


TMA4212 Numerical solution of differential equations by difference methods - Spring 2022.
https://wiki.math.ntnu.no/tma4212/2022v/start

Lecture T (Tue)

A. Recap PDEs

a) Linear PDEs in 1122 [ Mat 4K]

a uxx + bury e- cuyy c- dux + eug + gu
= f- in R

where

RCIR ? domain

u = ucx.gl in → 112 ,
sofa

a. - . . , g :D → 112
, coeff 's / data

Ux = Qu = ¥ s uxy
= dxdy U etc

.

Classification : Typical ex .

b- - ac < 0 elliptic u×× + ayy = f ( Poisson)

b
'
- ac = 0 parabolic at = u×× (Heat eqln)

getb2 - ac > 0 hyperbolic
att = u×× (wave elf'n)
y=t



b) Bnd
'

ry / init . conchas (
B. II. e.)

I. C. : u given at t = 0
Mixed

,
Robin

, - .
.

Dirichlet B. c. : u given at DI

Neumann B. c. = Egg - n -

Need B. II. c. to have unique Solin of PDE .

c) Nonlinear PDEs

Ut + uux
= - px + r uxs

(fluid mech .)

at = 2×1 udxu) ( porous medium)

UJ + ujd = f Clkonaleq' a)
a
-
l

d) PDE models

|Oulythesempbstonescanbesohcd#- Model phys . phenomena
- should be well - posed ( as is nature) :Ialyticallyl.su

'm exist ,
are unique ,

and dep . cont. on data ( ~ stability ! ! )
- Are very different , no unifying theory



B. About the course

Intro
.

to nvm.
Solin of PDEs :

- Kontmere num. met.

- Lose dis.se met . ( implementer ogtesle)
- Teoretish analyse Closbare , stabile , Kono.)
- Verifisereteori ( www.fortiniry , feet ,

rater)
Metoder :

Endeligdifferansemetoder (FDM) - hovedfokus ( en ble !)

Endelig elementuietoder (FEM) - Moderne/ utboedt

Prob tenner : Lin . B /I VP ( bndlry / init . value prob 's)
Td : ODES

id + tid Par . PDE
'

er FEM for TD /2D ell . PDE
'

er

2d EU
.
PDE 'er

td + time Hyp . PDE
'

er



Part 1 : FDM for lid BVP ' er

C. FDM for Td Poisson likn .

- uxx = far in Coit ) ( PDE) µ•9idomene{ uco)=go ,
uli )=g , ( Bc)

where f :[0,17 → IR ; go , go C- IR

Remi : ca) feck ( [0,17) ⇒ ( P) heir entydigleesn neck
-12
/ coil ])

(b) Huis go = 0--9 , ,
da er next = Pot Gfx , g) f- (g) dy , Ga ,g) = { (1-9)×1 0£

+ ⇐ yet
- ylx-D) 0±ysx£T

Discretization :

1) Det . a grid 8h on [Oi ] :

✗
m
= M - h

e m = 0
, .

-

, M ,
h =Mtp

no of intervals step size
✗
o ✗ i ✗ 2 ✗

M

' ✗

0 I



2) Replace derivatives in ( P) by differences :

u
✗ ✗ Cxm)

-~ Um+i-2uUm+Um# = : ÷ Siam

where um = ucxm) .

3) Replace u by discrete approx . U
: gu → IR :

Itm e u ( ✗ m) , m = 0 , - . .im

Scheme :

( pn) {÷ ( - Uma +2
'll'm - Um ,

) = fun ,
m - t , . . - ,

M - T

'U'
o

=

go , Um =

go

or linnet . by h2)

y
PLS 1)

0 CHK o

o

'

'

-

'

iii. 2) ,

É =/
fi + §:

( Pi) An Ñ = É
,
An = ¥-7

-

I - i
.
.
.

