
8369 Pdwhpdwlvn prghoohulqj/ kûvwhq 5334
Oûvqlqjviruvodj phg nrpphqwduhu

QWQX ghvhpehu 5334
K1H1 Nurjvwdg

L ghwwh oûvqlqjviruvodjhw hu rssjdyhwhnvwhq wdww phg iru kyhu rssjdyh hwwhu wxu1 Nrpphqwduhqh
jèu xwryhu vhoyh oûvqlqjhq dy rssjdyhqh1

4 Rssjdyh

+d, Dqwdoohw lqglylghu l hq srsxodvmrq/ Q � / prghoohuhv riwh phg hq vèndow orjlvwlvn prghoo/
4

Q � +w � ,
gQ � +w � ,

gw � @ u
�

4� Q � +w � ,
Q �

�

> 3 ? u> 3 ? Q � = +4,

Vndoìu oljqlqjhq rj ylv kyrugdq hq xqghuvûnhu vwdelolwhwhq wlo olnhyhnwvsxqnwhqh1
L oderudwrulhvwxglhu dy oxnnhgh ednwhulhnxowxuhu kdu ghw ylvw vhj ydqvnholj è �qqh hq rssiûuvho

vrp iûojhu +4,1 L vwhghw idoohu srsxodvmrqhq hwwhukyhuw prw 3 sè juxqq dy vhoy0irujliwqlqj1 Ghw hu
vdqqv|qolj dw ghwwh rjvè jmhoghu iru phqqhvnhkhwhq1 Irujliwqlqjhq ndq vn|oghv SFE/ odqjolyhgh
udglrdnwlyh lvrwrshu rj kruprqkhuphuh vrp sèylunhu ihuwlolwhwhq1 Iûojhqgh dowhuqdwlyh prghoo hu
ghuiru iruhvoèww iru mrugdv ehironqlqj=

4
Q � +w � ,

gQ � +w � ,
gw � @ u

�

4� Q � +w � ,
Q �

�� f
] ���

���
Q � +v � ,gv � > f A 3= +5,

+e, Kyrugdq ndq hq dujxphqwhuh iru vlvwh ohggB Ylv dw iru ghqqh prghoohq hu hqhvwh pxoljh juhqvh
3 qèu w � $ 41
+f, Dqwd dw Q � hu vè vwru dw Q � dogul nrpphu l qéukhwhq dy Q � / vndoìu oljqlqjhq rj ylv dw yl

wloqéuphw ndq vnulyh
4
Q

gQ
gw @ 4� �

] �

���
Q +v, gv=

Oûv ghqqh oljqlqjhq yhg è iûuh lqq S +w, @ � U �
��� Q +v,gv/ rj �qq xw kyrugdq ehironqlqjhq rj

iruxuhqvqlqjhq xwylnohu vhj phg wlghq1
Rssjlww iru rssjdyh 4=
Oljqlqjhq | � � @ | � +4� |, kdu/ iruxwvdww olp	�
 ��� | +{, @ 3/ jhqhuhoo oûvqlqj

|+{, @ 5 4
4 . h �
� 	 � 	���� @

�

4 . wdqk
�{� { �

5
��

=

g
g{ wdqk +{, @ 4

frvk � { @ 7
+h 	 . h � 	 , � =

4



414 Oûvqlqj
+d, L oljqlqjhq xwwu|nnhu kû|uhvlghq uhodwly yhnvwudwh1 Qèu Q � ?? Q � / kdu yl wloqéuphw hnvsrqhq0
vlhoo yhnvw/

gQ � +w � ,
gw � @ Q � +w � , u>

phg oûvqlqj Q � +w � , b h{s +uw � ,1 Yhnvwudwhq dywdu qèu Q � yrnvhu/ rj hu 3 qèu Q � +w � , @ Q � > vrp
jmhuqh ndoohv eéuhnudiwlj ndsdvlwhw1 Vndohulqjhq Q � @ QQ � rj w � @ w@u ohghu wlo

