


TMA4212 Numerical solution of differential equations by difference methods - Spring 2022.
https://wiki.math.ntnu.no/tma4212/2022v/start

Lecture 3 (Tue)

A. Correction to last week

Redef . An = ÷ tridiag { - tide - t }
3

⇒ correct consistency and stability

see corrected note on wiki !

Remi : But man . we want to work w . h
'

Ah !

B. On matrices ( cord
'
ed)

A- { ai ; }ij = [ ?
"

.

"

Y ] c- pen
in

an , -

- - Qun

Diagonally dominant if I aiil > I laijl , i = I
,
- - e ,
n i

j=i
( strictly DD if . --

>
. . . )



( is strictly doag, dom . ⇒ ki 1=0 Hi ⇒ invertible
p

Gershgorin

cii) not inv . . [ t
- t

-iii. 1 : : :|O l - l

Liii) Weakly chained doag.dom.cl/VCDD) ⇒ inv
.

I

ci ) diag . dom . Cii ) Fist. laiil > I laijl ( one strict now)
j=i

and Ciii) " non - strict vows connected to a strict row
"

Rem 2 : liii) ok if a i. in 1=0 ,
0=1

, - - yn - t (or ai
,
i - i 1=0 . . - )

[☒F- ai.ie ex . /
2 - i

- i 2 - i
°

) and t 0) WCDD'

- iii.tai.it LO → 2 ,
and iw

.

Many matrices in this course are of form .



Tri diagonal if A =/ % :
.

.

.

a

i.÷.]0 Cne

lil A- / %) diag . v. distinct eig.cat 's
a) 7k = a + 2 Fbi cos 01h , 4k = II. ,

K - T
,
-
- yn

[ HW ]

Iii) If bi.ci > O Yi then A similar to
symm . matrix :

7 doag . matrix D sit .

sgnai {
+Fa>0

0
D-

"

AD =/
at sgnlbi.FI -

t.aaosynlbi-rb.ci
az sgutbz.EE

'

y

'

c

,

-

-

-

.

.

.10



C. On norms

R
"

: I
>
= [ ✗ is - o ,

✗
n ]

n

HE'll
,
= ¥1 ✗it , 11711

, =(§=
,

/ ✗it)£
,
11×11

is

= Max / ✗if
8--1

,
- in

Lein
.
I : A Eltz E 11711 , rn IIÑHZ ,

KÑII ⇐ HEY
,
E n 11 Ily

( all norms on R
"
are equivalent )

subordinate matrix norms : Copertor norm)

11 Akp = sup
"AP A c- IR

" ✗ "

, p
= 1,2 , is

FEIR" " ÑKP
I' f-Js

Lanzo HAI llp ⇐ 11A Hp - "Ñllpj HA -Bllp c- 11 All
p
- HBHP

def.[ 11 A. Bill p%
" ""

'll Allp -11B¥ Ilp!
""↳

11AM. . IIB 1411711 , ⇒ 11A - BHpHlAKptlBHp ]



Lem 3 : HAH
,
= Max

É laijl Crows)
i j

" All
,

=

may §, , / aijl
( cothurnus)

" All
,

= rgCATAT , g (
M) = wax 17m.it (e. a)

c- =L
,
-.

- in

spectral radius
Rein

. 3 :

(a) A = AT ⇒ HAH
,
=

g (A) [ diagonalize !]

(b) HAVE g (A) for any matrix norm II. A s-f.HABHEUAH-HB.tl
[ BO chp - 2)

Functions u :D → R :

Kullu = f- lulxsldx , Kullu = ( { IUCHPD , Hull,
- max / ulxsl
✗ c- 5-2

( sapless sap over D)Reen -4 :

Funinsp's : 11-14,1141 , , II. Has no L' (d) ,
LTR) , LCR)/ Cb. (D)

l " t

Banach sp's bad / cont.



