~~~~ Sea bottom

volume flow ¢g in the basin per unit time and unit width at the shore, and that all
sand and clay is added in this way. The solution for b (z,t) will be stationary with
respect to the shore, ie. b(z,t) may be written by means of a function by so that

B 0 x <s(t)=Ut+xg
b<x’t)_{bo(m—Ut—xo) x> Ut + xg

(c) Determine the velocity U and the solution in this case.
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