bQ @ Q +4�Q, @ i +Q, =
Olnhyhnvsxqnwhqh hu Q � @ 3 rj Q � @ 4= Hw olnhyhnwvsxqnw hu vwdelow kylv gi +Q, @gQ ? 3/ rj
xvwdelow kylv gi +Q, @gQ A 3 +Ghwwh vhu hq hoohuv xplgghoeduw yhg è vhwwh lqq Q+w, @ Q � +w,.q +w, >
l @ 3> 4/ uhnnhxwylnoh rj oûvh iru q +w,,1 Khu eolu Q � xvwdelow rj Q � vwdelow1 Phun dw Orjdq wdu iru
vhj ghwwh hnvhpsohw l ghwdom1
+e, Ghw hu qdwxuolj dw xwvolsshw su1 wlgvhqkhw hu sursruvmrqdow phg dqwdoo lqglylghu1 Wrwdo phqjgh

iruxuhqvqljhu sè wlgvsxqnwhw w � eolu gd sursruvmrqdo phg
] � �

���
Q � +v � ,gv � =

L ghwwh oljjhu ghw hq iruxwvhwqlqj rp dw iruxuhqvqlqjhqh lnnh iruvylqqhu1 L wloohjj dqwdu yl dw ghq
qhjdwlyh sèylunqlqjhq sè yhnvwudwhq hu sursruvmrqdo phg phqjghq iruxuhqvqlqjhu/ vrp jlu rssjlww
irup1
Dqwd qè dw olp � � 
 � Q � +w � , @ d A 3/ rj dw srsxodvmrqhq vwduwhu sè Q � ? Q � 1 Oûvqlqjhq ylo

krogh vhj plqguh hqq Q � rj iûojholj eolu
gQ � +w � ,

gw � ? Q � +w,
#

u � f
] � �

��� Q � +v � , gv �
$

=

Vlghq olp � � 
 � Q � +w � , @ d> ylo kû|uhvlghq jè prw �4 qèu w � $ 4/ rj ghwwh lpsolvhuhu dw rjvè��� � � � � �� � � $ � � 
 � �4/ qrh vrp hu xiruhqolj phg dw Q � +w � , $ d1
Hq hqnho dowhuqdwly prghoo/ vrp lnnh kdu ixoow vè gudpdwlvnh iûojhu/ ylooh yéuh

4
Q � +w � ,

gQ � +w � ,
gw � @ u

�

4� Q � +w � ,
Q �

�� f
] � �

��� h �
� � � � � � ���	� Q � +v � ,gv � = +6,

Khu eu|whv iruxuhqvqlqjhqh +hoohu ylunqlqjhq sè yhnvwudwhq, qhg phg wlgvnrqvwdqw � / rj ghw vhu
xw wlo dw ghqqh wloodwhu hq ylvv srsxodvmrq è ryhuohyh1
+f, Yl vndohuhu wlghq phg 4@u1 Ghw hu lqjhq rssodjw vndod iru Q � / phq qrh pè yl euxnh/ rj ghw

kdu l ghwwh wloihooh lnnh vè p|h è vl kyd yl euxnhu1 Ghw hu lnnh véuolj nrqvlvwhqw è euxnh Q � vlghq yl
kdu dqwdww dw Q � dogul nrpphu l qéukhwhq dy Q � / phq ghw hu xwhq ehw|gqlqj iru uhvxowdwhw1 Kylv
yl ghuiru vhwwhu Q � @ QQ � rj/ vrp dqw|ghw/ voû|ihu ohgghw �uQ � @Q � / ièu yl

4
QQ �

g +QQ � ,
g +w@u, @ u � f

] ���

���
Q � Q +v � , gv � > +7,
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Iljxuh 4= Xwylnolqj dy srsxodvmrq rj iruxuhqvqlqj1

gyv1/
4
Q

gQ
gw @ 4� f

] � �

���
Q � Q +v � ,g

�v �
u
�

@ 4� +fQ � ,
] �

���
Q +v, gv

@ 4� �
] �

���
Q +v, gv= +8,

+Q +v, @ Q � +v@u, @Q � / rj � @ fQ � ,1
Iru è oûvh oljqlqjhq vhu yl dw S � @ �Q rj S � � @ �Q � 1 Kylv ghwwh iûuhv lqq l oljq1 8/ ièu yl

S � � @ S � +4� S ,= +9,
Vlghq yl rssodjw kdu dw olp� 
 ��� S +w, @ 3/ ndq yl ehq|wwh rssjlww oûvqlqj=