D. Grid fundus U : Ah → IR

Grid for A e Rd : Ah c h - Kd = { h . 8 : I'€7Id }
"

Ee

Ih¥÷¥i÷¥→÷_
Qñ' isÉg=h( a , , xD

Divides I into cakes
=
[O , h)d

QI
,h

= hÑ + hd [ oiijd ;
Vol ( Qu ) = hd

Indexing : Malt - index I
'

e Rh C Id or index i = e (2)

where e.int shh → IN is a ( t - t) enumeration of Rh
Def . :

'

U' g. = UCHI ) = Uli:-D and Ui = UI when i - e (2)



Obsi : Ñ = { Ui }i=% c- IRM "
,
where

Mn = no,

of grid pt 's in 52h ( < is
, →

is )
h → 0

Interpolated Intl :

Intl : 5h → 112 5. f. In Ugs = Uj it ÑE In 52h
P
. w

.

const. CPO) inlerp. :

In UCH = Ug for ✗ c- QI
, n
V-E

id : find
tiÉ÷É×

✗
m

Rem . 5 =

(a) Interpolation of U gives approx. on all of 5h ! (not only on 52h)



(b) Cow. of Uh → u can ( should ! ) be interpret as

In Un → u in A ( or LPLR) or Cb (r))

and then

11 u - In Unllhp I 11 u - Inu ULP + 11th ( u - Uh)HLp
inlerp . error inlerp. discr. error

ca mm . quadrature)
(c) In = PO inlep . i

ci) 11 u - In all his
= 01h) ; or 01h

' ) if Ej midpt . in Q-g.nl !)

lii) 11 In Cu - Un ) 11hpm, =p
( §, fag.nl Inta - Un ) I

" )¥
D= U Qñih
I
'

= ( £ lug - Uh ,
=/ Phd )&

= ( § Lui - Hin ,
, /

P )&h¥
= 11 ñ - Ñn ftp.pmn •

h¥



11 Inta - Un )Hµ,☐, - HÑ - Ñhllu , ☒
Mn

Obs - 2 :
as = ¥ Qana Rd , p c- [i. is ]

, In Po inlerp.

⇒ a énllp . hF = KI neatly :( G- = 0)

E. Stability and cow. in 2-norm

( P) - un - f in Coli ) ; ulo ) -- go ,
u (1) = gi

( Ph) - Tir Sittin = fun , m=T , -- . ,
M - T ; Uo = go , Um --

gi ; him
(5) Anti = É ; An = tridiag { - i. 2 , -13 i É=[ f. + % , f. , . . ,fm , -1¥.]

(M - f) ✗ (M - i) (M - i)

Rein
. 6 :

a) KAH has eig . val 's ( a-- 2 , b-- c = - t)

7k¥> a + 2rbi.coskm.IT. = 2 ( i + cos km÷,) ,
k= to -

a- im
chh.

7min = 21 i + cos Mm¥) ¥21T - cos "=m+T ) t-IW2.IM#-jh-0(tm4)
ehk



⇒ 4
An , mon

= ÷ 1min
'

a-
2
+ 01h ' ) [ h - Im ]

b) 7
Ah , k

> 4
An , min

> O
,

h small enough ⇒ An inv
.

↳ up 11
,

AÉ """g( A ) = max 1 Fan / = µ÷mI = ¥. + 01h7



TMA4212 Numerical solution of differential equations by difference methods - Spring 2022.
https://wiki.math.ntnu.no/tma4212/2022v/start

Lecture 4 (Thu )

A. Stability and come on 2- norm

( P) - un - f in Coit ) ; ulo ) -- go ,
u (1) = gi

( Ph) - Tir STUM = fun , m=T , -- ,
M - T ; Uo - go , Um _-

gi ; him
(5) An Ñ = É ; An = tridiag { - i. 2 ,

- i} ; É=[ f. + ÷ , f. , . . ,fm , -1¥]
(M - 1) ✗ (M - i) (M - i)

last time : UA 11
,
= µ÷mI = ¥. + 01h7

2- norm stability :

AnÑ=g→ ,

Vo - O - Um ⇒ HÑ 112<-11 g-
'

112 for h small enough

[ 11TH , = HAI
'

g-
'

Ha ⇐ HAI 11,115112<-1.119112 ,
h small enough]



Consistency : I:-(a.→ in
Obs : III. 112€ rn 11¥16

c- him = ( u××)m - ÷8Ñum = ¥ h
'

ul" ) (3m)
-

a

g-
-
-

-
- -

. .

-
-

[ =
-

MI
-

-

- . .

.