., t
;
Ém - + + IF

where Ñ=( Up , . . . , Um,)
(M -41M -t) (Mt)



D. Error - analysis
Error : em

, h
= um - Um ; [ eo = 0 = em ]

We want

convergence : lien 11 → 0 as h → 0

where 11.11 is a norm and éh = (en
, , ,

- - -

, eh , m -t)

Error eq
'
n : ( " subtract ( P ) and ( Pin)

"

)

* A.net = Anñ
'

- Anti Aañ - É nIÉÉÉ÷Éñ*) = : In
where truncation error

Them : = u
✗ ✗

( ✗ m) - "m"_Z?m+UmÉ ,
m= T , . . . , M

- TProp.iiitcpsisweu-posedcinou.ca/?f*i?&*/and,pn#-
(E) consistent : 11th 11 → 0 as h → 0( ( s) stable , for any g-

>

and seeing of AnÑ=g→ and v. = o= Um
, I

IIÑII e- CH 511
,
C irdep . of hand §.

guy , ,y, , , um, um , , g. g. ,, , , ,,, , ,,
JJ



Rein .
2 : If 11 Aj

" 11£ C irdepofh , then ( s) holds :

11T'll 11 Aig'll ± 11A 11-11511 a- CHIU

Pf . Prop .
T :

Obs : Ñ = e-
'

n
solves AhÑ=g→ w

. Tj=Én , Vo - O = Vm ( see 1*1)

(s) (c)

⇒ " énll ⇐ chink → 0
☐

h → 0

E. Convergence in 1%0

Take 11511 = HE'll = wax lxil
i -- T

,
- - i. M - t

consistency (c)
:

Taylor
am ± , = ulxm -1h) = um ± hlux)m + { h4u*)m±¥h4u '")m + IT:b

"
u

""

/ 3+-1
He chk !

Uma - 2am 1- um - i = h2(u+*)m 1- ¥h"(u"Y%)±u""(3a))-y
h
"

T him



a. I.

( t) IIÉNH • = wax ltn.nl ← K h? K - Éz Max / u'* (H )
in * c- [oil]

stability Is) :

Lem . 2 : If Ñ solves AnÑ=g→ and Vo = 0 = Um , then 11TH
•
I %H§H• .

Pf . : Use disco
.
Max . pr .

→ next time

Obs : C = in ( s)

By Prop .

I :

HÑ
'

- ñ'll c- CIIÉNH = Ig . k.tn?K--max1u' " ' I
3

Rem
. 3 :

a) 2
" d order meth .

b) f c- C2 ([0,1%) ⇒ Kc is .

Rein
.
I



TMA4212 Numerical solution of differential equations by difference methods - Spring 2022.
https://wiki.math.ntnu.no/tma4212/2022v/start

Lecture 2 ( Thu)

A. Recap

( P ) - uxx = f- in Coit ) ; Uco) = go , ult)
-

g ,

FDM on grid 9h : Xm = m - h
, m= 0 , . . - ,

M
,
h -
- MI :

(Pn) -÷ sittin = fun , m=t
, . . . ,

M - T ; Ho - go ,

'U'm=g ,

where sittin = Um* , -2km + Um - iI

( PT) Antti = É ; An = toidiag { -1,2 .
-13

,
É=[ f, -1¥ ,

f. , . . . .fm. , + %-)

Prop . : IIÑ - titles £ q%h? max / u "" exit
[oil]

Consistent + stable ⇒ come. and error bud .



B. stability in Lollis

heinz cast time) : If Ñ solves AnÑ=g→ and Vo - O = Um , then 11TH
•
± 8111511

,

we will use the discr. Max . pr. :

hem 3 i dm
, pm , jm

> 0
, pm 3 dm -18m , and { on}

M
s -

t
.

m=0

(t ) - Nm Vma + Pmvm - 8m 0m -1 ⇐ O
l m = T

,
. . .

,
M -T

Then Max um E Max { Oo
, Um , 03m

Rem
.

Ti v has max
.

at bnd 'ry ( like a (sub) harmonic fund )

Pf . : Assume by contradiction there is p , Tep ± M - T s.t.

(2) Up = max 0m > Ko 1>-0)
They

m= can ,M

(3) up ÉpIp( Xp up - , + 8p up + c) ± °P§÷ Up ± T -

op

(3)
lil dptyp < Pp ⇒ up < i. up , contradiction ⇒ Lens 3 ok

Cii) dp typ = Pp up = t-ppldpvp-i-jpvp.ci ) ⇒ up = Up - i = up -1T

Repeat org . for up ± i ⇒ Ii ) or Iii ) : op = up -1 , = Up -1-2 ,
-
.