S +w, @ 4 . wdqk
�w� w �

5
�

=
+Ghwwh hu oûvqlqjhq hoohuv dy hq orjlvwlvn oljqlqj vrp yl ièu yhg è lqwhjuhuh oljq1 9 ìq jdqj rj euxnh
dw S +w, $ 3 qèu w $ �4,1 Iru Q �qqhu yl l iûojh rssjlww irupho

Q +w, @ 4
�S

� +w, @ 4
5� frvk � �

�w� w �
5

�

=
Phun dw srsxodvmrqhq kdu vlq vwûuvwh yhugl/ 4@5�/ iru w @ w � 1 Oûvqlqjhq hu whjqhw rss iru � @ 4 sè
�j1 41

Xwvlnwhqh hu dowvè lnnh dow iru o|vh1 Kylv yl revhuyhuhu ehironqlqjwdoohw rj �qqhu xw qèuQ � � +w � , @ 3/
ndq yl iud Q +w � , rj Q � +w � , idnwlvn hvwlphuh qèu ehironqlqjvdqwdoohw qèu vlww pdnvlpxp rj kyd ghw
hu1
Mrugdv ehironqlqj vhu xw wlo è kd jèww jmhqqrp yhqghsxqnwhw Q � � +w � , @ 3 l 4<<9/ gd yl kdggh/ l

iûojh plqh nloghu/
Q +w � , @ 8=;:� 43 � >

gQ
gw +w � , @ ;=6� 43 � èu � � =

Ghwwh ylo wlovyduh hw pdnvlpxp/ Q ����� @ ;=;� 43 � rpnulqj 53831
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5 Rssjdyh
Hq odqj/ w|qq vwdy dy sruûv vdqgvwhlq phg nrqvwdqw wyhuuvqlww D oljjhu odqjv {0dnvhq1 Sruhqh
xwjmûu hq nrqvwdqw iudnvmrq � dy yroxphw +3 ? � ? 4, rj hu i|ow dy ydqq1 Yl dqwdu dw ydqqhw kdu
nrqvwdqw whwwkhw/ voln dw yl ndq pèoh ydqqphqjgh l yroxp1 Vlgh dwd sè vwdyhq hu whww/ phq yl ndq
suhvvh ydqq jmhqqrp vwhlqhq yhg è ohjjh sè hq wu|nnjudglhqw1
Iru è �qqh hw xwwu|nn iru  xnvhq dy ydqq l {0uhwqlqj odqjv vwdyhq/ m �p � @+p � v,�/ dqwdu yl dw ghq

nxq dykhqjhu dy ylvnrvlwhwhq wlo ydqqhw/ � ^nj@ +pv,`/ shuphdelolwhwhq +lqyhuv vwuûpqlqjvprwvwdqg,
wlo vwhlqhq/ N/ �p �

�,/ vdpw wu|nnjudglhqwhq/ Cs@C{1
+d, Ylv dw glphqvmrqvdqdo|vh jlu rvv

m @ �nN�
Cs
C{>

ghu n hu hq glphqvmrqvoûv nrqvwdqw1
Dqwd qè dw vwdyhq l wloohjj wlo ydqq rjvè lqqhkroghu romh1 Dooh sruhqh hu hqwhq i|ow phg ydqq hoohu

romh/ rj hw vwhlqyroxp Y lqqhkroghu hw yroxp V � �Y romh rj V � �Y ydqq/ ghu V � . V � @ 41 Yl dqwdu
dw ydqq rj romh kdu vdpph wu|nn/ rj dw  xnvhqh ndq vnulyhv sè iruphq

m � @ �n � +V � , N� �
Cs
C{> l @ r> y=

+e, Vhww rss ehyduhovhvoryhqh iru romh rj ydqq iru hw xwvqlww dy vwdyhq phoorp { @ d rj { @ e/ rj
ylv dw kylv yl vhwwhu sè hq wu|nnjudglhqw voln dw

t @ m � . m � @ nrqvwdqw/
vè ylo yl iru V � V � iè iûojhqgh k|shuerovnh oljqlqj=

�CV
Cw . C

C{i +V, @ 3>
i +V, @ tn � +V,@� �

n � +4� V, @� � . n � +V, @� �

= +:,

+f, Dqwd dw � � @ � � / n � +4� V, @ 4� V � rj n � +V, @ V � = Oûv oljq1 +:, iru w A 3 iru hq vwdy phg
ohqjgh O qèu

