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Exam solutions

1 a) Let b(x) = 2
3 − x, P = (xm, tm), then (2) becomes

Un
m − Un−1

m

k
+ b(xm)+

Un−1
m − Un−1

m−1
h

− b(xm)−
Un−1
m+1 − Un−1

m

h
+ 5Un−1

m = 0,

for m = 1, . . . ,M − 1, n = 1, . . . , N , or multiplying by k and letting r = k
h ,

Un
m−

(
1−r(b(xm)+ + b(xm)−︸ ︷︷ ︸

=|b(xm)|

)−5k
)
Un−1
m −rb(xm)+Un−1

m−1−rb(xm)−Un−1
m+1 = 0,

or with αm = 1, αm,0 = 1− r|b(xm)| − 5k, and αm,±1 = rb(xm)±,

αmU
n
m − αm,0U

n−1
m − αm,−1U

n−1
m−1 − αm,+1U

n−1
m+1 = 0.

Observe that
1. αm, αm,±1 ≥ 0,

2. αm − (αm,0 + αm,−1 + αm,+1) = 5k,

3. αm,0 ≥ 0 ⇐⇒ r|b(xm)| ≤ 1− 5k.

Since (3) must hold for all m and k, the scheme will have positive coefficients
when the following CFL condition holds:

k

h
‖b‖L∞(0,1) + 5k ≤ 1 ⇐⇒ k ≤ h

‖b‖L∞(0,1) + 5h

b= 2
3
−x

=
h

2
3 + 5h

.

b) By (1) and (2) and a = a+ − a−,

τnm = Lunm − Lhu
n
m

=
(
∂tu

n
m −

∆k

k
un−1m

)
+ a(xm)+

(
∂xu

n
m −

∇h

h
un−1m

)
− a(xm)−

(
∂xu

n
m −

∆h

h
un−1m

)
+ 5(unm − un−1m ).

We Taylor expand to find that

un−1m±1 = un−1m ± h(ux)n−1m +
h

2
uxx(ξ±m, tn−1),

∆h

h
un−1m =

un−1m+1 − un−1m

h
= (ux)n−1m +

1

2
huxx(ξ+m, tn−1),

∇h

h
un−1m =

un−1m − un−1m−1
h

= (ux)n−1m − 1

2
huxx(ξ−m, tn−1),

(ux)nm = (ux)n−1m + kuxt(xm, ηn).
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For the difference in time, we expand around (xm, tn):

un−1m = unm − k(ut)
n
m +

1

2
k2utt(xm, η̃n),

∆k

k
un−1m =

unm − un−1m

k
= (ut)

n
m −

1

2
kutt(xm, η̃n).

Combining these estiates, we find that

τnm =
1

2
kutt(xm, η̃n) + a(xm)+

(1

2
huxx(ξ−m, tn−1) + kuxt(xm, ηn)

)
+a(xm)−

(1

2
huxx(ξ+m, tn−1)− kuxt(xm, ηn)

)
+5kut(xm, η̄n).

c) The x(t)-characteristic equation is ẋ = b(x) = 2
3 − x.

At the left boundary x = 0, ẋ = b(0) = 2
3 > 0

⇒ inflow, characteristics starting at the x = 0 go into (0, 1)

At the right boundary x = 1, ẋ = b(1) = −1
3 < 0

⇒ inflow, characteristics starting at the x = 1 go into (0, 1)

Hence we must impose boundary conditions at both x = 0 and x = 1. Since
initial conditions are needed at t = 0, we have

∂∗QT = {x = 0} × (0, T ) ∪ {x = 1} × (0, T ) ∪ [0, 1]× {t = 0}.

Stencils:

xm <
2

3
=⇒ b− = 0 and stencil (xm, tn), (xm−1, tn−1), (xm, tn−1),

xm >
2

3
=⇒ b+ = 0 and stencil (xm, tn), (xm, tn−1), (xm+1, tn−1).