-



If Cig never happens ,
then up = Um = Ko Yin , contradiction

⇒ Lem
. 3 holds

.
☐

Pf . of Lem .
2 :

1) • '⇒ =D ✗ (✗ - t) ,
D= tzmaxlgml - E

,
M

Rhk
.⇒ - 82h4m, = - pm - i + 2pm - you +, = - 213h

"

; 40=0 = 4m
Taylor

2) Wm = Van +9m
Ani'=g→

⇒ Wo - o - Wm ,

- 82 Wm = gmh
'

- 2Dh2=hYgm-21127<-0
i )Lein .3

⇒ max Wm £ Max { Wo , Wm ,
O} = O

m

VEW -1141
⇒ max Van ⇐ max Wm + max Item 1<-0 + 4- D

M M M

3) Cu
, g) 1-→ C- u

,

- g) in 2) ⇒ max 1- Vm) c- ÷D
4) 2) + 3) ⇒ maxlvml ← ITD = 1811511,

an
D



Rem . 2 :

a) Monotone meth . = meth . satisfying discr. max. pr.

b) Meth .
w. pos . coeff. :

N

Pm Um - I
⇐ p
8mi Hm + i = 0 i 8mi > 0 , Pm > Erm .i (> 0)

are monotone [ pf. is the same as for Leen
. 3) .

C. Rem . on mem. testing
obs.li : Any C2- funds h solves (P) if we take f-as = - hwan and go = hlo) , gi

= HID ¥

Verify code and theory on test - ex. w . known solids :

- choose a solin Ch) ( not too trivial)
- find f and B. C. as Obs . I

chk
. rate /error bad . by refining the grid :

Assume

Elh) = ma ✗ lent = CHP ⇒ log Echl =p Gogh + log C [ tin. in p]



To fond the rate pi

- choose £eq
'
nee of step sizes hi , - - - , hn

( e.g. hi = ho . 2-
i )

- compute nam. Eth ;) , . . . , Elhn)
- find p by tin . regression ( poly fit in python) on { Clog his log Elhil}iii. . . ,N
- make a log log plot of { ( hi , Ech :))} Cp will be the slope)

How does the result compare to theory :

Elh) & ¥6 max I u' CHI . hZ ? ?
[oil ]

D. On difference approx .

uhh funder on ☒

Grid ✗ in = Xo + on . h
,
in e- No ,

✗
o
C- IR

, um = Ulan)

Difference formula :( id) i

Lh Um = £ a
( um + c ,

a
,
C- Rj p , of C- IN o

l =p



Difference formula .CI d) i
g-

Lh um = I acumtc , ace Rj Piaf C- No
l =p

Obs :
Taylor V

" m -1L
= E-

( 1h)k
bio II.

U'¥ + 014h))

chk . V
9-

Lhum = [ ÷:( Epa .lk)u
"'m + 01h7

k - o

Order v
approx . of a' In (nsv)

:

↳ um = u
"'m + 01h

'

) iff ¥, Éql
"
= Sun = { t ' k= "

(=p
0
, k¥n

( solve for a , , p+q must be large enough)
Truncation error : 8m = U' Yu - th Um



Difference operators :

Forward 0h Um = Um -11
- Um

Backward 17h Um = Um - Um - l

Central 8h Um = Um + §
- Um - Is

Uma = u (Xm+ c) = a / (m+i)h) = Ulan -1h)
Rem

. Ti

shift Éuum = Um + i , Uh = En- I , Dn = T - Eh
"

,
. . .

Taylor § hk
Eh " m =

no
II.
2k Um = ⇐ ¥1.0k) um = ehdum ( formally)

common difference formulas :

iicxm) = I °hh - Shu"m + 01h9 F. W.

HIV
. chk.| %Ym_ + tzhu '

'm + 01h4 B. VV. all formulas

f. sniff - E. tin"'m + 01h ") C.

u "c×m) = 8hLI- - Ilia '

'm + 01h
") C

Chk
. : Umm - 2am + um - ,

= 8h2 Um = On Rhum = (on - 17h) Um



Run
.
2 : ¢ ( h) = 01h 't ) , h → 0 ⇐ 3- C

, ho > O s - t
. I 0114111 CHP for 0<1 hkho

E. On matrices

A = { aij } ij =/
•
"
" Q "

] e ☒
" ✗ n

'

:

'

-

, i

Any - - '

Ann

symmetric if A = AT ;

( is Real eig . val 's { 7k3g and orthonormal eog . uec 's {Éik

A- ✗ txt
,
I = diag { tis ,

✗ = [ Ii
,
- - ,
In]

G- it Pos . definite ( semidef . ) if IT AE
'

> 0 1=07 HE -1--0
'

[ ⇐> 7
, , - . . ,
In > 0 (Zo) ]

Ciii) Pos . def . ⇒ invertible