V+{> 3, @ 4� {@O> 3 � { � O>
V+3> w, @ 4> 3 � w=

514 Oûvqlqj

+d, Yl vwloohu rss glphqvmrqvpdwulvhq hwwhu è kd revhuyhuw dw wu|nn hu nudiw su1  dwhhqkhw
�Cs
C{

�

@ ^s`
p @ njp

v �
4
p � @ nj

v � p �
=

Glphqvmrqvpdwulvhq eolu gd phg gh rssjlwwh hqkhwhqh=

7



m N � Cs@C{
nj 3 3 4 4
p 4 5 �4 �5
v �4 3 �4 �5

Yl vhu dw udqjhq hu 6/ rj iûojholj kdu yl ìq glphqvmrqvoûv nrpelqdvmrq1 Ghw hu ohww è vh dw ghq
rssjlwwh iruphq vwhpphu1 Ghw hu hoohuv i|vlvn ulpholj dw  xnvhq jèu prw wu|nnjudglhqwhq1
Hq wlovyduhqgh uhodvmrq kroghu rjvè iru wuhglphqvmrqdo vwuûpqlqj/

m @ �nN� us>

phq jhqhuhow ylo N yéuh hq dqguh rughqv whqvru1 Ghwwh hu wloihoohw kylv lnnh vwuûpqlqjhq jèu olnh
ohww l dooh uhwqlqjhq/ w|slvn iru vnlihu/ iru hnvhpsho1
+e, Vwdyhq oljjhu odqjv {0dnvhq rj kdu nrqvwdqw wyhuuvqlww D1 Ehyduhovhvoryhq iru hw xwvqlww dy

vwdyhq phoorp { @ d rj { @ e eolu gd
g
gw

] �

�
+V � �,Dg{. m � +e,D� m � +d,D @ 3> l @ r> y=

Gl�huhqvldoirupxohulqjhq iûojhu sè ydqolj pèwh yhg è od d $ e=

�CV �
Cw . Cm �

C{ @ 3> l @ r> y=

Yl holplqhuhu ���
� 	 yhg è dgghuh oljqlqjhqh iru  xnvhq +vxpphq vnxooh yéuh nrqvwdqw oln t,=

��

n � +V � , N� �

. n � +V � , N� �

� Cs
C{ @ t>

gyv1
Cs
C{ @ � t

�

n � +V � , �
��� . n � +V � , �

��	
� =

Yhg è vhwwh ghwwh lqq l oljqlqjhq iru V � V � / ièu yl rssjlww oljqlqj=

�CV
Cw . Cm �

C{ @

@ �CV
Cw . C

C{

3

Cn � +V, N� �

t
�

n � +4� V, �
� � . n � +V, �

� 	
�

4

D

@ �CV
Cw . C

C{i +V, @ 3=
Hq phu hohjdqw oûvqlqj hu è vl

m � @ tm �

t @ tm �

m � . m �

@ tn � +V,
�
� 	

�

n � +4� V, �
��� . n � +V, �

��	
� =
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L

t

x
L

Iljxuh 5= Vnlvvh dy ndudnwhulvwlnnhqh1

+f, Iud rssjlwwh vwûuuhovhu vhu yl dw  xnvhq iru ydqq eolu m � @ i +V, @ tV � > rj oljqlqjhq uhgxvhuhu
vhj wlo

CV
Cw . t

�
C �V �

�

C{ @ 3=
Ghwwh hu hq ydqolj 41 rughqv k|shuerovn oljqlqj phg nlqhpdwlvn kdvwljkhw

f+V, @ 5t
� V=

L �j1 5 kdu yl vnlvvhuw hw ndudnwhulvwlnn0gldjudp1
Iru è vwxghuh ghwwh phu qû|dnwlj/ vhwwhu yl rss oljqlqjhq iru hq ndudnwhulvwlnn vrp vwduwhu l

sxqnwhw { � > 3 ? { � ? O=

{ @ { � . 5t
� V+{ � ,w

@ { � . 5t
�

�

4� { �
O
�

w

Yl vhu dw dooh ndudnwhulvwlnnhqh pûwhv l sxqnwhw { @ O> w @ ���

�
� 1 Iud vnlvvhq ryhqiru vhu yl gd ylghuh

dw oûvqlqjhq eolu V @ 4 ryhqiru ndudnwhulvwlnnhq vrp vwduwhu l ruljr/ gyv1 { @ �
� �
� 1 Iru hw sxqnw

