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a) Let a(x) = 1+, f(x) = 423, then a symmetric second order FDM approxima-
tion of (1) is given by

dn n B

0 -n°
_aer% (Um+1 - UM) + am*% (Um - Umfl) + 2h2Um = h2fma

)

— 0 1 U1 + (am+% +a, 1+ 2h2> Un = @y, 1Up—1 = B2 fn,

for m =1,...,M — 1. Using the boundary conditions, we find that for m =1
and m =M — 1,

—asUs + (a; +a1 + 2h2) Uy = h*f1 + a1y
2 2 2 2
=h’f +a%\f2,

(aM_% Tay s+ 2h2> Um-1—ay 3Unm—2 = h? fn + ay - 1Unm

We conclude that U = [U1,...,Un—1]7 solves the linear system A U = F with
- 2
A= trldlag{—am_%, (am+% + Gy 1 + 2h ) ,—am+§},
F= th—i- [a;\fQ,O, .. ,O,aM_lx/g]T.
2 2

b) Observe that

—h2L,U,, = — 0y 1Um—1 + (am+% + O + 2h2> Un — Oyt Ump
= am,mUm - Z am,kUk7
k#m

with o m = Oy 1 + O + 2h2, Q1 = QL and o, = 0 for k #
m,m £ 1. For every m,n

Q> 0 and Z Qs = Q1 + L < Qm,ms
k#m

and it follows that —Lj, has positive coefficients.
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The discrete maximum principle (DMP):

(1) —LyU, <0, m=1,... M—-1 = max Up < max{0, Uy, Up,}.
Proof. Assume

(2) mrngm:Um>0 for some me{l,...,M —1}.

Then

0

v

2
—h*LpUp, = Oéfn,mUm - am,mHUmH - am,m—lUmfl

= (vmm — Ommt1 — @mm—1) Un
~

2h2 >0

+ ammt1 (Un — Ungr) + aomm—1 (Umn — Um—1)
—_—— —— ——— —
=0 >0 >0 >0
> 2h%U; > 0,

which contradicts —LpU,,, <0, m=1,..., M — 1. Hence (2) cannot hold, and
then either Uz < 0 or m € {0, M}. In either case max,, U,, < max{0, Uy, U,,}
and (1) holds. O

Let Viy := U — || fll poc &m, Where ¢, = % is a supersolution of — Ly, satifying
—Lp¢m = 1. Then

_th = _LhUm - Hf||L°° (_Lh)¢m = fm - ||f||L°° < 07 m = 17’ . '7M - 17
and DMP and V,,, < U,,, imply that
Vin <max {0, Vo, Viy } <max{0,Up,Upn} Vm.

When Uy = 0 = Uy, we find that V,,, <0 and
1
Un = Vin b fll e <0+ 5 Il

Repeat for —Lp(—=Up) = —fm,m =1,...,M — 1, to get —U,, < %||—f||Loo,
and conclude that

1
(U < 5 I

Here the x-characteristic equation is & = b(z). Boundary conditions for (2)
must (and can only) be imposed at inflow, where the z-charateristic curves go
into the domain (0,1). So at x = 0 if b(0) > 0 and x = 1 if b(1) < 0.

case | b(0) [ b(1) | BCatz=0|BCatz=1
(i) | <0 | <0 |No Yes
(i) | >0 | <0 | Yes Yes
(ili) | <0 | >0 | No No
(iv) | >0 | >0 | Yes No
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b) Taylor expand about u = ]}

1 1
ultl = u+ hug + kug + §h2um + khugs + ik%tt + O3 + k),
1
ul ™ = u - kug + §k2utt + O(k%),

1
up 1= u+ hug + §h2um + O(h?).

_mk
Note that ~,, = ;ﬁhk = }qu for r = g—}]f, and multiply the scheme by (1-+1),
T

(1+ r)u:f;:ll + (1 =7t = (1 - m)up g + (1+ ryutt,
use the Taylor expansions, and collect terms:

(14+r)+0-7r)—-Q=r)—(1+7))u
+((A+7) = (1=r))huy
+((1+7r)+(1—7))kuy

() = (1= 1)) ShPuns
F( )+ (1= 1) R

+ (1 + r)hkuzt
+O(R* +k*) =0.

Since 2hr = Tk, we get
1 1
0-u+ wkuy + 2kus + §7Thkum + Ky + (kh + §7rk:2)uxt + O+ k3 =0,
and multiplication by ﬁ gives

1 1
(%) u + gux + ih (gum + um> + ik (utt + gum> = O(h* 4+ E?).

Hence us + Su, = O(h + k), and

() up + gux =0

is the transport equation being approximated.