11 Éhllz ← h
'
HÑ""(3.) 112 ← ÷ h

'
F. Hii "' (3.) His ± Eh

?
Hu "" // is (D)

→

← cannot be improved using Hu
""
4<2Error eginien.vn _= um - Um

argument terror on p 18 in BO)

↳ Ané = Anti - Anti ¥
"
Anñ - til :?) - É

"? - In. Siu + ñ×× = In
11 91 11

go b-
-TinÉ=É+÷|÷) siñ

Convergence : h small enough
(2)

" Éntlz I 11 Éhtlz ± Hu
""

Hush
?

stab ☒ this is correct

Rem 7 : a) 11 u' " ' Huo Ell f
"

11 us
This is /

b) 11 In en 11µs h± 11 Éullze ¥11 u' "" Hush
'

[ 2nd order meth . in L' optimal •

last week

c) 11%112 ← . Heinlen ⇐ 4-611 f- "Huh? TM = 01h? ) ( similar to can



B. Neumann and mixed BVP

Dirichlet B. C. : u given at Dr

Neumann Bcci : 2¥ - a -

Mixed B. c. : combination

Id mixed BVP :

cm) - un,
= f-us in Coi ) ; u

✗ (d) =D , act )= P
-

Dis cretin PDE and Dor . B. C. i

1mi )
- ¥5T Um = fun ,

m=T
,
-

,
M - T ; Um=P , h=Im

Alternative disco
. of Neumann B. C. :

1) uxco) = HII +0cal ⇒ U¥lo = •

2) uxlo) = zY"-u2_ + 01h4 ⇒
-

IÉ = or

3) Fictitious node : ✗
- i

uxlo) = "I÷ + 01h7 ⇒ Ñi_zY = or 1*1



Extra unknown U → ,
need extra egin ( take interior egin at m=o) :

a-*) fo
' =M"

- In, S ; Ho e-K.it?zUo-Ui-
Eliminate U

- i
:

in ⇒ it
- i
= U

,
- • 2h

(*⇒ ⇒ Ui¥= - f¥ + or

chk !

Case 3) :

(Mn ) ( Mii ) +
-

2Uth+2Uo_ = fo - 2£ (⇐> 3) . C- E) )

II

win ÷ .fi?:..::.;%f1Yf-/::-
"

Ii.

L
0 UM

-t f-m-i-P-ha-ATF.am) TÉTM



Rem 2 :

f) ist order

2) 2nd order
, Ah no longer hiding . or Symon .

!

3) 2nd order
,
Ah tridoag. ,

but not symm .

Rem 3 :o) An in case 3) is WCDD and inv
.
I

b) ( Mn) mon .
meth . [ Can )ii SO , Can)ij¥, ,i , diag

- dom
.] ⇒ discr.mat.pe . holds

(⇒ It stability )

C. Pure Neumann BVP

( N ) - u ✗ ✗ = fix in ( Oi) ; u (O) = so ,
Ux ( t) = 0g

No uniqueness : u solin ⇒ u e- C sol
'

n t ce IR

Not always ex. -

u solves ( N) ⇒ Ed# = - Stun dx = - ( uxli) - u.co)) =%I) (☒*⇒
0

(E)

a- **) not holds ⇒ no u solves (N) !



Type 3) disco
. :

(Nu) An Ñ = É
,
An =/

2 - 2

- I 2 - T

i. •
→ .:/" Y÷t⇐:-/

" ÷
fp

'

e

,

-

i.

'

'

-

:

fm -
2

- 2 2

(Mtt ) ✗ (Mti) (Mti) (Mtl )

Not unit . : Ñ win ⇒ ñ
'

+ Cli;] soén HCEIR

Not always ex- i
An . [

'

;] = O ⇒ 2=0 eog . val . ⇒ An not in"

Ex
.

under discrete version of (* ** ) cord 'n , see BO see. 3.1

Rem
.

Yi

a) Add cond
'

n
to get uniq . solid : S?udx=O or Ulta ) = 0 or

. . .

b) - uxx + bu = f ; ax / d) - ro , uxli ) = of an> ex
. uniq . solin when b > 0 !

☐
.

BVP s for gen . lin .
ODES

(GL) - uxx + plxlux + g-Wu
= fix in Ca

,
b) j u (a) = go ,

u (b) = g ,



Rem 5 : a) Ex . unoq . solin of CGL) if e. g.