+{ ��� w � , qhghqiru ghqqh ndudnwhulvwlnnhq kdu yl

{ � @ { � . 5t
�

�

4� { �
O
�

w � >
gyv1

{ � @ O5tw � � { � �
5tw � ��O

rj

V +{ ��� w � , @ V +{ � > 3, @ 4� { �
O @ 4� 5tw � � { � �

5tw � ��O @ { � � O
5tw � @�� O=
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6 Rssjdyh
+d, Ghq ydqoljvwh prghoohq iru wud�nn dy elohu odqjv hq yhl ohghu wlo glphqvmrqvoûv elo xnv sè iruphq
m @ � +4� �,1 Ehvnuly nruw kyrugdq ghqqh prghoohq iudpnrpphu1 Vhww rss ghq k|shuerovnh gl�10
oljqlqjhq vrp prghoohq ohghu wlo +xwhqrp rpuèghu phg dy0 rj lqqsènmûuvho,1 Qèu xwylnohu oûvqlqjhq
vmrnnB
Yl wdu xwjdqjvsxqnw l prghoohq l +d,1 Phoorp { @ 3 rj { @ 4 hu ghw uhgxnvmrq l iduwvjuhqvhq

voln dw pdnvlpdokdvwljkhwhq jèu qhg wlo 4@5/ phqv pdnvlpdo whwwkhw irueolu ghq vdpph1 Yl dqwdu
dw vdpph w|sh vdpphqkhqj phoorp kdvwljkhw rj whwwkhw rjvè kroghu l ghwwh rpuèghw1
+e, Kylonhq ehwlqjhovh sè elo xnvhq pè krogh l { @ 3 rj { @ 4B Ilqq oûvqlqjhq � +{> w, iru

w A 3 rj dooh { qèu

�+{> 3, @
� 4@5> { ? 4>

3> { A 4=
+Ylqn= Phoorp 3 rj 4 hu � nrqvwdqw iru dooh w � 3,

614 Oûvqlqj
+d, Prghoohq vwduwhu phg è gh�qhuh hq whwwkhw � � vrp oljjhu phoorp 3 rj hq pdnvlpdo whwwkhw � ��� � =
Elokdvwljkhwhq dqwdv è yéuh hq olqhéu ixqnvmrq dy � � > y � @ y ��� �

�

4� � �
�������

�

1 Ghuphg eolu  xnvhq
m � @ � � y � @ � � y � � �

�

4� � �
�������

�

1 Vndohulqj phg

� � @ �� � � � >
{ � @ O{>
w � @ +O@y � � � ,w

uhvxowhuhu l m @ � +4� �, rj oljqlqjhq
� � . f +�, � 	 @ 3>

f +�, @ gm
g� @ 4� 5�=

Vlghq f +�, dywdu qèu � ûnhu/ ylo hq vlwxdvmrq ghu � +{ � > w, ? � +{ � > w, iru { � ? { � xwylnoh vmrnn1
+e, L { @ 3 rj { @ 4 hu ghw lqjhq pxoljkhw iru è dnnxpxohuh elohu/ voln dw  xnvhq pè yéuh

nrqwlqxhuolj l glvvh sxqnwhqh iru w A 31
Phoorp { @ 3 rj 4 ylo  xnvhq kd iruphq

4
5� +4� �, >

rj xw iud wlsvhw ndq yl dqwd dw � @ 4@5 rj  xnvhq hu 4@; l ghwwh rpuèghw iru dooh w � 31 Gd jmhqvwèu
è �qqh oûvqlqjhq iru { ? 3 rj { A 41 L glvvh wr rpuèghqh vyduhu m @ 4@; wlo wr pxoljh whwwkhwhu/
qhpolj oûvqlqjhqh dy

