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Aqp.c is symmetric if (Agpc)ij = (Aape)ji <= b=c¢
Agpc is positive definite if all eigenvalues \; > 0

= 0< =2 V202 =2—2)}|
— |b| < V2.

Hence A, p . is symmetric positive definite (SPD) iff

c=band |b] < V2.
Let A=D — R, D=2I, R=2I — A. The Jacobi iteration for A¥ = b is then:
(%) Di"t' = R+ b «— &' =D 'R&"+ D%

where B = D71R = 1R = 1(2] — A) = tridiag {—2,0,—5}. By the formula for the
eigenvalus given in the problem:

b 0] [,0% _ |b]
M =0, d=—1/2—=—11 A3=-+44/2—="1
1 2 1 NG 3 TR

Hence

b
p(B) = max |\;| = 1 <1 (since Ais SPD)

V2
and (*) is convergent.
a) Backward in time FDM:
VkUTTrLL—‘rl 5£Ur71+1 52hUT1;LL+1
— + Tm =1
k h? 2h
k k
= Un™ = Up = 55Ut = 2057 + UR) 4w (U - URty) =1

= A+t —r(1- %mh) Unth v (14 ‘%mh) Ut = U 41

where r = hﬁ? The boundary conditions are Uj = 1 and U], = e, and the
resulting linear system becomes:

AU =0+ Fr, U°=G

)
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where Ay, is the tridiagonal matrix given by

1+2r —r (1 —%h) 0 0
—r (1+ %Qh) 14 2r —r(1- %h) 0
Ay =
0 —r (14 =4=2h) 1+2r —r (1 - 252h
I 0 0 —r (14 =452h) L+2r
1] [ —r(1+%h)-1] [ et ]
1 0 :
F'=Fk|:| - : , and G=| e
1 0 :
1] |- (1 — IMT_Ih) e eTM—1

b) Backward in time FDM:

AkU;}L_égU;}LJF SopUNFL
k Rz M Ty

=1

— Uerl Um h2( m+1 2U + U ) + xm%(Um+1 - Umfl) =1
k k m k
— yntl <1 h2> Up =5 (1 ~ %h) 1= (1+ : h) Un_, =1.
—_——— —_———
ar, m Q mat1 Qg m—1

Hence with o, ., o7, ;.1 defined above and aj;t! =1,

m,m=+
am U =" ap Ul = F = 1.
The scheme is monotone if

a0 (ok!),

k k 1 -
U, > 0 = 1—2h >0 <~ ﬁgi (condition!),
2
Uyl = 0 = 1——h>0 < h<— <= h<2 (okon]|0,1]),
2 Tm Tm<1

n
am,m—l >0 (Ok')a
amtt > Z lal'|, ok since ot =1 = Za?.
l l

CFL condition: k < %hQ.

a) Local truncation error:

Tm = —(L — Lp)u(zy,) = — <8§ — IOy — 1 — <2§ - xm% - 1>) u(Tm)

(f; - ai) w(@m) ~m (th - 5w> w(@m)

=1 =I5
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b)

Taylor:

1 1 1
it =t B o+ B2 B+ (),
1 "

I = ﬁ(um—i-l — 2up, + Um—l) = Uy,

o / } 1 h72 7 " i 2 4) ( ¢+ (4) (¢— !
=0+ 0+ (5 F g T 40 () g (W0(60) + Vi)

=2u(® (&) by mean val. thm.

_ 10 @

1 1 1 1
I, = E(Um — Up—1) — (U/)m = 7 (m—w+ 2h2U”(77m)> _M = §huﬂ(77m)a

where &, € (-1, Tm+1) and 1y, € (Ty—1, 2 ). Hence

1 1
Tm =11 — zmls = Ehzuw (&m) — :Um§hu”(77m).

The scheme is monotone so the discrete maximum principle (DMP) holds (the
boundary connectivity condition is trivially satisfied here):

—LpVy, <0, m=1,...,M—1= max If/mgmax{f/o,f/m,O}

m=1,...M
Define Wy, = Vi, — || fllo - 1 and note that
= LW = =LpVin + [ flloo(=Ln1) < frn = [[flloc €0, m=1,.... M —1,
and Wo = Vo — || flloc <0, War = Vir — || fllc < 0. By DMP
max Wi, < max{0, Wy, Was} <0
b Wi =V = Il
max Vi < || £l
Since —Lp(—Vin) = — fm, we also get max,,(—Vim) < [|flleo. Hence ||V]|oo <

1/ oo
First note that by a),

1 1
7| < Eh2\|u(4)||oo + §h||u”||oo, m=1,...,M—1.