It follows that starting from (xm, tn), the scheme will (iterating backwards)
eventually reach t = 0 and x = 0 if xm < 2

3 and x = 1 if xm > 2
3 . Hence the

reachable boundary is

∂∗G = ∂∗QT (defined above).
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d) Error enm = unm − Un
m. By (1), (2), and the definition of τ ,

Lhe
n
m = Lhu

n
m − LhU

n
m = Lunm − τnm − 0 = 0− τnm,

for interior points (xm, tn) ∈ G. Since ∂∗G ⊂ ∂∗QT and u and U satisfy the
same boundary and initial conditions,

enm = 0 for (xm, tn) ∈ ∂∗G.

Hence by stability with respect to the right hand side, part b), and ‖a‖L∞ ≤ 2
3 ,

max|unm − Un
m| = max |enm| ≤

1

5
max |τnm|

≤ 1

5

1

2
k‖utt‖L∞ +

1

5
‖a+ + a−‖︸ ︷︷ ︸
=‖a‖L∞≤ 2

3

(1

2
h‖uxx‖L∞ + k‖uxt‖L∞

)
+ 5k‖ut‖L∞

≤
( 1

10
‖utt‖L∞ +

2

15
‖uxt‖L∞ + 5‖ut‖L∞

)
k +

1

15
h‖uxx‖L∞ .

2 a) Central FDM approximation of L on Ḡ1:

(∗) Lhum,n =
δ2x
h2
um,n + (1 + xm)

δ2y
h2
um,n.

Stencil:

Grid Ḡ1:
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Enumeration of Ḡ1:

1 (x0, y0) 2 (x1, y0) 3 (x2, y0) 4 (x3, y0)

5 (x0, y1) 6 (x1, y1) 7 (x2, y1) 8 (x3, y1)

9 (x0, y2) 10 (x1, y2) 11 (x2, y2) 12 (x3, y2)

13 (x0, y3) 14 (x1, y3) 15 (x2, y3) ×

Interior nodes G1: 6,7,10,11. Boundary nodes ∂G1: 1-5,8,9,12-15.

Boundary conditions: Extend by constant from ∂Ω to ∂G1:

U(P ) = u(P ) = 0 for P ∈ {P1, . . . , P5, P9, P13},

U(P ) = u(P ) = 1 for P ∈ {P8, P14},

U(P ) = 1 for P ∈ {P12, P15} by extension.

b) The scheme can be written as

− LhUm,n = 0

m (∗) · h2

− (Um+1,n − 2Um,n + Um−1,n)− (1 + xm)(Um,n−1 − 2Um,n + Um,n+1) = 0

m
2(2 + xm)Um,n − Um+1,n − Um−1,n − (1 + xm)(Um,n−1 + Um,n+1) = 0

The scheme at the interior nodes P6, P7, P10, P11:

U6 = U1,1 :

2(2 +
1

3
)U6 − U5 − U7 − (1 +

1

3
)(U2 + U10) = 0

U7 = U2,1 :

2(2 +
2

3
)U7 − U6 − U8 − (1 +

2

3
)(U3 + U11) = 0

U10 = U1,2 :

2(2 +
1

3
)U10 − U9 − U11 − (1 +

1

3
)(U6 + U14) = 0

U11 = U2,2 :

2(2 +
2

3
)U11 − U10 − U12 − (1 +

2

3
)(U7 + U15) = 0

Using the boundary conditions from a), we then find that
14
3 −1 −4

3 0

−1 16
3 0 −5

3

−4
3 0 14

3 −1

0 −5
3 −1 16

3



U6

U7

U10

U11

 =


4
3U2 + U5

5
3U3 + U8

U9 + 4
3U14

U12 + 5
3U15

 B.C.
=


0

1
4
3
8
3

 .
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3 a) To find the PDE and boundary conditions, we integrate by parts:

a(u, v) =

∫ 1

0
(7uxvx − 5uvx) dx =

∫ 1

0
(7ux − 5u)vx dx

i.b.p
= −

∫ 1

0
(7ux − 5u)xv dx+

[
(7ux − 5u)v

]1
0

v(1)=0
=

∫ 1

0
(−7uxx + 5ux)v dx− (7ux − 5u)(0)v(0).

Since a(u, v) = F (v) = 3v(0), we should then have

−7uxx + 5ux = 0 in (0, 1) and − (7ux − 5u)(0) = 3.