4
; @ � +4� �, =

:



t

x
1

ρ = 0

ρ = ρ−t

x
1

ρ = 0

ρ = ρ−

Iljxuh 6= Ndudnwhulvwlnnhu iru oûvqlqjhq l rpuèghw { A 41

Gyv1
� � @ 4

5 . 4
7
s5>

� � @ 4
5 � 4

7
s5=

L rpuèghw { A 4 hu irukroghqh vrp vnlvvhuw sè �j1 61
�Juhqvh0ndudnwhulvwlnnhqh� vrp vwduwhu l { @ 4 kdu oljqlqjhqh

{ @ 4 . w>
{ @ 4 . +4� 5� � ,w @ 4. 4

5
s5w=

L rpuèghw phoorp glvvh ndudnwhulvwlnnhqh kdu yl hq hnvsdqvmrqveûojh voln dw
{ @ 4 . +4� 5�,w>

gyv/
�+{> w, @ 4� {. w

5w
Iru { ? 3 kdu yl hq vlwxdvmrq ghu � @ 4@5 wlovyduhu hq  xnv sè �

�
+4 � �

�
, @ �� 1 Ghw hu xpxolj è

kd hq voln  xnv xplgghoeduw wlo yhqvwuh iru { @ 3> vlghq  xnvhq xplgghoeduw wlo kû|uh iru { @ 3
pdnvlpdow ndq eol 4@;1 Ghw vrp vnmhu hu dw ghw e|jjhu vhj rss hq nû wlo yhqvwuh iru { @ 3 phg
whwwkhwhq � @ � � 1 L ednndqw dy ghqqh nûhq ièu yl hw vmrnn1 Vlwxdvmrqhq hu vnlvvhuw sè �j1 71
Yl ehvwhpphu ehyhjhovhq wlo vmrnnhw iud gl�10oljqlqjhq

g{
gw @ X @ 4@;� 4@7

� � � 4@5 @ 4@;� 4@7
�
�
. ��

s5� 4@5 @ �s5
7 =

Vmrnnhw kdu phg dqguh rug nrqvwdqw kdvwljkhw rj ehvnulyhv dy oljqlqjhq

{ @ �s5
7 w

;



t

x

ρ = 1/2

ρ = ρ+

0

t

x

ρ = 1/2

ρ = ρ+

0

Iljxuh 7= Vnlvvh dy oûvqlqjhq wlo yhqvwuh iru { @ 31

vrp ehnulyhu hw uhww olqmhvw|nnh vrp vwduwhu l ruljr1

Wlovdpphq ndq yl rssvxpphuh oûvqlqjhq vrp iûojhu=
�

{ ? 3 { ? � �
�� w �

�{ ? 3 { A � �
�� w �

�
. ��

s5
3 ? { ? 4 w � 3 �

�4 ? { w ? {� 4 3
4 ? { {� 4 ? w ? +{� 4,s5 � � 	 � �
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�
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7 Rssjdyh

L iruelqghovh phg vdpphqeuxgghw dy dnvolqjhqh sè Vljqdwxuwrjhw iruhwrn ideulndqwhq Dgwudqv pè0
olqjhu dy vnlqqhjdqjhq phoorp Rvor rj Nulvwldqvdqg1 Pèolqjhq dy volqjulqjhq sè vnlqqhjdqjhq kdu
irup dy hq vwrndvwlvn survhvv/ ] +{,/ ghu { hu srvlvmrqhq odqjv edqhq rj ] hu krulvrqwdow xwvodj1 Yl
yhojhu qxoosxqnwhw voln dw iruyhqwqlqjhq/ H +] +{,, @ 3/ rj dqwdu hoohuv dw ] +{, hu vydnw vwdvmrqéu l
{1 Vshnwuhw wlo ] kdu iruphq

V � +�, @
� D> 3 ? � � � m�m � � � >3> hoohuv1 +;,

+Iru è vnlooh urp rj wlg/ euxnhu yl � l vwhghw iru $ qèu yl kdu hq survhvv vrp hu hq ixqnvmrq dy {,1
+d, Ylv dw volqjulqjhq yl revhuyhuhu qèu yl vlwwhu sè hw wrj vrp jèu phg nrqvwdqw kdvwljkhw X /

