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a) Let b(z) = 2 —z, P = (¥, ), then (2) becomes

Up - Up!
k

+ ng_l — Urﬁ;—ll
h

n—1 n—1
— Um+1 -U

+ b(zm) - m_ 45U =0,

— b(wm)
form=1,...,. M —1,n=1,..., N, or multiplying by k£ and letting r = %,

UP — (1=7(b(xm) " + b(2m) ") = 5k) UL —rb(2) TULZY —rb(2) UL =0,
=[b(zm)|

or with oy, = 1, aymo = 1 — 7|b(zm)| — 5k, and ap, +1 = r7b(zm)*

)

n n—1 n—1 n—1
an Uy — am Uy — o, —1U) ) — am,+1Um+1 =0.

Observe that
1. am, am+1 >0,
2. o — (o + am—1 + Qup41) = Bk,
3. amo >0 < rlb(xy,)] <1-—5k.

Since (3) must hold for all m and &, the scheme will have positive coefficients
when the following CFL condition holds:

k h b=3-z h
=|1B]| 700 +5k<1 <<= k< = )
3 10l ze=(0,1) olimon, + 5% T 5
b) By (1) and (2) and a = a* —a™,
T = Luy, — Lpuy,
A A
= (6,5@% - ?ku%_1> + a(mm)'*'(@xuﬁl - %u;‘;l) —a(xm)” ((%unm - Thu%_l

+5(up, — ).
We Taylor expand to find that

_ _ _ h
u,, :i:ll = u::m e h(uw)% ! + §Uxx(frﬂy:ptn—1)7

Ah B un—l _ unfl _ 1

Tugl 1_ WTW = (UI)% 1 + §hux;c<§:wtn—1>v
Vi et _ U = U -1 1 -
Tunm 1 %m = (ux)Zz T §hu$m(€m7tn—1)’

(uw)zz = (uﬂv):?n_l + kuxt(xma nn)
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For the difference in time, we expand around (Z,, t,):

B 1 -
ufn T u?n — k(ut)"m + EkQUtt(xma 77n),
Ak B u — unfl B
Rt = SIS — ()], — S (e ).

Combining these estiates, we find that

1

~ 1 _
T = ik’utt(xma??n) +a(n)t <§hum(£mvtn*1) + Kt (Tm, 77"))

+a(xm)” (%hum(f;g, tn—1) — kg (xm, nn)>
+5kut (T, Tn)-
c) The z(t)-characteristic equation is & = b(z) = % — .
At the left boundary =0, & =b(0) = 2 >0
= inflow, characteristics starting at the x = 0 go into (0, 1)
At the right boundary x =1, 2 = b(1) = —% <0

= inflow, characteristics starting at the x =1 go into (0, 1)

Hence we must impose boundary conditions at both z = 0 and x = 1. Since
initial conditions are needed at ¢ = 0, we have

" Qr = {o =0} x (0,T)U{z =1} x (0,T)U[0,1] x {t = 0}.

Stencils:
2 _ .
T < 3 = b~ =0 and stencil (T, tn), (Tm—1,tn-1), (Tm, tn-1),
2 + .
Ty > 3 = b =0 and stencil (z,tn), (Tm,tn—1), (Tmt1,tn—1).

A
m,n m,n
m-1,n-1 m,n-1 m,n-1 m+1,n-1
L,
0 2/3 1

It follows that starting from (z,t,), the scheme will (iterating backwards)
eventually reach t = 0 and x = 0 if z,, < % and ¢ = 1 if x,, > % Hence the
reachable boundary is

0*G =0"Qr (defined above).
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d) Error e}, =ul!, —U". By (1), (2), and the definition of 7,

Lyey, = Lyuy, — LyU)Y = Luyy, — 7, —0=0—1,,

for interior points (zy,,t,) € G. Since 0*G C 0*Qr and u and U satisfy the
same boundary and initial conditions,

ey, =0 for

(T, tn) € 0*G.

Hence by stability with respect to the right hand side, part b), and ||a||p~ < %,

1
max|u,, — U, | = max ey | < § max |7,

~ 52

:||GHL°0§§

11 1 et
< S ohllullie + ¢ la* + || (Shluas e + Fllusellze ) + 5k|wr]] e
5 e——\2

1 2 1
< (g lutellz + ot + 5l b + = bl 2o

a) Central FDM approximation of L on Gy:

52 52
(*) Lhum,n = ﬁum,n + (1 + xm)higum,n
Stencil:
m,n+1
o
m,n
O O O
m-1,n m+1,n
o
m,n-1
Grid Gy:
Ya
13 14 15 -,
fattened
I boundary
9 10 11 12|
5 6 7 8
1 2 3 4 -
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Enumeration of Gi:

1(zo,y0) 2 (w1,90) 3 (x2,90) 4 (23,%)
5 (w0, 1) 6 (z1,91) 7 (w2,y1) 8 (x3,%1)
9 (z0,y2) 10 (21,92) 11 (z2,92) 12 (23,92)
13 (zo,y3) 14 (w1,y3) 15 (22,y3) X

Interior nodes Gy: 6,7,10,11. Boundary nodes 0Gy: 1-5,8,9,12-15.
Boundary conditions: Extend by constant from 02 to 0Gy:
UP)=uP)=0 for Pe{P,...,Ps Py, Pis},
UP)=u(P)=1 for P e {Ps, P},
U(P)=1 for P € {P2,Pi5} by extension.

b) The scheme can be written as

—LpyUppn =0
N CORY S

- (Um+1,n - 2Um,n + Umfl,n) - (1 + xm)(Um,nfl - 2Um,n + Um,nJrl) =0
T

22+ 2m)Umn — Untin — Un—1n — (1 + 20) (Unn—1 + Unny1) =0
The scheme at the interior nodes Py, P, Pio, Pi1:
Us=Uru:
22+ )U(,—U5—U7—(1+ )(U2+U10)—0
Ur=Us:

2( )U7—U6—U8—(1+ )(U3+U11) 0

Uio —U12

2(2 + 3)U10—U9—U11—(1+3)(U6+U14)—0
Ui = U22 :

22+ 3)U11 —Upo—Uia—(1+ 3)(U7+ Uis) =

Using the boundary conditions from a), we then find that

41 -3 071U 3U2+Us 0
-1 ¥ 0 -3 |U/| | 3Us+Us | e |1
5 0 F 1 |Un| |[U+3Uu| |3
0 -2 -1 ] |uy Uiz + 2Uss 8
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a) To find the PDE and boundary conditions, we integrate by parts:
1 1

a(u,v) = / (Tuzv, — buvy) de = / (Tuy — bu)v, dx
0 0

. 1
hLep —/ (Tuy — 5u)gvde + [(Tug — 5u)v](1)
0

N 1
0 [ 50— (750 0)(0)

Since a(u,v) = F(v) = 3v(0), we should then have
—Tugy +5u; =0 in (0,1) and — (Tuy — 5u)(0) = 3.
Since u € V, we also have that u(1) = 0.

a is continuous:
1 1 c-S
(o)l < | [ Tugoal +1 [ 5ueal < Tluslzalloslls + Sl el
0 0
< (7+5)[[ullgrl[vl -
a is corecive:

1, 1 o ,
alu,u) = / T2 — / Suty > Tlus|Z2 — 5llul e sl 2
0 0

[ull2<||lwz |2
(7= 5)[|us|7-

Since [[ullZ: = [[ullZs + el < 2luelZa (Jullze < fuellz2), we have

aw,0) = 2 Jullf = [l
b) Let X} = span{¢o,...,pm} and V;, = X} NV = span{eo,...,om—1}. The
P1-FEM for (4) is then
Find up € Vj s.t. a(up,vp) = F(vy) Yo, € Vi
¥ @o,...,pm—1 basis for Vj,
Find up, € Vj, s.t. aup, i) = F(p;), i=0,..., M —1

T up= Z Ujpji(z) for some U; € R, a bilinear

M-1
j=1

0

AU = F, where A;;j = a(pj,pi) and F; = F(y;)

We observe that ¢; # 0 only on (z;—1,%i+1), vo # 0 only on (zq,x1),

1
o on ('riflv xi)v x4 Tit1 1
©; = *%7 on (x4, Tiy1), and / SOide:/ pidr = §’h’1-
0, otherwise, f “
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Fort=1,..., M — 1 we then compute

Aii = alpi, ¢i) :/01("-)(195:5\/[:/
=17z

fj (.)de

j—1

Z; Tit+1
—0+ / (T, & — Bpugl) de + / (76, - &, — Sidl) da
Ti—1 Ty

— /: (7% : % - 5%%’)% + /:Hl (7(—%) ' (_%) - 5(_%)%) o

1—1

1 5 [% 1 5 [Tt 14
7h2 h/wi_lgp T+ % +h/zi p; dx h—l—

Tit1
Aiiv1 = alpiv1, i) =0+ / (7<P§+1<P§ - 5<Pz‘+1<P§>d$

Ty

1,1 1 [%+ 7 5
_7h(_h)h_5h/x pirrde = - — o,

>

i

Ai 1= alps, pi1) = / (7%%_1 - 5%%-1)(190 =77
X

i—1

For 7 = 0 we find that

1

7 5
Ao = a(po, po) = / <7906<P6 - 5<P0906> dz = Rt

o

1

5
Ao1 = a1, p0) = / <780'1906 - 5<P0806)d90 =715

o
For all other indices ¢;p; = 0 on [0, 1], and hence A4; ; = 0.
For the right hand side we compute

0, i#0,

F; =F(p;) = 3¢:(0) = {3 i=0.
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