Since u ∈ V , we also have that u(1) = 0.

a is continuous:

|a(u, v)| ≤ |
∫ 1

0
7uxvx|+ |

∫ 1

0
5uvx|

C−S
≤ 7‖ux‖L2‖vx‖L2 + 5‖u‖L2‖vx‖L2

≤ (7 + 5)‖u‖H1‖v‖H1 .

a is corecive:

a(u, u) =

∫ 1

0
7u2x −

∫ 1

0
5uux

C−S
≥ 7‖ux‖2L2 − 5‖u‖L2‖ux‖L2

‖u‖2≤‖ux‖2
≥ (7− 5)‖ux‖2L2 .

Since ‖u‖2H1 = ‖u‖2L2 + ‖ux‖2L2 ≤ 2‖ux‖2L2 (‖u‖L2 ≤ ‖ux‖L2), we have

a(u, u) ≥ 7− 5

2
‖u‖2H1 = ‖u‖2H1 .

b) Let X1
h = span{ϕ0, . . . , ϕm} and Vh = X1

h ∩ V = span{ϕ0, . . . , ϕM−1}. The
P1-FEM for (4) is then

Find uh ∈ Vh s.t. a(uh, vh) = F (vh) ∀vh ∈ Vh

m ϕ0, . . . , ϕM−1 basis for Vh

Find uh ∈ Vh s.t. a(uh, ϕi) = F (ϕi), i = 0, . . . ,M − 1

m uh =
∑

Ujϕj(x) for some Uj ∈ R, a bilinear

M−1∑
j=1

a(ϕj , ϕi)Uj = F (ϕi), i = 0, . . . ,M − 1

m

A~U = ~F , where Aij = a(ϕj , ϕi) and Fi = F (ϕi)

We observe that ϕi 6= 0 only on (xi−1, xi+1), ϕ0 6= 0 only on (x0, x1),

ϕ′i =


1
h , on (xi−1, xi),

− 1
h , on (xi, xi+1),

0, otherwise,
and

∫ xi

xi−1

ϕi dx =

∫ xi+1

xi

ϕi dx =
1

2
· h · 1.
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For i = 1, . . . ,M − 1 we then compute

Aii = a(ϕi, ϕi) =

∫ 1

0
(. . .) dx =

M∑
j=1

∫ xj

xj−1

(. . .) dx

= 0 +

∫ xi

xi−1

(7ϕ′i · ϕ′i − 5ϕiϕ
′
i) dx+

∫ xi+1

xi

(7ϕ′i · ϕ′i − 5ϕiϕ
′
i) dx

=

∫ xi

xi−1

(
7

1

h
· 1

h
− 5

1

h
ϕi

)
dx+

∫ xi+1

xi

(
7(−1

h
) · (−1

h
)− 5(−1

h
)ϕi

)
dx

= 7
1

h2
h− 5

h

∫ xi

xi−1

ϕi dx+ 7
1

h2
h+

5

h

∫ xi+1

xi

ϕi dx =
14

h
+ 0,

Ai,i+1 = a(ϕi+1, ϕi) = 0 +

∫ xi+1

xi

(
7ϕ′i+1ϕ

′
i − 5ϕi+1ϕ

′
i

)
dx

= 7
1

h
(−1

h
)h− 5

1

h

∫ xi+1

xi

ϕi+1dx = −7

h
− 5

2
,

Ai−1,i = a(ϕi, ϕi−1) =

∫ xi

xi−1

(
7ϕ′iϕ

′
i−1 − 5ϕiϕ

′
i−1

)
dx = −7

h
+

5

2
.

For i = 0 we find that

A00 = a(ϕ0, ϕ0) =

∫ x1

x0

(
7ϕ′0ϕ

′
0 − 5ϕ0ϕ

′
0

)
dx =

7

h
+

5

2
,

A01 = a(ϕ1, ϕ0) =

∫ x1

x0

(
7ϕ′1ϕ

′
0 − 5ϕ0ϕ

′
0

)
dx = −7

h
+

5

2
.

For all other indices ϕiϕj = 0 on [0, 1], and hence Ai,j = 0.

For the right hand side we compute

Fi =F (ϕi) = 3φi(0) =

{
0, i 6= 0,

3, i = 0.
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