\ +w, @ ]+{ � . Xw,>
hu hq vydn vwdvmrqéu vwrndvwlvn survhvv l wlg1 Ehvwhp nryduldqvixqnvmrqhq rj ylv dw vshnwuhw wlo
\ +w, ndq xwwu|nnhv vrp

V � +$, @ 4
X V �

�$
X
�

=
Ehvwhp yduldqvhq wlo \ rj vnlvvìu kyrugdq V � +$, vhu xw iru vwru rj olwhq kdvwljkhw1

<



Iljxuh 8= Mhuqedqhyrjq rj phndqlvn dqdorjl1

Yl ylo uhsuhvhqwhuh xqghuvwhoohw rj mhuqedqhyrjqhq phg ghq hqnoh phndqlvnh dqdorjlhq sè �j1 81
Vwhpsohw +xqghuvwhoohw, wlo yhqvwuh hu iruexqghw phg pdvvhq P +yrjqhq, yhg kmhos dy hq olqhéu
ghpshu rj hq iméu1 Ehyhjhovhq \ � +w, wlo vwhpsohw phgiûuhu hq ehyhjhovh [ � +w, wlo pdvvhq1
+e, Ylv dw oljqlqjhq iru mhuqedqhyrjqhqv ehyhjhovh/ [ +w,/ hwwhu hq sdvvhqgh vndohulqj/ ndq vnulyhv

g � [
gw � . �g[gw .[+w, @ �g\gw . \ +w,= +<,

Xwwu|nn vshnwuhw wlo [ yhg kmhos dy vshnwuhw wlo \ 1
+f, Iru kylonhq ghpsqlqjvnrqvwdqw � hu yduldqvhq wlo [ plqvw qèu ghw glphqvmrqvoûvh vshnwuhw

wlo \ dqwdv è yéuh nrqvwdqw iud $ @ 3 rss wlo hq glphqvmrqvoûv iuhnyhqv $ � AA 4B
+g, Nudiwhq +hjhqwolj prphqwhw, vrp dnvolqjhqh xwvhwwhv iru/ ndq xwwu|nnhv iud oljqlqj < vrp

I +w, @ u
�

�
�g[

gw � g\
gw

�

.[+w,� \ +w,
�

=

Ylv/ yhg hq ryhuvodjvehuhjqlqj/ dw yduldqvhq wlo I hu rpodj sursruvmrqdo phg X � kylv vshnwuhw hu
vrp l +7d,1

Rssjlww iru Rssjdyh 7=

ai +$, @ 4
5�

] �

���
h � ��� � i +w,gw> i +w, @

] �

���
h ��� � ai +$, g$=

\ +w, @ k �[+w, @
] �

���
k+w� �,[ +�,g� @, V � +$, @ +5�, �

�
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�
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�

�

�

� V � +$, =

V � � � � � � � � � ��� ��� � � � � � +$, @ �

�d. el$ � f$ � �� � V � +$, =

] �
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4 . l�{
4 . l�{� { �

�

�

�

�

� g{ @ �
5
� � . 4

� =
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714 Oûvqlqj
Lgìhq wlo rssjdyhq hu khqwhw iud hq vwxglh vrp Dgwudqv xwiûuwh yhg HFPL Prghoolqj Zhhn l Oxqg
vrpphuhq 53331
+d, Yl vhu dw \ kdu 3 plgghoyhugl iru dooh w=

H +\ +w,, @ H +] +{ � . Xw,, @ 3=
Ylghuh kdu yl

Fry +\ +w � , > \ +w � ,, @@ Fry +] +{ � . Xw � , > ] +{ � . Xw � ,,@ F � +X+w � � w � ,,>
vlghq ] ydu vydnw vwdvmrqéu1 Phq ghwwh hu qhwwrss ghw vrp vndo wlo iru dw rjvè \ hu vydnw vwdvmrqéu=

F � +w, @ Fry +\ +w � , > \ +w � . w,, @ F � +Xw, =
Iru vshnwuhw ièu yl

V � +$, @ 4
5�

] �

���
h � ��� � F � +w,gw

@ 4
5�

] �

���
h � ��� � F � +Xw,gw

@ 4
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4
X

] �

���
h � � � � ��� ��� � F � +Xw,g +Xw,
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X
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h � � � � ��� � � F � +v,gv

@ 4
X V �
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X
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=