To continue, note that by (xx)

s T 2 2
Uy = (——um> = —— Uy and Ugy = | ——Ut | = ——Ugt,
2 t 2 T ) i

and hence (%) implies

Ut+gux+0+020(h3+k‘3).

The local truncation error is then

Tm = — Lty — (—Lpup,)
™ n+1 n+1 n n 1+r
=us + 5“33 - (um—l—l + YmUpy, T — YmUp41 + um) ok
=0 + k).
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Multiplying scheme (3) by h? gives
U1+ (241 (1+2)*) U; = Uppq = hPsing;, i=1,...,M —1,
Uy =0=Upy,
which is equivalent to the linear system AU = b with
A =tridiag{—1,2 4+ h*(1 + z;)>, -1}  and  b; = h?sinz;, i=1,...,M — 1.
We split the matrix A, A= —L+ D — U, where
L = tridiag{1,0,0}, U = tridiag{0,0,1}, D = diag{2 4+ h*(1 + z;)?},
T
and define the Jacobi-iteration as
pU*Y) =L+ )W +5 oo  T*D=BUW4+ D

for the iteration matrix B = D~Y(L +U) = tridiag{ﬁ, 0, ﬁ} Since

AU=b <+ DU=(L+U)U+b <= U=BU+D"b,
the iteration error satisfies

U-0® =B@W-0% Y =...= B¥ (U -UO)
= [[0-09), <[IB*]IT - TP

To estimate ||B¥||o,, we use propeperties of subordnate norms, the max row-sum

characterisation of the subordinate max-norm, and h = ﬁ,
k k
1B™]loo < [|Bll5>
1Blloe = max 3 | Byj| = max 2+
iG 7 d(z)
<2 ! = 2 = 2 < 1

mind(z;)  d(@1) 24 g=(1+ ) " 1+ 5p

Conclusion:

k
S o 1 R
HU—U(’“)HOOS< - ) U ~U9s, k=1,2,...

1+2M2

a) a continuous on H': Take absolute value inside integral, use |1 + 22| < 2 and
11 — % <1 on [0,1]%, the Cauchy-Schwartz inequality, and |[u||3: = |jull 2 +
IVl

1 1 1 1
lau,v)] < / / (1 + 2)| V|| Vo] dzdy + / / (1= ) [ulfo] dz dy
0 0 0 0

1,1 1,1
< 2/ / |Vul|| Vv da:dy+/ / |ul|v| dz dy
0 JO 0 JO

<2([Vull2 Vol gz + [lull g2 [0l 2 < 2 lull g ol -
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a coercive on H': We use that |1 + 22| > 1 and |1 — y?| > 0 on [0, 1]? along
with the Poincare inequality given in the problem,

1 1 11
a(u,v):/o /0(14—332)]Vu|2 d:cdy+/0 /()(1—3;2)u2 dz dy

1,1
1
> [ [ 1vuP dedy 0z 5 fulfy
0 Jo 5
The last inequality follows from the Poincaré inequality:
2 2 2 2
lullpe <2([Vullpe = llullzs = lullzz + [Vullz. <5[Vullz. .
b) The local basis on element K; = (x;—1,x;) is
Gol@)=1- B2, gi(e) = B
Using the change of variable z = z;_; + hy, dz = hdy, we find that

aKi((Z)O’ $o) = /xl (1+ $)(¢0)§ + 2¢§ dz

Ti—1

1 1
:/ <(1+$¢1 -I-hy)ﬁ*'Q(l —y)2> h dy
0

1 1

h+2 By?’} h [fol(l —y)%dy = [ ZQdZ}

1
[(1 +xis1)y + hzﬁ]
2 0

0

> = @T\)‘H

2
(1iy) +5h

Ty

ai (¢o, ¢1) = (1+2)(00)2(01)z + 20001 da

S~

ZTi—1

x; 1
:_/‘ (1+x)(¢0)§dx+2h/0 (1-y)ydy

1 1.1
oh | 242 — 243
)+h[2y 3y]0

h,

(1 +x,_

N|=

N

(1+2y)+
By SymmetrYa aKi (¢0) ¢0) - CLKi (¢la ¢l) and aKi (¢07 ¢l) = CLKi (¢la QSO)

T; 1

) ¢ T — Ti—

FKZ(¢0):/ 2x<1—Tl> dxz/o 2(zi—1+hy) (1 —y)hdy
Ti—1

= (2icr + 3) = 2baics + 2 = hay + 32
K; i T — Tj—1 1 9 )
R ) = 2r ——dw= ; 2wi-1 + hy)yh dy = haiy + %

Ti—1

The elemental matrix and load vector is then given by
. 111 -1 1 (2 1
K; _ - -
4 _<1+xi—§>h[—1 1]+3h[1 2]’

K; _ ) 1 12 1
F% = hx; 4 |:1:| +3h NE
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