TMA4215 Numerical Mathematics — Fall 2016

NTNU
PROBLEM SET 6

Find an approximation to the integral

1.5
f x?Inxdx
1

by Romberg integration (see the note on the webpage). Do the first 3 rows by hand, starting
with h = 0.5. Then rewrite the MATLAB code extrapolation.m for doing Romberg integration,
and apply the code on the integral above. How many rows in the extrapolation table are needed
before no better accuracy can be obtained?

Solution. We first note that the exact solution is Q = % (91n(1.5) — %) ~ 0.192259357732796. The
Romberg integration scheme for an integral f ab f(x)dx is given as

Tjp=F(h/27") forj=1,2,...;

48T, | = Ti1 1

g fork=1,2,...,j—1,

Tixe1=

where
N—1
F(h)=h (%f(XO) + > fl)+ %f(xN))
i=1
is the trapezoidal rule with stepsize h = (b —a)/N and x; =a +ih fori =0,1,...,N. Routine calcu-
lations, with h = 0.5, now yield the values in Table 1.

Table 1: First 3 rows in the Romberg extrapolation table of the Tj i’s.

Tiq Tjo Tis

0.228074123310842
0.201202511387534 0.192245307413098
0.194494473181091 0.192258460445610 0.192259337314444

W N =~

For example, defining f(x) = x2In x, we have

T, = %,(f(l) +£(1.5)), T, = %T1,1 + %f(1~25) and Ty = %(4T2,1 —Th1).

A naive modification of the extrapolation.m code is to define F as follows.

% Trapezoidal rule, assuming h = (b —a) / N;

F =@(h) h x (f(a)/2 + (h < b—a) * sum(f(a + (1l:(b—a)/h — 1) * h)) + f(b)/2);
N=1; % Initial no. of eval. pts minus one in the trap. rule.
h=(b—a) / N; % Initial stepsize.
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This procedure, however, uses many unnecessary function evaluations. The reader is invited to

imp

lement an improved version reducing the computational cost, where we note that T;; can be

partly expressed by T;_, ; (the exception is T, ;, as seen above).

In double precision, 6 rows are needed to achieve optimal accuracy. Table 2 displays the errors

for convenience.

Table 2: Errors Q —

U AN WDN = |~

—3.581 x 1072

—8.943 x 1072 1.405 x 107>

—2.235x 1072 8.973x 1077 2.042x 1078

—5.587 x 107 5.640 x 108 3.448 x 10710 2.621 x 10711

—1.397 x 107* 3.530 x 1072 5.507 x 107'2 1.204 x 107!* 1.807 x 10™1#

—3.492x 107> 2.207 x 1071° 8.657 x 107 5.274x 107'® 5.551 x 1077 2.776 x 107

a) Let F(h) be our numerical approximation to some solution Q, and assume we have an error
expansion given by
F(h) =Q+ Cih+ Coh% + C3h% +

where the constants C; are independent of h. Explain how you can make an extrapolation table

based on the stepsize sequence {h/j}, j =1,2,....

Write a MATLAB code to test your algorithm on the forward difference approximation to the

derivative of f(x) in some point xy. In this case

f(xo+h)—f(xo)
h

F(h) = and Q= f'(xo).

Solution. Somewhat embarrassing, this was in fact more complicated to solve than first expected.
By brute force, let T; ; = F (h/j) for j = 1,2,..., so that

T 11—Q+C1]_1+Z(]_1)p oh?;

h a1
Tj1=Q+C%+ ) —CyhP.
i &

We can eliminate the 1st-order term h by multiplying the second equation by j and the first by j

and then subtract to get a 2nd-order approximation
Tio=JTj1—(G— DT, _Q+ZKJ(p2)Cphp

where

k0= 1
o (=1pt
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Now, in a general extrapolation step we have

oo
0+ k® ok ») .
Tk = Q+K\ Gt + > KP) CyhP;
p=k+1

oo
— 0+ k™ R ®)
Tjx=Q+KWCh* + > KFc,ne.
p=k+1

In order to get a (k + 1)th-order approximation, we do similarly as above, but also normalize the

expressions so that the coefficient in front of Q is 1. This yields the extrapolation formula

1 1
<@ Lk = o Ti-1k o
Nk -1k _ p p
Tjk1 = 11 =Q+ Z Kj,k+1cph ’
TR,
which also can be written as
T. . —T; o
_ J:k ]—l,k _ (p) p
Tj,k+1 - Tj,k + xk® =Q+ Z Kj,k+1CPh >
=1 p=ktl
K
with K(P) _ K(P)
K(P) _K(P) + J’k J_l’k
Jk+1 T ik 0]
Lk
®
K}

The only thing we need to know in the formula is the fraction K](f)l i/ K;k), which for the first few

values of k equals

© @ 3) @
K, K. Kis Ki e
kD i-1r x® g2 @ i8N @ Tia
J,1 7,2 7,3 j,4
This indicates that
NG .
=L )
g® ik
i,k

and we end up with the extrapolation formula

Tjy=F(h/j) forj=1,2,...;

T;.—T;_
Tj,k+1=Tj,k+—J’k. Lk fork=1,2,...,j—1.
7~ 1

A reward (a bag of Twist chocolate) is given to the first one of you who can give a direct proof
of (x). We know from the literature that the statement is true, because there are alternative
procedures to derive the extrapolation formula.