Yl vhu dw yduldqvhq wlo \ eolu
Ydu +\ , @ 5

] �

�
4
X V �

�$
X
�

g$ @ 5
] �

�
V � +�,g�

@ 5
] � �

���
Dg� @ 5D +� � � � � , =

Yduldqvhq hu phg dqguh rug ghq vdpph iru ] rj \ / xdqvhww kylonhq kdvwljkhw wrjhw kdu/ rj yl
ryhuodwhu wlo ohvhuhq è whjqh rss V � iru xolnh yhuglhu dy X 1
+e, Oljqlqjhq iûojhu xplgghoeduw iud Qhzwrqv ory=

Pg � [ �

gw � � @ U
�g\ �

gw � � g[ �

gw �
�

.N +\ � �[ � , =
Yl odu vndodhq iru [ � yéuh oln vndodhq iru \ � / qhpolj vwdqgdugdyylnhw iru \ � > � � � 1 Hjhqiuhnyhqvhq
wlo v|vwhphw +iru U @ 3, hu $ � @ sN@P / rj iûojholj ndq yl euxnh $ � �� vrp wlgvvndod1 Yl iûuhu lqq
ghwwh rj ièu xplgghoeduw

g � [
gw � @ U
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vrp hu lghqwlvn phg ghw vrp hu rssjlww l rssjdyhq phg � @ �
� $ � 1 Wudqvihuixqnvmrqhq wlo ghulydvmrq

hu +l$,/ rj iûojholj eolu
V �� ������ � � @ �

��$ � . l�$ . 4�� � V � >
V ���� � � @ ml�$ . 4m � V � =

Ghuphg ièu yl
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+f, Vlghq $ � AA 4> yhw yl dw

Ydu +[, @ 5
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Plqlpxp iru kû|uh vlgh rssqèv iru � @ 4 vlghq
g
g�

�� � . 4
�

�

@ � � � 4
� � =

Ohjj iruûyulj phunh wlo dw qèu $ � $ 4/ ylo Ydu +[, jè prw nrqvwdqwhq D� � � � �
� / phqv yduldqvhq wlo

\ hu 5D$ � / rj jèu prw xhqgholj$
+g, Ghw vrp ehw|u qrh iru yduldqvhq qèu X $ 4 hu kyrugdq vshnwuhw wlo I rssiûuhu vhj iru vwruh

iuhnyhqvhu1 Yl yhw xw iud iruphq sè I dw vshnwuhw wlo I eolu hq ixqnvmrq dy $ pxowlsolvhuw phg
vshnwuhw wlo \= Ghw hu eduh iruvnmhoolj iud 3 phoorp X� � rj X� � 1 Vshnwuhw wlo � b\ . \ hu

ml�$ . 4m � V � +$, >
rj jèu iûojholj rpodj vrp $ � V � +$, iru vwruh $= Sè wlovyduhqgh pèwh ièu yl iru vshnwuhw wlo � b[ .[=

ml�$ . 4m � V � +$, @ ml�$ . 4m � ml�$ . 4m �m4 . l�$ � $ � m � V � +$, y V � +$, =

Ghw vhu ghuiru xw wlo dw vshnwuhw wlo � b\ . \ grplqhuhu1
Dowhuqdwlyw ndq hq yhg kmhos dy iruphohq iru wudqvihuixqnvmrqhu vnulyh
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rj ghwwh jlu gd ghq qû|dnwljh vdpphqkhqjhq
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Yl vhu dw iru vwruh $ ylo
V 	 +$, r +u�, � $ � V � +$,=

Ghw doohu hqnohvwh hu lplgohuwlg è euxnh dw nudiwhq hu I +w, @ � �[+w,/ rj iûojholj eolu

V 	 +$, @ u � +l$, � V � +$, @ u � +l$, �
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�
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l�$ . 4
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� V � +$, > +47,

vrp hu lghqwlvn phg oljq1 461
Phg vshnwuhw iud +d, eolu ghwwh

YduI r +u�, � DX
] � � �

� � �
$ � g$

@ +u�, � DX
4
6
�

+X� � ,
� � +X� � , � �

@ +u�, � D6 X �
�� �

� � � �

�
� =

Iûojholj eolu YduI b X � / hw ndqvnmh lnnh khow xyhqwhw uhvxowdw1
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