Pi 9- i f e- C [a. b) and of > 0 in Cab]

b) - a-CHU ✗✗ +
- ..

= f- CH ; and > ao > 0 ⇐ - u
✗✗
+
- .

= fa¥,
÷

Discretization :

- Um+i-2nYm-Um + pam,
"
+ qcxm) Um = fun

. h2

C- It Ipm)Um+ ,
+ (2 + h2qm) Um + C- T - E pm) Um ,

= tihfm

II. to
2 1- hZq , - t + E- pg→

(Glu) Ah Ñ = F
, An - %) - T - h-zp.z2-ihq.se - T -1¥ Pa

° ]←

L
,

L O

'

Y
•

,

2 -1h
>

4m - i

Rem
.

6 :

(a) An not syuun . if p -1-0

(b) An sfr
. diag . doin . and inv

. if

(b) 12th' qm / I 1 - T - ¥ pm / + I - I * ¥ pm / ,
on = T

, - - u , M -T



(o) ok if e. g. i

Coo) qm
> 0 and Eh 1pm / < I , m =

. . .

Cchkf)

R

q > 0
and h < ¥111m

cc) too) ⇒ Can )ii > 0 , ( an )ijj§,0 , Ian)ii ? 21 (an)ij /
jti

⇒ (Glu) pos . coeff. / mon . ⇒ discr
. max .pr.

holds (⇒ L" stab .)

E. Self . adjoint problems

(SA) - ( Knauer)× = fix in Caab) ; ula)=go , U(b) = .gg

where
f- c- L' ( a. b)

,
KE C[acb]

, Karl > Ko > 0 for ✗ c- fails]

Rein
.
7- i

(a) LYCH = - (Katyn )
✗ ,

L self-adjoint in L2 :

( Lecy ) - Ly , Ly> tax c- C:[a. b)
3 Cycas _- 0--4161)

where L2 - i.
p. Lying> = ftp.ydx .



I ✗ i.b. p b

(b) ( SA) - v + Sab dx ⇒ Sauxvxkdx = fbfvdx
uld) -0=0165 c-- a--

an i. p.
in H:( a.b) tin . fume ' al on H ! ( and E)

Riesa repr. thin . ⇒ ex . uniq . sofa u c- H'
⑧
lab) [ Luv>

µ;
= Blu) it vet:]

Discretisation :

f) ( SA) ⇒ - kuxx - Kxui = f → discretion

Bad : Result not
symon . /self - adj . : ( Antti , Ñ>pin . , + ( Ñ,AhÑ)µm.i

( also : need Kx - a problem if K not diff .)

2) Direct defer. :

( kuxlx = 1- Snlkthsnu) + 01h4
Cif KEE cain)

Shlkbhu)m= ( k Shu )m+Iz - (k Shu )m - E = km+§(Um+ , - Um) - Kun-{ ( Um - Um - 1)

Scheme :

fsAn) - Shik SHU)m = Fm
,
m - I

, - . ,
M - t
; Uo - go , Um _- g.

II

Ah Ñ = É
,

An = ÷, /
" £-1k? - Kz
- K
? K } + K § - kg? ] 1 - -

,

'

e

'

e
.



Consistency :

c- him = ( un)
m

- ÷ 8h
"

um = ¥ h
'

way}m) I

11 HF

" Éh 112 ← ÷ h
'

II U'4111ns ( É is )£ E iz halfway,µ . Mm, ←
come

back to it

i. I
= 01h ?)

rn

Error eginien.vn _= Um - Um

↳ Ané = Anti - Anti ¥
"
Anñ - If :?) - É

"? - In. Siu + ñ×× = In
11 91 11

E- f-
'

+÷ / ÷.IE?Esi.E-i'*
Convergence : h small enough

(2)
" Éhtlz I 11 Éhllz ± ¥ Hu

'"'ll
µ
h
?

stab

Rem 7 : a) 11 n' 4) Huo Ell f
"

11 us

b) 11 In en Ile E h± 11 Éullze ¥11 n' " Hush
"

last week

c) 11%112 ← F. Heinlen ⇐ ¥11 f- "Huh? rm = 01h? )