A MATLAB implementation of this algorithm applied to the test problem can be found on the web-
site. Note that we do not achieve errors close to machine precision. This occurs because ]_Lk ~ 1

for sufficiently large j and small k, which leads to numerical instability from round-off error.
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b) It can be proved that, using the forward Euler method
yn+1:yn+hf(tn:yn) Wlth Tl:O,...,N—l

to solve the IVP y’ = f(¢t,y) and y(ty) = y, from t, to to + H, the global error can be expressed
as
H

yn = y(to+H)+ Cih+ Coh2 + C3h® + -+, where h:]v.

See if you can figure out how the extrapolation algorithm developed in a) applied to this problem
can be expressed as explicit Runge-Kutta methods of arbitrary high order (with a lot of stages).
The stepsize used in these RK-methods is H.

Hint: Do one extrapolation step at a time starting out with the explicit Euler method and find the
ERK formulation of the 2nd-order approximation, then of the 3rd-order, etc. Identify the function

evaluations, since
i—1

k; =f(t0 +¢iH, yo "‘Hzaijki)'

j=1

Solution. Let us demonstrate the idea for some small values of N. Every time an evaluation of f

appears, that is, a stage derivative, we label it ky ; with index i in a natural manner. This yields

1
N=1: y§)=yo+Hf(to,yo)=yo+Hk1,1,

2
)’§ )= Yo+ %Hf(fo;}’o) =Y+ %HkZ,l,

N=2
2 2 2
vy =yP+ 1nf (fo+%H,J’§ )) = yo+ 3H (ka1 +ka2),
3
y§ Y=y + sHf (to, o) = yo+ 3Hks 1,
3 3 3
N=3: yé )=y§ )+%Hf (to+%H,J’§ ))=J’ +3H (kg1 +ks ),

3 3 3
¥ =y 4 1Hf (t0+ 2H,y®) = yo+ 3H (k1 + ks + ks 5),

Hence, the general pattern is

H & H  HC
yr(lN):yO"'NZkN,i with kN,i:f(fo+(i—1)ﬁ,)’o+ﬁZkN’f)'
i=1 j=1

Notice that ky ; = ky 1 = f(to,yo) for all N.

Now we can construct higher-order methods with help of the extrapolation formula from a), by

defining Ty ; = y](VN) (replace j by N), to get
Ty =2T51—T1; =Yyo+Hky;,
T3,=3T3,—2T51; =yo+H (—kz,z + k3ot k3,3) )

3 1 3 3
T33=5T320—35T2,=Yyo+H (—Zkz,z + 5ks o+ §k3,3) .
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T4,4 = Yo +H |:2k2,2 — % (k3’2 + k3,3) + % (k4’2 + k4,3 + k4’4) ]

In conclusion, we observe that T, 5, T3 3 and T, 4 can be considered as a solution after one step of

an explicit RK-method of order 2, 3 and 4, respectively. Their corresponding Butcher tableux are

oo
Ty, 1/21/2
o 1
oo
1/2|1/2
Tys: 1/3]1/3 o0
2/3[1/3 0 1/3
0 -2 3/2 3/2
oo
1/2|1/2
1/3/1/3 0
2/31/3 0 1/3
Taa 1/4|1/4 0 0
2/4(1/4 0 0 0 1/4
3/4(1/4 0 0 0 1/4 1/4
0 2 —9/2 —9/2 8/3 8/3 8/3

Let A= (a;;),B = (b;;) €R"" and x € R".

a) Show that the spectral radius

p(A) = max 2,
1=

where A4,..., A, are the eigenvalues of A, is not a norm on R™*".

Solution. For example, let

where a # 0. Then p(A) =0, but A# 0.

b) Prove that the Frobenius norm

is a norm on R™*".

n

2.

0 «a
A= ,

" Ve
>, |aij|2) = /tr(AAT)

i=1 j=1
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Solution. We prove the triangle inequality; the other properties are straightforward. To this end,
let a;. = (a;1,--.,a;,) denote the ith row of A. Then we use the triangle and Cauchy-Schwarz
inequalities in the vectorial (R") 2-norm and find that

n n
IA+BI2= > lay; +byl> = > lla;. + be.3
i,j=1 i=1

n
< > (a3 + 2llazllo 1l + 115 112)

i=1

n
= A2 +2  llagllzlibill; + B2

i=1
n l/2 n l/2
s||A||§+2(Z||ai.||§) (ani.nﬁ) +1BI2
i=1 i=1
= (IAlls + 1B lls)*

Now take square roots on both sides. (In order to better see the application of Cauchy-Schwarz’

inequality, define the two vectors
a=(lagllos. ., llagll)  and  b=(lIby.lla, .., [1bnll2)-
Then

n n 1/ n 1/2
Zuai.nznbi.nz:<a,b>zs||a||2||b||z=(Z||ai.||§) (ann%) :
i=1 i=1 i=1

as desired.)

Comment: We have essentially shown that the 2-norm of a finite collection of 2-norms is a norm.
c) Establish that || - || is submultiplicative, that is,
IABllp < l|AlllIBlle
and consistent/compatible with the Euclidean vector norm (2-norm), that is,
1Ax Iz < Al lx]]2.

Solution. Let a;. = (a;1,-..,a;,) and a.; = (ay;,...,a,;) denote the ith row and jth column of 4,

respectively. Cauchy-Schwarz’ inequality for the vectorial 2-norm yields

n n n 2 n n 9
1ABI2 =D lapby| =D > |{ai. b.)s|

i=1 j=1 |k=1 i=1 j=1

n n n n
<> ManlZ bz =D llali3 D 1b12 = Al [1BI2.
i=1 j=1

i=1j=1
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As regards compatibility, we have

n n 2 n n

2
lAaxl2 =1 Tagx;| =D {aw )] < D a2 11x )12 = A2 11x]12,
i=1

i=1|j=1 i=1

again by Cauchy-Schwarz’ inequality.