Let the error e, := u(x,,) — U,. We find the error equation and use stability
and the truncation error estimate to conclude:

{—Lhem = —Lpum — (=LpUp) = —(Ltm + ) + LaUm =1 — 7y — 1 = 7y
eg=0=¢e,

4 b)

max [em| < || — 7w
Ja)
1 1
max |u(zy,) — Up| < ih”u//”oo + ﬁh2”u(4)Hoo-
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4] a)

b)

Multiply (4) by a smooth function v with v(%) = 0 = v(5), integrate, and then
integrate by parts:

x T 0 T
/2 cosx vdr = /2 — 0y (sinx uy)vdz :W — /2(—sinx Uy ) Uy Az
s s s

6

o

jus jus
Hence a(u,v) = [2 sinz uzv, do and F(v) = [2 cosz vda.
6 6

Note that a, F are well defined for u,v € X = H' (%,%). To have v(0) = 0 =
v(1), take v € V := Hy (F,5) (u &V because of the boundary conditions).

a(-,-) is bilinear: For uy,u9,v € X = Hl(%, 5), c1,c2 € R,

™

2

a(ciug + coug,v) = sinz(ciu z + coug ,) do = cra(u, v) + caa(uz, v),

o

and a is linear in the first argument. Since a(u,v) = a(v,u) (symmetric), this
also implies linearity of the second argument.

a(-,-) is a continuous form: For u,v € X = H'(%, %),

2
|a(u, v)| < HsianLoo/ |u|[vz] dz < 1+ Jug | p2]jvz]l 2 < lullxlvz]lx,

™

6

since |[v[|% = [[v]|32 + [lvz]|32 = [lvz]l32. The second inequality follows from the
Cauchy-Schwartz inequality.

Finite element method: Find uj = Z?:o Uip; € X% s.t.

(%) up(wo) =1, up(z3) =0,

(**) a(uh, ’Uh) = F(Uh> Yop € Vy i= XflL N H01
where zo = §,...,23 = § and @;(z;) = d;;. By (*):

3
1= ’U,h(CC()) = ZUiSOi(«TO) = UO -1 + 0,
=0

3
0= up(x3) = EUi%(iﬂs) =0+Us-1.
i=0

Since vy, € span{yy, ..., 3},

(%) == alun, ;) = F(ej), §=0,...,3,

3
Annd Za(%,%)Ui:F(@j), j=0,...,3.
i=0
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Combining:
Uy=1
S o alei, 1)U = F(¢1)
Yoo a(pi,p2)Us = F(p2)
Us =
I
i 1 0 0 0 Uy 1
alpo, p1) aler, 1) alez, 1) ales, e1) Ur| _ [Fle1)
a(po, p2) a(e1,p2) alps,v2) al(es,p2) Us F(p2)
0 0 0 1 Us 0
—A
Observations:

(i) c:=a(p1,¢2) = fg sinz Op10¢py dx = a(p2, p1),

(ii) supp ¢; = Kj U Kj41 = 0podps = 0 = o301 in [5, 5] = alpo, p2) =
0= a(§037 901)
Hence

S O % =
S0 ¥ O
S ¥ O O
= % O O

To compute ¢, we need dy;, j = 1,2. Let h; = x; — x;_1 be the length of K.
Since ¢; is continuous and piecewise linear with ¢; () = d;x, it follows that

1 .
E s T e K], 11 = KQ
Dps(a) = 4 1 , €Ki, = pi(z)pa(x) =3 "R 7
pj(z) hj+1 g.+1 p1(z)pa(z) 0, otherwise.
0, otherwise,

Then we compute

c = a(e1, P2) sin x (— i) dx

Il
aa\:l\
NIE]

sinx 0p10ps dr = /
Ko

™

jus 2 ”
! /3 (—sinz) dz = 122 [cos(z)]2
™ 4

T G- ™
144 V2 72
) <2 _2> — V2D
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